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PREFACE 


Since the first edition of ‘'Transient Electric Currentswas 
published, circuit analysis by Laplace transformation has been 
developed into an effective tool. One of the major purposes of 
this second edition is to present the Laplace transformation 
method of solution of transient problems in addition to the more 
familiar treatment that has come to be called the “ classic 
method. 

Laplace transformation is an outgrowth of operational circuit 
analysis and has largely replaced it. Those who know and like 
the Heaviside operational calculus will find that the Laplace 
method is not unfamiliar. In application, the operational and 
transformation methods are very similar indeed- The mathe¬ 
matical underpinning of the Laplace transformation, on the other 
hand, is completely different and, as a matter of fact, is much less 
difficult. 

The Laplace transformation method is presented in C'hap. X 
of this new edition. The presentation is arranged for engineering 
students. Physical concepts arc stressed. The work is, of 
course, mathematical, but needless elaboration is avoided. The 
Laplace transformation is first related to familiar ideas such as the 
Fourier series. The method is then developed to make it 
readily useful in solving problems. Frequent examples are fully 
worked out, and most of the examples are (compared with “classic ” 
solutions to give the student confidence that the Laplace method 
is not only quick and easy but dependable. 

The other chapters of the book are not greatly changed. It 
has been most encouraging to receive favorable comments from 
users of the first edition, speaking well of the arrangement of 
material and careful explanations. In this edition, as in the 
first, an understanding of the physical nature of transient 
phenomena is considered of primary importance. Basic princi¬ 
ples are emphasized, for it is neither feasible nor desirable to study 
every possible situation. Rather, the purpose of the book is to 
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prepare the student to attack with reasonable confidence any sort 
of transient problem that may arise. 

Prerequisites for study of this book are elementary calculus 
and as much electricity as is commonly taught in a general physics 
course. The first edition has most commonly been used in fourth- 
year college courses, but students in the third year would have no 
trouble with the material. 

The author has used the book as text in a 12-weeks course, 
covering the first seven of the ten chapters. Others use it for a 
semester of about 16 weeks. It seems that the new edition will 
work out particularly well for a semester course to include both 
the “classic” development and the Laplace transformation 
method. 

Although the Laplace transformation method is presented in the 
final chapter of the book, it need not be taught last. Experience 
shows that it combines well with the presentation of the “classic” 
material. A suggestion might be made to introduce Laplace 
transformation after Chap. IV, using the first eleven sections of 
Chap. X at that time. Then the rest of Chap. X can be given 
at a later time, following Chaps. V or VI, as the teacher finds 
suitable. 

The Laplace transformation chapter can, indeed, be studied 
by itself. It will be entirely practical for a reader with some 
slight knowledge of transients to turn at once to the Laplace 
transform method and to read Chap. X without necessarily 
referring to the rest of the hook. This suggestion is more for the 
individual reader, no doubt, than for class work. 

Indebtedness to Dr. Vannevar Bush, Dean IL K. Clifford, and 
Dean B. L. Bobertson is acknowledged for the second edition as 
for the first. Special gratitude is owing to Dr. F. E. Terman, 
Dean of Engineering at Stanford University, who has provided 
both encouragement and opportunity for writing. The liberal 
policy of Stanford University, remarked in the first edition, con¬ 
tinues under the presidency of Dr. J. E. Wallace Sterling. 

The aid of my wife. Hazel Skilling, is as indispensable as it was 
fifteen years ago. She is even now working on the new manu¬ 
script as I write this preface. 

Hugh Hildueth Skilling 

Stanford, Calif. 

November, 1951 
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TRANSIENT ELECTRIC 
CURRENTS 


INTRODUCTION 

I often say that when you can measure w'hat you are speaking 
about, and express it in numbers, you know something about it, but 
when you (•annot iiKiasure it, when you cannot express it in numbers, 
your knowledge is of a meagre and unsatisfactory kind; it may be the 
b(^ginning of knowledge, but you have scarcely in your thoughts 
advanced to the stage of science, whatever the matter may be.— 
William Thomson, Lord Kelvin. 

What is electricity? 

An impression has been created, probably by expositors of 
popular science, that there is something mystic about electricity. 
Even today, when electricity is used in nearly every room of 
nearly every house, it is not uncommon to hear that we really 
know nothing of it, and that it is in some way less real than 
earth, air, fire, and water. 

One does not, indeed, see electricity. Nor can one touch it, 
hear it, taste it, or smell it. But it is commonly used, easily 
measured, and its behavior can be predicted with great accu¬ 
racy. What can be meant, then, by saying that we do not 
know what it is? 

To Lord Kelvin it appeared that when you can measure what 
you are speaking about, and express it in numbers, you know 
something about it. And there is hardly anytliing that can be 
measured more satisfactorily, or expressed in numbers so pre¬ 
cisely, as electricity. There is hardly anything, in other words, 
so well known, despite its lack of appeal to the senses. Let us 
consider what is known about electricity. 

The predominant characteristic of electricity is its ability to 
convey energy. For two thousand years it was known that 
certain substances, after they had acquired energy by being 
touched with other substances, would exert a force on light 
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objects near them. Specifically, it is mentioned in the Greek 
records that Thales, about 600 b.c., discovered that amber 
rubbed with wool would attract splinters and bits of straw. 
This was the meaning of electricity and the total knowledge of it 
for many, many centuries, and it was from ^XcKrpoj/, amber, 
that electricity took its name. 

It was not until about a.d. 1600, as far as one can tell from the 
very scant information that is available, that electricity was 
studied further; Gilbert, best known for his work on magnetism, 
gave some attention to electricity also. That was in the time of 
Shakespeare. Two generations later, sparks were observed by 
Guericke and were associated with electricity, and Guericke was 
also the first to discover that under certain circumstances elec¬ 
tricity would exert a repulsive force. Sparks represent one of 
the energy characteristics of electricity, for they occur w’^hen the 
electrical energy of amber is changed to heat and light. 

Just recently—almost within a century—Volta found that 
chemical energy could be carried about in wires, and the fact that 
it, too, would produce sparks, led to the belief that it was a dif¬ 
ferent aspect of electricity. This belief was greatly strengthened 
when it was discovered that the well-knowm attractive and 
repulsive forces of frictional electricity were displayed by this 
new voltaic electricity also. And further eviden(*e of the energy 
nature of electricity was discovered by observing that a fine wire 
would become red hot when connected to a chemical battery. 

Then a relationship betw^een electricity and magnetism w^as 
found. When electricity flow^ed through a wire it would move a 
magnet. This is yet another indication of (uiergy. It has, in 
fact, been the most useful one, for the interaction of wires and 
magnets is tlie source of all commercial electricity today, and 
the means of utilizing most of it. 

But with all the present uses of electricity—whether it warms 
a room or turns a motor or lights a lamp, whether it is in a 
meter, a telephone, or a spark plug—electricity is known only 
because it does work. Electricity, in short, is energy. 

2. Energy. It is now known that electrical energy may be 
derived from mechanical or chemical energy, as in the generator 
and battery; it may be obtained from heat, as in the thermo¬ 
couple, or from light, as in the photovoltaic cell. It may be 
changed back into any of these other forms. But while it exists 
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as electrical energy it is either electrostatic (as in amber) or 
electromagnetic (which attracts iron). 

Electromagnetic energy is associated with inductance. Elec¬ 
tromagnetic energy increases as current increases. Work is done 
in forcing current to increase through an inductance, and as long 
as current continues to flow the energy remains stored. It is 
given up as current diminishes. 

The amount of electromagnetic energy is proportional to the 
square of the current, being, in joules, \Li'^ (L is inductance in 
henrys, and i is amperes of current). Electromagnetic energy is 
analogous to the kinetic mechanical energy of a moving body, 
which increases as velocity increases, and is \Mv^. 

Electrostatic energy is developed when positive electric charge 
and negative electric charge are separated, as in a condenser. 
Work must be done in separating the charges of opposite polarity, 
and while they are held apart the energy is in electrostatic form. 
As the charges approach each other again the stored energy is 
released. 

The amount of electrostatic energy, in joules, is (C is 
capacitance in farads, and e is volts). Electrostatic energy is 
analogous to potential mechanical energy in a strained elastic 
body, such as a stretched spring; the energy of the spring is 

proportional to the square of the force exerted, being J 

Electric energy is changed into heat by the passage of electric 
current through resistance. This transformation to heat is of 
outstanding importance because it is always present; no circuit 
can be without resistance, and no dielectric is perfectly non¬ 
conducting. Electric energy cannot be stored indefinitely in 
either the electromagnetic or electrostatic form, for it is gradually 
wasted away as heat. 

The amount of energy lost as heat when a charge q is driven 
through a resistance by a voltage e is eq. This is only one of 
many ways of expressing the loss, but it is interesting because of 
analogy to the energy lost in mechanical friction. When a force 
/ is exerted in overcoming friction, and it results in motion 
through a distance s, the amount of energy changed to heat ij3/«, 
which is analogous to the electrical loss eq. 

The change to heat is only one of the ways in which elec¬ 
tric energy can be transformed to energy of some other kind. 
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Other important examples are the change to mechanical energy 
whenever electric or magnetic forces are allowed to produce 
motion, as in the electric motor, and the change to chemical 
energy by electrolytic processes, as in the storage battery. 

3. Electrical Units. To account in quantitative manner for 
the various manifestations and properties of electric energy, an 
extensive and beautiful mathematical system has been developed. 
Certain relations appear quite frequently in the mathematics, 
and they have been given such names as voltage^ current^ induc¬ 
tance, capacitance, resistance, and charge. It is usually (easier to 
compute and to think in terms of these relations than in terms of 
energy, and some of them are particularly easy to measure. 
They fill the same place in the electrical system that force, 
velocity, mass, elastance, friction, and distance occupy in the 
mechanical system. Most equations of electricity are written in 
terms of the electrical units, and although energy is the essence 
of all electrical behavior, it does not often appear explicitly in 
the mathematics. 

Most of the equations of this book are based on one of the 
simplest and most valuable relations among the electrical 
quantities. It was first stated by Kirchhoff for the steady state of 
direct current, but when written as follows it applies equally 
well to the instantaneous conditions in any network: The sum of 
the voltages around any closed circuit is zero. 

It is often possible to gain an excellent qualitative under¬ 
standing of the transient operation of a circuit or network from 
energy considerations. Applications of this method are intro¬ 
duced from time to time throughout the text. The essential 
nature of energy must never be forgotten; but in most cases the 
quantitative relations are most readily determined from an 
equation in which the sum of the voltages in a circuit is equated 
to zero, or—what amounts to the same thing—when the applied 
voltage is equated to the sum of the voltages across the elements 
of the circuit. 

4. Electrical and Mechanical Analogues. It has been men¬ 
tioned that there are analogous relations in electricity and 
mechanics. Two systems are analogous when the same equation 
will describe the action of either, the mathematical symbols being 
assigned different meanings. For instance, there are the 
analogous expressions for magnetic energy and kinetic energy, 
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and ^Mv^; in these equations inductance is analogous to 
mass and current to velocity. Further, in the electrical equa- 
d/i 

tion e = L-^) and the equation that expresses Newton^s second 
(iv • 

law, / = Af it will be seen that there is also analogy between 

voltage and force. These equations, with others that extend 
the analogy, are shown in the following table: 


Analogous Relations 


Electrical 

Mechanical 

Analogues 

E = 

E = iMv^ 

Inductance, L 

Mass, Af 



Current, % 

Velocity, v 

II 

II 

Voltage, e 

Force, / 

dq 

dt 

II 

Charge, q 

Displacement, s 

q = Ce 


Capacitance, C 

Reciprocal of stiff- 

1 

ness, 7 
k 


Analogy is useful when it is desired to compare an unfamiliar 
system with one that is better known. Sometimes it is helpful 
to consider electric circuits in terms of their mechanical ana¬ 
logues; on other occasions there is much to be gained by con¬ 
sidering the electric analogue of a mechanical problem. Relations 
are more easily visualized in the more familiar system, and 
mathematical solutions are more readily handled. But it is 
probable that the chief value of analogy is that through its use 
the extension of a line of reasoning into unexplored territory is 
frequently made possible. If two systems are analogous in one 
case, may they not also be analogous in another? Sometimes 
they prove to be, sometimes they do not. Since there are so 
many analogies between electrical and mechanical systems, may 
there not be an electric analogue of momentum? There is, 
indeed: it is Li, called by Maxwell the electrokinetic momentum. 
Since frictional loss in heat is analogous to resistance loss in heat, 
is there not analogy between mechanical friction and electrical 
resistance? By no means. 
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It must be clearly understood that analogy between two sys¬ 
tems is helpful in suggesting new relations, but it does not prove 
their validity. Unless equations describing the action of friction 
and resistance are of the same form, these quantities are not 
analogous. But it is known that the electromotive force of 
reisistance is proportional to current (c == Ri), whereas the 
mechanical force of friction is not proportional to velocity 
except in certain special cases of fluid friction. Resistance, 
therefore, is not analogous to friction. 

While no system is completely analogous to any other, there 
are limited analogies between most physical systems. The 
mechanical system considered in the table relates specifically to 
translatory motion of a rigid body. If rotational motion is to 
be considered, the analogue's of voltage, current, charge, and 
inductance are (respectively) torque, angular velocity, angle, 
and moment of inertia. Analogues of the same electrical quan¬ 
tities in the flow of liquid along a pipe an^ pressure, rate of flow 
expressed as volume per unit area of cross section per unit time, 
volume of flow per unit area, and density of liquid times length 
of pipe. Comparing equations of heat flow to equations of the 
electric circuit, analogues are temperature and voltage, flow of 
heat and curnuit, thermal and electrical conductivity, specific 
heat and capacitanc('. It is interesting that there is no detectable 
thermal analogue of inductance. 

6. The Transient Period. It s('enis to b(' generally true that 
energy cannot be changed from one form to another instan¬ 
taneously. Time is required, for instance, for a locomotive to 
bring a train to its full speed; it must add gradually to the 
kinetic energy of the train as the spec'd increases. An automobile 
comes slowly to a stop after its brakes are applied, while kinetic 
energy is being changed to heat through the agency of friction. 
There is an exceedingly rapid change from kinetic energy to 
heat when a bullet is stopped by striking a sheet of steel, and 
the rel(?ase of energy in the form of heat is almost explosive, but 
in even this extreme case some short time is required. A stone 
that is shot from a catapult is accelerated during a short but 
finite length of time while the potential energy of the catapult 
is being changed to kinetic energy in the stone. Such intervals 
of energy transfer are spoken of as transieM intervals, as distinct 
from the final steady state. 
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It is equally true that changes of the form of electrical energy 
must be made gradually. Time is required for a battery to 
bring the current in an inductive circuit to its final steady value; 
it must add gradually to the magnetic energy of the circuit as the 
current increases. The final value of steady current, E/R, will 
be the ratio of the applied voltage to the circuit resistance. 
When this value of current is reached there must be a definite 
amount of energy stored in the magnetic field of the circuit; the 
amount is I being the steady current. But this energy 

must be obtained by the magnetic field from the current, while 
at the same time the current must remain in proportion to the 
square root of the energy, so both stored energy and current must 
grow, together, gradually, until the steady state is attained. 
The increase of current is analogous to the increase of velocity 
as a railroad train is accelerated by its locomotive. 

If the driving force of the battery is removed from an inductive 
circuit, without breaking the circuit, the flow of current must 
eventually cease, but (as brakes retard an automobile) the 
current diminishes gradually as magnetic energy is changed to 
heat by resistance. If the circuit is opened suddenly while cur¬ 
rent is flowing, the action is analogous to stopping a bullet: the 
current stops suddenly, but not instantly, and magnetic energy 
of the circuit is changed to heat in a very short time by the 
explosive formation of a spark as the circuit is broken. 

Electric energy can be changed from the electrostatic form 
to the eiectroinagnetic form, as the catapult exchanges potential 
energy for kinetic, if a charged condenser is allowed to discharge 
through an inductive circmit. A less limited analogy, however, is 
found between such a circuit and a pendulum which is moved to 
one side and then, released, is allowed to swing. At the moment 
of release, tlie bob of the pendulum has potential energy. As 
the bob swings downward, its potential energy is lost, but kinetic 
energy is gained; at the mid-point of the swing there is no poten¬ 
tial energy, but the kinetic energy is maximum and the pendulum 
must swing on. The energy becomes again potential. Until 
the initial store of energy has been lost, owing to friction, the 
pendulum cannot cease to swing. 

When a charged condenser is suddenly connected to an induc¬ 
tive coil there is energy in the condenser but none in the coil. 
Charge flows out of the condenser, however, and the electro- 



8 


TRANSIENT ELECTRIC CURRENTS 


static field loses its stored energy, until the condenser is fully 
discharged. But the current flowing out of the condenser must 
pass through the coil, giving energy to the magnetic field; as 
energy is drained from the electrostatic field of the condenser it 
is added to the magnetic field of the coil (except for that part of 
the energy which is changed to heat by the resistance of the 
circuit). Although the condenser becomes fully discharged, cur¬ 
rent cannot cease to flow in the circuit, because there is electro¬ 
magnetic energy in the magnetic field of the coil: current will 
continue, and the condenser will be charged with the opposite 
polarity, regaining energy at the expense of the energy of the coil. 
When all of the magnetic energy has again become electrostatic, 
current ceases momentarily, but equilibrium does not exist and 
the condenser will at once begin to discharge, and there will be 
current in the opposite direction. So the condenser continues to 
charge and discharge, and current continues to flow back and 
forth. The energy is transferred from condenser to coil, and 
from coil to condenser, and the transient flow cannot cease 
until all of the initial energy has been lost as heat in the resistance. 

6. Duration of the Transient State. The duration of the 
transient state is indefinite. There is rarely any sharp distinction 
between transient and steady states; one merges into the other so 
gradually that a theoretical end to the transient interval is not 
only imperceptible but actually nonexistent. It becomes neces¬ 
sary, then, to a(;cept this purely pragmatic definition: the tran¬ 
sient change has ceased when it is no longer measurable. 

Illustrations in the field of mechanics an^ obvious. A railroad 
train, for example, has ceased to be accelerated whciii its speed is 
not perceptibly different from its final speed. It must be 
observed that the weakness of this definition lies in the fact that 
the end of the transient interval will appear at different times to 
different observers, depending on the delicacy of the method of 
observation. The engineer with a speedometer can recognize 
that acceleration is taking place after it is no longer apparent to 
a passenger. 

The transient phenomena of electricity are of a similar nature, 
and the steady state of energy distribution is usually approached 
at a constantly decreasing rate. A termination of the transient 
interval can only mean a time at which the most sensitive avail¬ 
able meters or oscillographs will fail to distinguish any difference 
from the steady state, 
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This definition is theoretically unsatisfactory, for the transient 
interval is mathematically of infinite duration, but practically 
it sets a limit beyond which the transient current can be of no 
importance. 

7, Transient Phenomena in Engineering. Transient inter¬ 
changes of energy are associated with electrical circuits con¬ 
taining inductance or capacitance and with mechanical systems 
having inertia or elasticity. Every time a switch is closed or 
opened, when the load on a motor is changed, in case of any 
alteration of resistance, inductance, or other parameters of a 
circuit while it is carrying current, there is a transient electric 
disturbance. This may or may not be coupled with a transient 
mechanical disturbance. Some transient currents are harmful 
and must be avoided, others are of the greatest value. 

Automobile ignition is perhaps the most common practical 
utilization of a transient surge: each spark in a cylinder is a 
carefully engineered transient current. Lightning, on the other 
hand, is the most dreaded and also the most spectacular of 
transient disturbances. The traveling waves on transmission 
lines that result from lightning have potentials of many million 
volts and are highly dangerous although their duration is 
measured in millionths of a second. To simulate their action, 
transient surges of short duration are developed by ‘‘lightning 
generators’^ in electrical testing laboratories. 

Other transient phenomena appear on transmission lines when 
switches are operated, and, since these may result in application 
of twice normal voltage to the power system, they must be con¬ 
sidered in design of insulation. 

A sudden change of load, such as short-circuit of part of the 
system, or the starting of a large machine, will produce a complex 
series of electrical transients in the field and armature circuits 
of the machines of a power system, combined with mechanical 
oscillations of the rotating machines. The various electrical 
and mechanical disturbances are by no means independent; each 
affects the others, and there is in reality one inclusive transient 
state throughout the entire electromechanical system. Such 
disturbances endanger power-system stability and involve 
tremendous surges of energy that may continue for several 
seconds. 

Transient currents of great importance appear in telephone 
and radio circuits. Some, such as the atmospheric disturbances 
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called static/’ and noise-producing currents induced by surges 
on near-by power lines, are highly undesirable. But another, 
that is in some sense a transient phenomenon, is the very life of 
modern communication: it is the oscillator. In all ordinary cir¬ 
cuits, transient oscillations die away as energy is dissipated by 
resistance, but it is possible so to connect an amplifying vacuum 
tube that the energy of the oscillating current is increased 
instead of being dissipated. The effective resistance of the cir¬ 
cuit is negative. The circuit is dynamically unstable. In such 
a circuit any small fluctuation wdll be the beginning of a transient 
current that will grow in amplitude (instead of diminishing) 
until the vacuum tube can supply no more power; the oscillations 
then continue without further increase. The vacuum tube acts 
in a manner analogous to the escapement of a clock: when the 
pendulum of the clock is given a small swing, to allow the 
escapement to act, a transient oscillation of the pendulum will 
begin—transient in the sense that there is never a stable equilib¬ 
rium of energy. The pendulum will swing through an increas¬ 
ingly wider arc until the power supplied by the clock’s spring, 
through the escapement, is equal to the power consumed by 
friction. Thereafter, the oscillations, as in an electric oscillator, 
will continue in a quasi-steady state. 

In the coming pages it will not be possible to discuss all the 
transient phenomena that arise in the practice of electrical 
engineering, but a few fundamental principles and general 
examples point the way to the solution of many problems. The 
underlying thought, and even the methods of solution, are much 
the same for all transient circuit problems, regardless of widely 
different superficial appearances. It is usually necessary to 
idealize and simplify the networks that occur in practice and then, 
with the network reduced to a familiar form, its transient 
behavior can be found by one of three or four general methods 
of attack. 
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THE BEHAVIOR OF INDUCTANCE 

1. An Inductive Circuit. When direct current is flowing con¬ 
tinuously through a circuit, the amount of current can be read 
on an ammeter, which will indicate a certain number of amperes. 
The flow of current is unchanging, and when it is specified as 
1 ampere it is not necessary to say that it was 1 ampere at a 
certain instant of time, for it does not change from one time to 
another. This is called the steady-state condition of the current, 
and the relation between the amount of current, voltage, and 
resistance is given by the familiar Ohm^s law. 

But when current is being started, and a battery is first con¬ 
nected to a circuit, or when the current is being stopped, or its 
amount changed, the steady-state condition will not exist and 
the current will be a transient current. For instance, in the 
circuit of Fig. 1, where a switch is suddenly closed to permit 
current to flow through an inductance coil, current will begin to 
flow gradually. Starting at zero, the current will increase 
rapidly at first, and then the increase will become more and more 
gradual. Finally the current will cease to change perceptibly, 
and it will then have the steady-state value of E/R. The 
transient condition is over when the steady-state value of cur- 
nuit is n^ached and maintained. 

In general, in any circuit containing inductance or capacitance 
there will be a transient current. The amount of transient cur¬ 
rent will vary as a function of time until, after a short period that 
generally is not more than a few seconds, it will have become so 
very nearly equal to the steady-state current that one may say 
the transient state is passed. 

2. Examples of Transient Currents in Inductive Circuits. In 

spite of the short time that the transient current usually lasts, 
it is of very great importance. The current in an automobile 
ignition system is just a succession of transient currents that 
result from operation of the timing mechanism; steady-state is 
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[Chap. I 


never reached, and good ignition is dependent on a proper sort 
of transient current. The coil of Fig. 1 might well be the coil 
of an automobile engine, and the switch of the diagram the timer 
points of the engine, opened and closed by a cam. A lightning 
stroke is a transient electric current. So are the dots and dashes 
of a telegraph, and again in Fig. 1 the coil might be a sounder or 

relay and the switch would then be 
the sending key. If steady-state 
current in a telegraph is reached 
slowly, as in the case of a very long 
cable from England to America, the 
speed of transmitting messages is 
reduced. The field current of an 
electric generator cannot be changed without a transient state; 
and a vibrating voltage regulator of the typo commonly used 
never allows a steady state of field current to be established. 

3. Inductance. The most generally useful concept of induc¬ 
tance is based on the ability of a changing current to induce a 
voltage. A current whose amount is changing has the property 
of inducing a voltage in the circuit carrying that current, and also 
in any other nearby circuit; inductance is a measure of that 
voltage-inducing ability. If the voltage is induced in the same 
wire that carries the current it is spoken of as ‘‘self-inductance^’ 
and in such a case it is analogous to inertia, whereas a voltage 
in some other circuit is due to “mutual inductance” between the 
two circuits. Inductance is defined by the following equation, 
which has already been mentioned: 




j-nAAAAMAAr— 

s 

-Ih 


L 


Cl = L 


(ii 

dt 


( 1 ) 


Experiment shows that in a great many cases the inductance of a 
circuit is simply constant and does not change with the amount 
of current or with any other electrical quantities. The chief 
exception to this general rule appears when iron is used as the 
core of the coil; inductance of the coil then changes as a function 
of the amount of current, and in particular the inductance 
decreases with large values of current. But when there is neither 
iron nor other ferromagnetic substance in the immediate neigh¬ 
borhood of a circuit it is quite safe to give L, in Eq. (1), a con¬ 
stant value. 
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4. A Growing Current. When a circuit contains resistance as 
well as inductance, as in Fig. 1, the current that will flow at any 
instant will be affected by both parameters. One part of the 
applied voltage will have to drive current through the resistance, 
and according to Ohm^s law this will require a voltage 

eu = Ri (2) 

while, during the transient period, the rest of the applied voltage 
is used in incsreasing current through the inductance. Since the 
voltage used in the resistance plus the voltage used in the induc- 



Fig. 2. 

tance must equal the applied voltage, the whole operation of the 
circuit may be defined by a combination of Eqs. (1) and (2): 

di 

E + Ri + L^ (3) 

where E is the applied voltage. 

When the switch is first closed in such a circuit, the current will 
start to increase. The current will begin at zero, and at that 
instant we can see from Eq. (3) that the whole applied voltage 
will be used in the inductance. If time is measured from the 
instant of closing the switch, we can write that when 

i = 0, ?: = 0 (4) 

di 

and therefore Ri = 0 and E — If we plot, in Fig. 2, 

current as a function of time, we can start the curve from the 
origin [in accordance with Eq. (4)] and give it a slope equal to 
E/L. At a slightly later time, fi, however, the equation's values 
must be revised because when t = ii, i = ti, the drop in the 
resistance equals Rii, and there is less voltage available to over- 
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come the inductance. When the current is ^l, the rate of change 
of current is 

di E — Rii .-v 

_ = (5) 

A further section of the curve of Fig. 2 may now be drawn from 
ti toward t 2 with a lesser slope, as determined by Eq. (5). Cur¬ 
rent will continue to increase during this time interval, but not 
so rapidly as before. Between t 2 and ts there will be a further 
increase of current and decrease of slope, and throughout the 
entire curve the current will gradually approach its steady-state 
value of E/R with the slope constantly diminishing as the 
resistance of the circuit uses a larger and larger part of the 
applied voltage. 

The current curve in Fig. 2 is described as if its slope were 
constant over the time intervals 0 to ii, h to ^ 2 , and so on. This 
is of course not the case, for the slope diminishes gradually; the 
di 

slope is-^ and is always proportional to — Ri [see Eq. (5)]. 

The total time required for transient current in a circuit is 
usually rather small. Current in the magnet of a doorbell will 
rise to its steady value in less than a tenth of a second. In a small 
radio coil, with air core, the transient state may last loss than a 
thousandth, or even less than a hundred thousandth of a second. 
If a battery were connected to a large power transformer with heavy 
copper windings on an iron core, steady-state current would not 
be established for five or ten seconds. When a direct-current shunt 
motor is connected to the line, there are two transient currents, 
one in the field and one in the armature, and the field current will 
be establisluid much more slowly than the armature current. 

6. A Diminishing Current. It is not only when the switch in 
an inductive circuit is closed that a transient current results; 
there is a somewhat similar transient condition when the switch 
is opened. Current in such a circuit as that of Fig. 1 will not 
stop flowing instantly upon separation of the switch contacts, 
for that would require an infinite rate of change of current and a 
correspondingly high voltage across the inductance, as indicated 
by Eq. (1). Instead, there will be arcing at the switch, and cur¬ 
rent will continue to flow in the circuit even after the switch is 
open, by the expedient of flowing in an arc through the air. 
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Such an arc will not last long, but it can easily be seen whenever a 
switch is opened in a highly inductive direct-current circuit such 
as the field circuit of a generator. The action of the current in 
such a case is complicated by the presence of the arc, so it is 
better to consider first the transient current in an inductive 
circuit when by some expedient the battery voltage is removed 
without opening the circuit. 

An effective means of remov¬ 
ing the driving voltage without 
opening the circuit is shown in 
Fig. 3. When the short-circuiting 
switch is closed there will be an 
inductive circuit consisting of 
resistance, inductance, and the switch. It is this circuit that 
interests us; there will be another circuit consisting of the battery 
and the switch, but what happens in that circuit we may in theory 
at least disregard. 

When the short-circuiting switch is closed, the current in the 
inductive circuit will not immediately cease, but will die out 

gradually as in Fig. 4. Equa¬ 
tion (3) still applies, but since 
the applied voltage is zero, (3) 


Fia. 3. 



may be written 


Ri + L% = () 
dt 


( 6 ) 


Time 


When time equals zero, which 
we now specify to be at the 
Fig. 4. instant of closing the short-cir¬ 

cuiting switch, ^ = E/Rj for 
that is the steady-state current that was established by the battery 
before the switch was closed. Substituting this value of i in 


Eq. (6) gives ^ = 


E 

L 


If we plot current as a function of time 


in Fig. 4, the curve will start with a current value of E/R, and at 

E 

the first instant will have a slope equal to —This is the same 

Ij 

as the initial slope in Fig. 2 but of negative sign. Since, from 
Eq. (6), the slope is proportional to the current, the curve will 
gradually approach the axis as the current dies away, as in Fig. 4. 
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Let us consider the flow of energy when a battery is connected, 
suddenly, to a circuit of inductance and resistance. Flow of 
energy from the battery is proportional to the current, being 
small at first, and increasing gradually toward a steady value. 
At the first instant all energy from the battery goes to the 
inductance for storage; but, as current begins to flow, part of the 
supplied energy is lost in the resistance by being changed to heat. 
As the current reaches its steady value, however, energy is no 
longer taken by the inductance, and all energy that flows from 
the battery during the steady state is turned to heat in the 
resistance. 

As long as the steady-state current continues, energy remains 
stored in the inductance; it is where I is the steady-state 

current. When the battery is removed from the circuit, or when 
the flow of current is stopped by opening a switch, the rate of 
flow of current can diminish only as rapidly as is allowed by 
transformation of electromagnetic energy into heat. Even after 
the circuit is no longer receiving energy from the battery, current 
will flow, and energy to maintain the current will come from the 
inductance. 

6. The Mathematical Solution. For purposes of computation, 
and in order to know the value of current at any particular time, 
it is desirable to express current as an analytic function of time. 
In other words, we must solve the differential equation. The 
solution of Eq. (6) is very simple, because it is one of that easily 
handled class of differential equations in which the variables 
may be separated. A mere algebraic transformation will change 
Eq. (6) to 

Idi = ~dt (7) 

I L 

Integration of both sides is now possible, for there is only one 
variable on each side: 



( 8 ) 

( 9 ) 


where 4 is a constant of integration. Since the logarithm of 
i is that power of e that equals i, 
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i = Ke ^ (10) 

(The constant of integration now appears as if.) 

As proof that this is a true solution of Eq. (6), we can show 
that its substitution will reduce (6) to an identity. If Eq. (10) 
gives the current, then, by differentiating. 


di 

dt 




( 11 ) 


and substitution of (10) and (11) in (6) gives 

——/ 7 ? ——t 

RKe ^ ^ = 0 


This, being an identity, tells us that Eq. (10) is indeed a solution 
of Eq. (6). 

There remains the coefficient K to be evaluated. The value 
of K has nothing to do with the shape of the transient current, 
for the shape is exponential with a rate of decay determined by 
R 

the exponent, —But K can make the whole transient cur¬ 
rent larger or smaller, and we see from Fig. 4 that it must be just 
big enough to make the initial value of the transient current 
(when time is zero) equal the previously established steady 
current, E/R, Expressed symbolically, we know that when 

< = 0, i = I (12) 

Let us call this value of current to, so 

io = I (13) 

When the values of (12) are substituted in Eq. (10), it reduces to 



(because e with the exponent 0 is equal to 1). This value of K, 
then, in Eq. (10), gives us the desired expression for current as a 
function of time: 

. E 

I = r^e L =r to€ L 


( 14 ) 
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The current at any time is now expressed entirely in terms of 
known circuit constants and the initial value of current; this is 
the useful form of solution. 

7. Circuit Equation and Boundary Conditions. In finding 
Eq. (14) and in proving that it satisfies Eq. (6) we have deter¬ 
mined once for all the current that will flow in any circuit made 
up of inductance and resistance after the driving voltage is 
removed, witli the following conditions: 

1. The circuit consists of self-inductanc(> and resistance, and 
nothing else, and the values of inductance and resistance do not 
vary during the period of time in which Eq. (14) applies. This 
is a statement of circuit conditions, and this statement is written 
symbolically in Eq. (6). 

2. At a known instant there is a known value of current flow¬ 
ing in the circuit. This is a statement of boundary condition, 
and is given in Eq. (12). 

In all study of transient currents (and in many other fields of 
science and engineering) a solution is found by properly com¬ 
bining circuit and boundary conditions. 

A fundamental idea, which is obvious when once formulated, 
is that a mathematical solution cannot be found until all physical 
conditions that bear on the problem—both circuit conditions 
and boundary conditions—have been written into tlu' solution in 
mathematical form. For mathematics is only a system of rea¬ 
soning and it can never supply any facts or information. 

8. The Solution for Growing Current. Returning to the 
problem of the transient current in an inductive circuit to which 
voltage is suddenly applied, we need an exact solution that will 
express current as a function of time. Figure 2 gives an indi(*a- 
tion of the way in which current will increase, but what is muc^h 
more useful is the statement of circuit conditions in Eq. (3): 

= + (3) 

and the statement of a boundary condition in Eq. (4): 
when 

t = 0, i = 0 (4) 

These equations contain all the information needed to give the 
desired answer. 
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As in Sec. 6, the solution is accomplished by separation of the 
variables, for Eq. (3) may be written 


dt = 


Ldi 


E — Ri 

and when each side is integrated, this gives 


(15) 


< = In {E - Ri) + K' 

Then, changing the logarithmic form to the exponential, 


(16) 


E — Ri = ^ 


Finally, with K a constant different from K', but none the less 
arbitrary, we determine from the circuit equation alone that 




(17) 


But in order to evaluate K it is necessary to use the boundary 
condition of Eq. (4), Writing (17) when time is zero gives 

0 = A' + I or ^ (18) 

The exprevssion for current is therefore written, from Eqs. (17) 
and (18), 

i - |(l - ,-Ti) (19) 


and the solution is complete. 

9. Steady-state and Transient Components. It is interesting 
to note that the term K' is the steady-state current, to which a 
transient term is added to get total current. The exponential 
term is ‘Hransient^^ because as time passes, and t becomes larger 
and larger, the value of the exponential approaches zero and prac¬ 
tically disappears. In further solutions of circuits we will find 
that the total current in a circuit may be analyzed into a transient 
component and a steady-state component. The steady-state 
component may often be evaluated by inspection, as might have 
been done in determining K' in Eq. (15). Of course, there will 
be cases when the steady-state current is zero; the example in 
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which we found the diminishing current in a circuit after the 
applied voltage is removed is an illustration of this possibility, 
for there can be no steady-state current when there is no applied 
voltage. 

But it is always true that we may find, if we wish, the steady- 
state term by ordinary steady-state analysis, using Ohm^s law 
in direct-current circuits and making use of vectors and imped¬ 
ance when the applied voltage is alternating, and the current 
found in this way will always satisfy the differential equation 
that expresses circuit conditions. Then to satisfy also the 
boundary conditions, we add to the steady-state term a transient 
component. 

In Eq. (17) the magnitude K of the transient component was 
determined by the boundary conditions, although the/om of the 
transient component was determined by the circuit. The form, 
moreover, was identical with the form of the decaying transient 
current of Eq. (14); and as a general principle it may be stated 
that the form of the transient component can always be found 
by solving the circuit equation with zero substituted for the 
applied voltage. 

10. Four Rules for Solution. In the two preceding paragraphs 
there are introduced a number of rules for procedure in solving 
for the current that flows in a circuit during the transient period. 
They may be summarized as follows: 

1. Solve for the form of the transient component. To do this, 
write the differential equation of the circuit, with zero sub¬ 
stituted for the applied voltage, and solve for current. 

2. By any convenient method, find the steady-state current. 

3. Add the transient component, whose magnitude is unknown, 
to the steady-state component. 

4. By means of the boundary conditions, evaluate the coeffi¬ 
cients of the transient component. 

11. An Example. As an illustration of these rules, let us use 
them to solve again for the current in the circuit of Fig. 1, start¬ 
ing with Eqs. (3) and (4), 

Ri-\-Lj^ = E (3) 

t = 0, 


and when 


»' = 0 


(4) 
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We know that 

i = transient component + steady component (20) 

To find the transient component we write, according to the 

first rule, 

Ri + Lj^ = 0 (21) 

and the solution of this is already known, from Eq. (10), to be 
of the form 

Transient component = Ke (22) 

(Proof of the correctness of this form appears on substituting it 
back into Eq. (21), whereupon an identity results.) Then 
using the second rule, 

E 

Steady-state component = ^ (23) 

tc 

Adding, in accordance with the third rule, 

i = + I (24) 

When time and current are both zero, (24) becomes 

so that 

K = -| (26) 

and having used the fourth rule we are able to write the complete 
form of the current: 

i = |(1 - (26) 

Rate of flow of energy is power, and either energy or power in 
any part of any circuit can easily be computed when the equa¬ 
tion for current is known. Each circuit element receives power 
at any instant equal to the product of the current through it by 
the voltage across it. The power to resistance is te*, or i(zij), 
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dif 

or The power to inductance is ieL, or iL and a negative 

value corresponds to an output of power by the inductance. 
These expressions for power can easily be evaluated from the 
equation which gives the instantaneous current. 

The energy gained or lost by a circuit element through any 
interval of time is found by integrating the expression for power. 
The integration must be performed on the expression for power 
into which the general equation for current has been substituted; 
specific values of time are introduced as the limits of integration. 

We find, however, that for most purposes it is the concept of 
the transient flow of energy, rather than its computation, that 
is most useful. 

12. The Voltage Regulator. The vibrating voltage regulator 

is an interesting circuit that 
involves transient current in 
an inductance. The basic cir¬ 
cuit of the regulator is shown in 
Fig. 5; the alternator whose 
voltage is being regulated is 
not shown, but the exciter 
which supplies field current to the alternator is marked Exc. The 
field winding of the exciter is L, and current is supplied to it from 
a pilot-exciter E. 

Voltage of the alternator is maintained at the correct average 
value by the automatic operation of the contactor S, which is 
continually vibrating, opening and closing at a rate of several 
times a second as the alternator voltage becomes a little too high 
and then a little too low. When the alternator voltage becomes 
too high, S opens; that reduces the exciter field current and so, 
by reducing the alternator field current, makes the alternating 
voltage lower. The voltage then becomes too low, and S closes; 
this allows more current to flow in the exciter circjiit and in the 
main field circuit, and voltagc^^bgcome^Jiighjer. 

The actual operation of the vibrating regulator is complicated 
by having the contactor jointly controlled by the exciter voltage 
and the alternator voltage. This keeps the contactor in constant 
rapid vibration at a fixed rate; and the effect of a change of 
alternator voltage is to change the ratio of time open to time 
closed, without greatly altering the period of contactor operation. 
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When the contactor S operates, it alters the resistance in the 
exciter field circuit (see Fig. 5) and so controls the current in 
that circuit. Following each opening or closing there is a tran¬ 
sient period before the steady current is established.; in fact, the 
openings and closings come in such rapid succession that there 
is never time for a steady state to be reached. 

For simplicity, in the first analysis, we will consider the exciter 
field circuit with two approximations: 

1. The pilot-exciter supplies a constant voltage, E, and has 

negligible resistance and inductance. ^ 

2. The exciter field circuit has constant inductance, L, and 
any effect of saturation of iron in the exciter field system is 
neglected. 

After the regulator has been in operation for some time, and 
its action has become stable, it will settle down to vibrating at a 
constant rate, with a constant ratio of time open to time closed 
for the contactor. At a time that we may designate t = 0 (see 
Fig. 6), there will be a current u in the circuit; and at this instant 
the contactor closes. With the contactor closed, the circuit 
equation is similar to Eq. (3); 


+ - E (27) 

and for a boundary condition we have, when 

t = 0, i = i, (28) 

In making use of the four rules for the determination of the cur¬ 
rent we first rewrite Eq. (27) witliout applied voltage as 

R,i + Lj^ = 0 (29) 

and we know the solution of this has the form 

-Eit 

Transient component = K^e ^ (30) 

The second step is to find the steady-state current: 

E 

Steady-state component = ^ (31) 
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Thirdi the components are added to give 

Ri. jp 

i = Kc€ ^ (32) 

Fourth, to evaluate the coefficient we refer back to Eq. (28) 
and substituting it in (32) get 

• - IT 

SO that 

Kc = to - # (33) 

Ki 

and 

This gives current in terms of the initial current fo, and unless we 
have further information about the value of to, this is as far as 



0 t) fi t 3 Time 
Fkj. 6. 


we can go. Of course, if to is known to be a certain number of 
amperes, (34) is the complete solution, for all other coefficients 
on the right-hand side of the equation are known, and current is 
given as a function of time. 

Figure 6 shows the manner in which current increases, 
approaching the steady-state value as time passes. But in the 
voltage-regulator circuit the steady state is not reached, and when 
time becomes h the contactor S opens again. With S open, the 
circuit resistance is greater, and if Ri + R' = Rz the circuit 
equation may be written 
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Rii+L^ = E (35) 

First, the form of the transient will now be 

K,e ^ 

and, second, the steady-state component is 

R, 

Third, the complete currcmt may be written 

i = Koe ^ (36) 

During the interval that the contactor was closed, from U to 
^ 1 , the current increased from fo to a value that may be called fi. 
This gives us as the boundary condition that when 

t = <1, i = ii (37) 

This combines with (36) to give 

ii = -I- ~ (38) 

and, fourth, 



Equation (39) lacks the simplicity of the analogous Eq. (33) 
because the transient current under consideration begins at time 
/i instead of time zero. When it is substituted in (36) the com¬ 
plete current is seen to be 

and this is the expression for current after time It is indi¬ 
cated in Fig. 6, in the time interval between h and h. If the 
contactor remain e4 open the current would approach the steady- 
state value of E/K^j but when the current has been reduced to 
its initial value of Iq, the contactor will close again and the 
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current will increase. Current in the period from t 2 to h will 
duplicate the current from 0 to <i, and may be written 



As long as the voltage regulator continues to operate without 
any change in its rate of vibration, this periodic saw-tooth cur¬ 
rent will flow in the exciter-field circuit, with the current in each 
period a repetition of the current in the preceding periods. This 
also is indicated in Fig. 6. 

For the complete solution of the exciter problem it would be 
necessary to determine io and ii in the current equations, for 
their values are probably not known. To do so it is necessary to 
know the length of time that the contactor is closed, and the 
length of time that it is open. Then, since the current must 
increase as much during the time the contactor is closed as it 
decreases while the contactor is open, it is possible to write two 
equations containing io and ii as the only unknowns; these are 
obtained by finding from Eq. (34) the current ii at time h in 

terms of to, and from Eq. (40) the 
current io at time h in terms of i\. 
The resulting equations are then 
solved simultaneously for to and ti. 
But th(i complete solution need 
not be carried out h(jre. 

13. The Field Discharge Cur¬ 
rent. Current in an indiKitive 
circuit decreases gradually after 
the driving voltage has been 
nanoved, just as a moving auto¬ 
mobile will coast to a stoj) after 
the clutch is disengaged. But 
an automobile cannot be stopped 
instantly, and if it runs into a wall the force of collision will 
usually be so great that something will break. An electrical 
collision^’ occurs when the switch in an inductive circuit is 
suddenly opened. 

If the switch in the circuit of Fig. 1 (or Fig. 7a) is closed long 
enough to permit the steady-state current to be established, and 
is then opened quickly, it will be found impossible to stop the 



(a) 



(b) 

Ftg. 7, 
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current instantly. When the switch first begins to open, the 
current will start to diminish, but a change of current always 
induces a voltage in the inductance, proportional to the rate of 
change. This was stated in Eq. (1): 

( 1 ) 

An increase of current (a positive rate of change) was found to 
induce a voltage that opposed the flow of current, and, similarly, 
a decrease of current (a negative rate of change) will induce a 
voltage that aids the flow of current. It is easy to remember 
thatj^e induced yolt^ will always oppose a change of current. 
The induced voltage can never entirely prevent a change of 
current, for its very existence depends on there being a rate of 
change of current, but the induced voltage will in every case 
make a change of current more gradual. 

So the inductance L, in which the opening switch has caused a 
negative rate of change of current, will act for the moment as a 
source of high voltage as it supplies energy to maintain the 
flow of current, and this excess voltage will appear between the 
blades of the opening smtch—just as it would if any other 
source of voltage were in a circuit with an open switch. The 
induced voltage will be high enough to cause an arc to form 
at the switch blades, and the circuit current will continue to flow 
through the arc, although at a diminishing rate. The current 
will diminish just rapidly enough to supply [in agreement with 
Eq. (1)] the induced voltage needed to maintain the current, 
until the current has diminished to zero and the transient period 
of decaying current is ended. 

There will always be a perfect balance between the voltage 
needed t o m aintain current in the circuit and the voltage induced 
in the inductancfe. If the induced voltage were too small to 
maintain current through the arc after the switch is open, the 
current would either have to cease at once or at least would 
diminish more rapidly. But a more rapidly diminishing current 
would induce a greater voltage, until the induced voltage did 
become sufficient to maintain the current. In the extreme case, 
a current stopped instantly would induce infinite voltage; but 
this is impossible, for an infinite voltage would maintain a current 
no matter how rapidly the switch was opened. The relation of 
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the circuit voltages is expressed in a modification of Eq. (3): 

E = Ri + Lj^ + e„ (42) 


in which Ca is included to represent the voltage required to main¬ 
tain an arc at the opening switch. Equation (42) is like our other 
circuit equations in that one side of it is the applied voltage of 
the battery, while the other side is the sum of all the drops in the 

cii 

rest of the circuit. In this special case, ^ is negative, and Ca 


may be many times greater than E if the current is diminishing 
rapidly enough and L is sufficiently great. 

Equation (42) is not an easy equation to use, for Ca is a lunc- 
tion of current of a more or less indeterminate sort, and its 
value also depends on the speed with which the switch is opened. 
We are quite safe, however, in saying that the more rapidly the 
switch is opened the higher the induced voltage will be, and that 
the only limit to the induced voltage is the amount of voltage 
needed to maintain the current. 

It is this last consideration that emphasizes the practical danger 
of allowing an inductive circuit to be opened too rapidly. When 
the direct current in the highly inductive field circuit of a large 
generator is interrupted suddenly, the induced voltage may 
easily be several thousand volts. If the normal voltage on the 
field is only 125 volts, this overvoltage will be dangerous to the 
insulation of the winding, and a rapidly opened circuit may 
readily result in puncture of the insulation between leads, between 
turns, or between the field winding and its iron core. 

To avoid damage of this sort, it is standard practice to use a 
“field-discharge resistor.^' A second contact point is placed on 
the field switch, as shown in Fig. 76, and to it is connected the 
discharge resistor R 2 . The switch is built so that when it is 
opening, the blade will make contact with the resistor contact- 
point before contact is lost with the exciter contact-point. By 
this means, the switch may be moved from the closed position to 
the resistor contact-point without interrupting the current 
through the inductance, and the field current will then gradually 
die away as the energy stored in the inductance is used up as 
heat in the resistances Ri and R 2 - Equation (6) was written for 
a circuit of this kind: 
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( 6 ) 


and in the field-discharge circuit 

R = Ri “f“ R2 


In complying with the four rules for the solution of Eq. (6), we 
find first that the applied voltage is zero and no substitution is 
needed. The solution of (6) gives 


i = Ke 


( 11 ) 


For the second and third rules, there is no steady-state current, 
owing to the lack of applied voltage, so Eq. (11) expresses the 
whole current. The fourth rule requires that we evaluate K 
from the known boundary condition that w hen t ime is zero, 
current equals EfRi] substituting these values in (li^ gives 


so that finally 


A 

Ry 


K 


i 


E E 

- € ^ = - € 

It, Ri 


Ri+Ht. 

T * 


(43) 


Equation (43) may be compared with (14), a solution of the 
same type of circuit. In (14) the resistance R appears in the 
coefficient of the exponential, and the same value of R is in the 
exponent. The coefficient in each equation is the initi al current^r 
while the exponent determines the rate of decay of the current. 
But in the field circuit of Fig. 76, only Ri limits the initial cur¬ 
rent, so it alone appears in the coefficientpwhereas the discharge 
current flows through both Ri and 7^2- Since the total resistance^ 
is effective in diminishing the current, Ri + R^ appears in the 
exponent of Eq. (43). This shows how the same circuit equation 
may have different solutions, depending on the boundary con¬ 
ditions, but the solution in each case is obtained by application 
of the four rules of Sec. 10. 

Figure 4 gives a picture of the decay of current in the field 
circuit, except that Fig. 4 was drawn to satisfy different bound¬ 
ary conditions. Hence the initial current and the initial slope of 
Fig. 4 must be changed for the field-circuit case. The current in 
the field circuit, when time is zero, is E/Ri, The initial slope 
may be found by differentiating Eq. (43) and then making t — 0. 
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The discharge of energy from the field circuit is an excelhmt 
illustration of the importance of the energy stored in an inductive 
circuit. The current cannot be stopped until the electro¬ 
magnetic energy of the highly inductive field circuit is completely 
exhausted; if a field-discharge resistor is used, the energy will be 
changed to heat in a safe and orderly manner, whereas, if the 
circuit is broken without the resistor, the field-circuit energy 
will be largely dissipated as heat and light in an arc through air - ~ 
the time of discharge of energy in the arc. will l)e short, and the 
violence of action may be almost explosive. It might be pos¬ 
sible to prevent an arc at the switch terminals l)y immersing 
them in oil and by extremely rapid opening of the switch; in 
such a case the electromagnetic energy has no choice but to 
expend itself in puncturing the insulation of tin* fic^ld circuit, and 
it is to avoid this danger that the discharge resistor is supplied. 

The value of resistance to be used jn the practical application 
of the field-discliarge resistor may vary within wide limits. If 
the resistance is too high, it will not be very effectiye in redudng 
the induced voltage, for the entire absence of a discharge resistor 
is merely the limiting case as the resistance is increased to 
infinity. It is helpful to remember that at the instant of opening 
the switch the entire steady-state field current must flow momen¬ 
tarily through the discharge resistor, and when time is zero, cur¬ 
rent is E/R\. The voltage across the discharge resistor will b(^ 
greatest at this instant of greatest current and will be equal to 
the product of current and resistance: 



Too high a value of /22, the discharge resistance, would give an 
excessive induced voltage. As the normal applied voltage is E, 
it is possible to secure complete safety by making equal Ri) 
if this is done, the induced voltage can not exceed the applied 
voltage. But a higher voltage than this may be perfectly safe, 
and a value of R^ equal to several times Ri is usually not objec- 
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tionable. A low resistance, on the other hand, has distinct dis¬ 
advantages. While the switch is being opened, the switch blade 
makes contact with both exciter circuit and discharge resistor 
circuit for a moment, placing the full voltage of the exciter 
across R^. With a low resistance, a large current will flow, and 
although this does no harm in normal operation, it may burn out 
the resistor if the switch is accidentally left for some time in the 
mid-position. A compromise value of resistance is used therefore 
on all modern machines. 

14. Other Illustrations. It is easy to find illustrations of 
transient currents in circuits containing inductance and resist¬ 
ance. The only really important way in which an electric 
current can do anything useful, except heating and lighting, is 
by exerting a magnetic force—as in a m otor, a doorbell, a tele¬ 
graph, an ammeter or voltmeter, or even a telephone. The 
magnetic force involves inductance in fairly large amount. So 
we need only look around to find innumerable examples of 
transient currents in inductive circuits. 

Circuits illustrating transient currents in capacitance and 
resistance are rare, but they are none the less interesting or vital 
on that account. 


Problems 

1 . Connect a coil, a resistor, a battery, and a switch to give the circuit of 
Fig. 1. By means of an oscillograph, record the current that flows in the 
circuit when the switch is closed. Make three records with the same value 
of inductance and voltage, but different resistances. Use a coil that does 
not have an iron core, for there are losses in iron that are not included in the 
circuit’s resistance. Measure the circuit parameters. 

Transfer the experimentally determined curves from the oscillogram to a 
sheet of cross-section paper, plotting current as a function of time. On the 
same sheet, plot the corresponding curves as computed from the circuit 
parameters. Discuss the reasons for any differences that may appear 
between the observed and computed curves. 

If it is not convenient to make an oscillographic record, that which is 
reproduced as oscillogram 1 may be used. This is an unaltered photo¬ 
graphic record exactly as it came from the oscillograph. The lines on the 
record are, from top to bottom: 

а. A line for calibration purposes, produced by a steady current of 
2.50 amp. in the circuit. This gives the vertical scale of the oscillogram. 

б. The transient current with low resistance. 

c. The transient current with medium resistance. 

d. The transient current with high resistance. 





Oscillogram 1.—Starting current through inductance and resistance, with three different values of resistance. For use with Prob. 1 

of Chap. I. 
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e, A line recorded with no current flowing. 

/. A wave recorded by 60-cycle voltage, which plays no part in the 
transient behaviour but serves to calibrate the time scale of the oscillogram. 
With it is its zero line. 

The measured parameters and voltage are: 

E = 67.2 volts. Low resistance = 26.82 ohms. 

L = 1.37 henrys. Medium resistance == 41.38 ohms. 

High resistance == 78.40 ohms. 

It will be seen that three records are superposed on one oscillogram. 
Usually this is not desirable, for the timing wave can be simultaneous with 
only one of them (in this case with the low resistance record). It was done 
in this case to show that the initial slopes of all three curves are identical. 

2. A six-pole 300-kvv. 1200 r.p.m. 275-volt direct-current generator is 
designed to carry a main gap fhix of 0.072 webers (7,200,000 maxwells). 
Leakage is 15 per (*ent of this. Each field spool contains 620 turns, the coils 
in series measure 7.1 ohms total resistance, and carry a normal current of 
15 amp. 

a. What is the self-inductance of the field circuit? 

b. If 125 volts is applied to the field terminals what field-rheostat resist¬ 
ance is required to allow normal current to flow, and what percentage of the 
total voltage is the voltage across the rheostat? 

c. What time must elapse before the field current has risen to 0.4 strength ?, 
0.9 strength? 

d. With full field what is the energy stored in the magnetic field? 

e. What must be the value of the field-discharge resistor to limit the 
voltage across the field to 1500 volts upon opening this circuit? What 
differ(;nce, if any, docs it make if the resistor is placed inside rather than 
outside the field rheostat? 

/. How much energy wdll the discharge resistor have to dissipate? Would 
the question of heating be of much importance in its design? 

g. Why not make this resistor of zero resistance, or as low as possible, 
so as to reduce the induced field voltage? 

State whatever assumptions you make in any of the steps of the problem. 

3. A battery is suddenly connected to a circuit of inductance and resist¬ 
ance. .At what value of current is the magnetic field receiving energy at 
the maximum rate? 

4. The primary circuit of the spark coil of an automobile ignition system 
is shown in the diagram. A spark is produced (by 

the spark-coil secondary winding which is not shown) 
each time the cam allows the timer switch to open. 

What fraction of steady-state current is interrupted 

by the timer when it is producing sparks at the -^ . ■' 

rate of 10,000 per min.? The inductance of the Timer and cerm 

coil is 6.34 millihenrys and the resistance is 2.2 Prob. 4. 

ohms. Assume that the cam operates so that the 
timer switch is open during the same length of time that it is closed. 
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THE BEHAVIOR OF CONDENSERS 

1. Capacitance. In the early days of electricity, the condenser 
was named because of its ability to receive and contain what the 
pioneers were accustomed to call ‘"the electric fluid/' It is 
not, however, like a tank for water that will hold a definite volume 
of liquid, and is then full; but rather it is like a tank of air whose 
content is limited only by the pressure that can be applied. By 
increasing the electric pressure" a greater amount of the 
“electric fluid" can be forced into the condenser, and if the 
analogy is still good the fluid will be “condensed." 

We have in this century a different picture of the operation of 
a condenser, because we have a different concept of electricity, 
but externally the “condenser" idea is perfectly valid and in 
modern terms we say that the charge on a condenser is propor¬ 
tional to the terminal voltage. (7, the condenser's capacitance, 
is defined as the factor of proportionality, so that the charge 
q = Ce. Hence the condenser voltage is 

^ ^ 7 (46) 

Since charge is the accumulation of current, it is possible to 
find the charge on a condenser at any moment by integrating the 
current that has entered the condenser. Conversely, current is 
the flow of charge, and the condensc^r current is the rate of change 
of the condenser's charge. Interpreting charge as the integral 
of current, in Eq. (46), gives 



2. Charging a Condenser. When a battery is suddenly con¬ 
nected to a condenser and a resistance in series, as in Fig. 8, the 
condenser will be charged by current flowing through the resist¬ 
ance. It will not be charged all at once, however, but there will 

34 
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be a surge of current that will diminish gradually as charge 
accumulates on the condenser. The shape of the current surge 
is shown in Fig. 96. 

The circuit equation in which the applied voltage is equated 
to the sum of the resistance voltage and 
the condenser voltage, is 

E = Ri + ^ J i dl (48) 

Until the switch is closed there will 
be no charge on the condenser, and 
there will be no voltage across it; so just at the instant 
of closing the switch the entire battery voltage E will be 
applied to the resistance, and the current will be E/R. This 
initial value of current can also be found from Eq. (48), for 
when time is zero the integral term must be zero, there having 
been no lapse of time in which current might flow and charge 
accumulate, and ii the initial current is called to, 

= I (49) 



Fia. 8. 


In Fig. 9a we wish to plot voltage as a function of time. The 
initial resistance voltage, em, is equal to the applied voltage E\ 
£ and the initial condenser voltage, 

^ 2 ero. But current will flow 
5 ^ through the resistance into the con- 

® denser, and as charge accumulates 

^ —gR on the condenser there will appear 

I j Time a voltage corresponding to the integ- 

1 I ^ ral term in Eq. (48). At some time 

^ Jj, tij shortly after closing the switch, 

t condenser voltage will have 

3 ^ IN. grown to eci] and since the applied 

^ j voltage remains constant it follow^s 

0 ^2 Time resistance voltage must have 

( b) decreased. There will have been a 

decrease of current, and the resist¬ 
ance voltage will be less by exactly the amount that the condenser 
voltage has increased. So at h, in Fig. 9a, we locate eci and Cri 
in such a way that their sum is E. The value of eci is obtained 


Time 
(b) 
Fig. 9. 
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from Eq. (47); it is proportional to the integral of current. To 
find the integral of current, a curve of current is drawn in Fig. 96, 
with the initial current, to, equal to E/R. At every instant the 
voltage across the resistance is proportional to the current, and 

Cr = Ri (2) 

So the current at time h can be found from the resistance voltage 
at time t\: 


Charge on the condenser is the integral of current, so it is equal 
to the shaded area under the current curve, between zero time 
and ti. Finally, this charge divided by capacitance gives con¬ 
denser voltage Cci, which we plot in Fig. 9a. 

It is clear, of course, that this system is not well adapted to 
computation, because you cannot find Cci unless you know Cri, 
and you do not know Cri until you have found ec\ \ so a trial-and- 
error method is the only way that numerical values could be found. 
But when t\ is a differential time instead of a finite interval, the 
error is an infinitesimal of second order, and may be neglected, 
and so the methods of calculus will readily determine current 
at every instant. 

The area under the current curve as far as %2 determines the 
value of ec 2 , because it represents the charge on the condenser 
at time < 2 , and voltage at any time can be found in the same way. 
But the difference between ec 2 and cci is less than the differemce 
between ec\ and cco because the area under the current curve is 
less during the second time interval than during the first. And so 
the voltage curves continue; in each succeeding interval of time 
the current is less, so during each interval the condenser gains 
less charge than in the previous one; as a result, the condenser 
voltage increases always more slowly, and the resistance voltage 
together with the flow of current will die away more and more 
gradually. The current will approach zero, as shown in Fig. 96, 
and the condenser will gradually reach its steady charge and 
voltage as the current ceases. 

Before proceeding with the formal solution, one feature of 
circuit operation that has been accepted in the discussion must 
be written into the symbolism; that is the limit of integration of 



Sec. 2] THE BEHAVIOR OF CONDENSERS 37 

current to obtain charge. Since current cannot flow until the 
switch is closed, and hence charge cannot beginjbo accumulaJte, 
there is no need to begin integrating until the instant of closing 
the switch, so the lower time limit is zero. The upper time limit 
may be any value of time at which we wish to determine condi¬ 
tions; it may be, for instance, h or as in Fig. 9, or any other 
value. To be entirely general we will let the upper limit be any 
time t. The circuit equation then is 

E = Ri + i dt (50) 

The current curve in Fig. 9 seems to have the same general 
shape as the curve of Fig. 4, which showed the dying out of cur¬ 
rent after the driving voltage was removed from an inductive 
circuit. To show that the similarity is more than superficial, we 
may determine the analytic form of condenser current from Eq. 
(50). To put this equation into a form similar to one we have 
already solved, we differentiate both sides with respect to time, 
giving 

o = Rj^+y ( 61 ) 

which may be written 

li + Bf-O (52) 

This is the differential equation of the circuit and its solution may 
be found by integration. The variables i and < of Eq. (52) may 
be separated, and the method of solution is the same that was 
used for Eq. (6): 

'^d't “ j-v ^dt 

i HV 

In i = + A 

i = (63) 

It is interesting to compare Eq. (52) with (6), which is 
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+ L ~ = 0 (6) 

It will be seen that Eqs. (6) and (52) are of the same form and 
differ only in coefficients. The solution of (6) is 

Ke ^ (10) 

and the solution of (52) is exactly parallel and could have been 
deduced from (6) and (10). Referring again to the four rules for 
solution, we find that we have followed the first of them: Eq. 
(52), the differential equation, has no constant term to be set 
equal to zero, and its solution was found and is given in Eq. (53). 
In applying the second rule, we see from the circuit that there is 
no steady-state current, for the condenser blocks any continuous 
flow of direct current; therefore the steady-state term is zero. 
It remains, then, only to evaluate by boundary conditions the 
unknown coefficient K of Eq. (53); at the moment of closing the 
switch the current is E/R^ as is given in Eq. (49), and when this 
is substituted in (53) with t = 0 the result is 



so that finally 

i = I (54) 

and this is the analytical form of the current plotted in Fig. 96. 

To remove any possible doubt that this is the correct expres¬ 
sion for current, introduce it into the circuit equation (50). 



— 

= Ee - E{€ - 1) = E (55) 

The reduction of the equation to an identity gives final proof. 

While the condenser is being charged it is storing energy in 
electrostatic form. Energy comes from the battery; some of 
it is transferred to the condenser as current flows in opposition 
to the condenser voltage, and the rest is changed to heat in the 
resistance. Energy flows rapidly from the battery as soon as 
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the switch is closed, for the battery supplies power in proportion 
to the current; at the first instant, however, it is all lost in heat, 
for the first small bit of charge flows into the condenser without 
opposition. Then, as the condenser becomes partly charged, 
the condenser voltage rises, and the flow of energy into the con¬ 
denser increases. But the current, meanwhile, is diminishing, and 
the rate of storage of energy passes a maximum and then 
decreases. 

The power, or rate of flow of energy, supplied to the con¬ 
denser at each instant is found by multiplying the condenser 
voltage by the circuit current. This may be done graphically 
by multiplying the curve of ec in Fig. 9a by the curve of i in Fig. 
96, or it may be done analytically by multipl 3 dng the correspond¬ 
ing equations. Reference to the curves of Fig. 9 shows that 
power will be zero at the first instant, for ec is then zero, and it 
will again be zero in the steady state when i is zero. The rate of 
dissipation of electric energy in the resistance is given by the 
product of cr and i. Total energy may be found by integration 
of the power, and the energy stored in the condenser at any 
instant may also be computed from ^Ce^, 

It is interesting to notice that the amount of energy lost in the 
resistance of the circuit of Fig. 8 while charging the condenser is 
exactly equal to the amount of energy stored in the condenser. 
The battery, therefore, is called upon to supply double the 
quantity of energy stored. When the transient period is over, 
and current has ceased to flow, the condenser voltage is equal to 
the battery voltage and the condenser energy has attained a 
value of ^CE'^—E being the battery voltage. 

To compute the energy dissipated in the resistance while the 
condenser is being charged, we integrate the power the resist¬ 
ance consumes over the entire time from zero to infinity. The 
power is of course and the energy lost in the resistance is 
therefore 



This is equal to the amount of energy stored in the condenser, 
and it is independent of the magnitude of the resistance. 
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3. Discharging a Condenser. A lightning cloud is in some 
ways like one plate of a condenser; the other plate may be 
another cloud, or it may be the ground below. This atmospheric 
condenser is gradually charged by rain and currents of air until a 
very high voltage exists between cloud and ground; then suddenly 
a lightning flash results and the plates of the condenser are con¬ 
nected together (through the lightning) and the condenser is 
discharged. 

On a smaller scale, the same thing happens whenever a charged 
condenser has its plates connected together: the condenser dis¬ 
charges, and its stored energy is lost as heat in the circuit. If 
the condenser in Fig. 10 is initially charged, for example, and 

then the switch S is closed, there will 
be a surge of current through the resist¬ 
ance, which will gradually die out, leav¬ 
ing the condenser discharged. The 
circuit equation for this circuit is similar 
to Eq. (50), but there is no impressed 
voltage, and the condenser starts with 
an initial charge. If the initial charge is go, the initial condenser 
voltage will be 

eco = ^ (56) 

and the initial charge must be added to the accumulated charge 
to get the total charge (and hence the condenser voltage) at any 
instant. On removing the applied voltage term and introducing 
the initial charge go, the circuit equation becomes 

Ri + ^ J* ^ ~ ^ 

It is interesting to note that in this equation we have already 
introduced a boundary condition: that the initial charge on the 
condenser is go. But in rewriting (57) as a differential equation, 
in (58), this information regarding the boundary condition is 
lost from the mathematics and must be introduced again later. 
There is a way to avoid this complication, but for the present 
we will follow the four rules for solution, and differentiate Eq. 
(57) to obtain, as the differential equation of the circuit 

ry . 1 . „ 



Fio. 10. 


( 58 ) 
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Since this is the same equation as (52), it has the same form of 
solution, 

i = Ke'^ (59) 

In following rule 2, we find that again there is no steady-state 
current because there is no impressed voltage, so (59) is the 
complete current. To evaluate K it is necessary to consider the 
initial condition of the circuit: at the instant when the switch is 
closed there is a charge qo on the condenser, and this produces a 
voltage between condenser terminals equal to Qo/C [as was 
stated in Eq. (56)]; this voltage will be connected to the resist¬ 
ance by the closing of the switch, and will produce an instan¬ 
taneous current of 


in = ^- 

“ CR 


(60) 


The current will of course diminish rapidly as the condenser 
loses its charge, but Eq. (60) gives the value of current when time 
is zero. Substituting io for f, and zero for t, in Eq. (59) gives 


so that 


_ Qo 

^ ^CR 


i = ^ 

^ CR 



In this circuit, as in several of 
the others, the coefficient of the 
exponential is the initial current, and (62) may be written 


% = lo6 




(63) 


Current is plotted as a function of time in Fig. 11. 

4. Operational Notation. The use of operational calculus in 
the solution of equations involving transient electrical phe¬ 
nomena has proved so powerful, and at the same time so con¬ 
venient, that its adoption has been practically universal. 
Nevertheless, a thorough understanding of the classic solutions of 
fundamental circuits is indispensable before the operational 
method can be handled expediently. The classic method 
involves obtaining a solution of the differential equation of a 
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circuit and then evaluating its arbitrary constants by means of 
known boundary conditions. The operational method accom¬ 
plishes the solution in one step by assuming tliat the circuit has 
initially no stored energy; although if this is not the case the 
equations may be correspondingly altered. With simple circuits 
the classic method offers the simplest solution; but the opera¬ 
tional method has evolved a notation that is a sort of shorthand 
way of writing differential equations, and it is always helpful to 
use operational symbols. 

First, there is p, an abbreviation for so that the meaning is 
the same whether we write Eq. (1) as 


Cl 



( 1 ) 


or as 


Cl = Lpi (64) 

In other words, p is a derivative operator^ and this is all the defini¬ 
tion of it that is needed just now. It operates, as the symbol ^ 

does, on the function of time that is written to the right of it; 
and if there is ever any question concerning the use of p, the 

difficulty can be removed by writing ^ instead. 

With this notation the circuit equation for the inductive cir¬ 
cuit can be changed from 

E = Ri+L^ (3) 

to the operational form 

E = Ri + Lpi (65) 

and the differential equation of the condenser circuit, Eq. (58), 
becomes 

^ t + Rpi = 0 (66) 

The current to be operated upon by p in Eq. (65) (to be, in other 
words, differentiated with respect to time) is given in Eq. (19) as 
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(19) 


and the curve of this current as a function of time is shown in 
Fig. 2. The quantity pi is merely the derivative, or slope, of the 
curve. 

The solution for current in Eq. (66) is given by (63) as 

—Li 

i = io€ (63) 

This is the current, and its derivative is 

pi = ( 67 ) 

(for all positive values of time). 

The slope of the current curve in Fig. 11, then, is given by Eq. 
(67) during the time when the switch is closed. 

Another operational symbol is 1/p, and it is an integrating 
operator. Since p is a derivative operator and 1/p is an inte¬ 
grating oj)erator, the application of p will remove the effect of 
applying 1/p to a current. It is best to define 1/p as a definite 
integral with limits 0 and ty so that 



This has the advantage of avoiding a constant of integration 
that is essential to the indefinite integral. Of course, with 1/p 
defined in this way, and with p defined as the inverse operator, 
there will sometimes be trouble in interpreting p as a simple 
time derivative; but in much of our work no such conflict will 
arise, and when it does it will be pointed out and studied further. 

With the operational symbol of integration we can write 
Eq. (50) as 


£ = fit + iL 
Cp 


and for convenience this is often written 

E = Ri “T j^i 
Cp 


( 69 ) 
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or even 

In the same notation, Eq. (57) becomes 

Ri + ^ = 0 (70) 

Since p is defined as an operator that cancels an operation 
by it follows that p is just equal to and the two operations 
together have no effect. So 

ph = i (71) 

P 

This fact can be used in deriving Eq. (51) from (50). Equation 
(50) has been written in operational notation as Eq. (69). 
To differentiate each side of (69), we operate by p, giving 

pE = p^Ri + = pRi -I- (72) 

but E is not a function of time so pE is zero, R is merely a con¬ 
stant, and p/p designates two operations that taken together 
produce no result. So Eq. (72) becomes 

0 = Rpi + (73) 


and this is equivalent to Eq. (51). 

The relation of Eq. (71) and the use made of it in the rest of 
the paragraph give the first indication of one of the chief values 
of operational notation. When differentiation is indicated by p 
and integration by 1/p (or as it is often written, p~^) these opera¬ 
tional symbols can be used to multiply and divide each other 
just as though they were algebraic quantities. In getting Eq. 
(73), for example, the left-hand member of (72) is differentiated 
and the two terms of the right-hand member are operated on by 
p according to the same rules as if it were multiplication by p. 
There is one thing that must be carefully remembered, however. 

d 

Any operator, whether written p or ^, or as an integral, operates 
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only on a function of time which is written to the right of it in the 
equation. In Eq. (73), Rpi means resistance times the deriva¬ 
tive of current with respect to time, and pRi would mean the 
same thing because B is a constant, but Rip is just as meaning¬ 
less a thing to write as Ri 

The second derivative of current is the derivative of the 
derivative, so 


dt^ 


= pipi) 


and this commonly written 



(74) 


In this way the notation can be extended to include any order of 
derivative; while and so on, will indicate higher orders of 
integration. 

But the essential feature of the operational method is that 
it is correct to make algebraic transformations among operators 
applied to a time function, for they obey the associative, com¬ 
mutative, and distributive laws, and much of calculus becomes 
merely algebra. 

6. Applications of Condensers. There are three general uses 
for condensers in which the characteristics of their transient 
currents are of value. One is as a storage place for electrical 
energy until it is needed; this application is seen in many rectifiers 
in which a condenser is charged by the crest of the rectified 
alternating voltage wave, and the stored energy then flows from 
the condenser into the direct-current system between the half¬ 
cycles of alternating current, and power is supplied by the 
rectifier to the load even during the times when it can receive 
none from the incoming line. The use of the condenser makes it 
possible to obtain a nearly constant flow of power in the direct- 
current output system, although the rectifier is supplied with 
power in pulses that come from a 60-cycle system at the rate of 
120 per second. In a modulation meter for radio measurements, 
a similar principle is used to charge a condenser to the crest volt¬ 
age of the modulated wave, and the charge leaks off through a 
resistance at a rate that must be known. 
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Frequently, too, a condenser is used to receive energy—not 
for future use, however, but just to get rid of it. If a condenser 
had been used in the field-discharge circuit of Fig. 76, instead of 
the resistance the inductance of the field circjuit could have 
poured its energy into the condenser and an arc at the switch 
would have been avoided just as well as with a resistance. In 
the case of a generator field the size of condenser required would 
make su(*h application too expensive, and a resistance is better 
adapted to the use. But a similar circuit in which a condenser 
is used is in the ignition system of an automobile; to prevent 
sparking at the timer points, the timer switcli is shunted by a 
condenser that takes the first rush of current from the coil 
when the timer switch opens. , 


s c, 



A third application of condensers makes use of the known rate 
of discharge of a condenser for timing purposes. In a cathode- 
ray tube, for instance, a cathode-ray beam is deflected by an 
electric field between two parallel metal plates. The cathode-ray 
beam, after deflection, passes on to strike against a fluorescent 
screen or, in some applications, a photographic film. By prope: 
control of the electric field, the cathode-ray beam can be made to 
sweep across the screen at a known rate. It is commonly desir¬ 
able to have the rate of travel of the beam across the screen con¬ 
stant, so that distance on the screen bears a linear relation to 
time. Such cathode-ray tubes are used in oscilloscopes and for 
viewing tubes of television and radar sets. 

6. The Oscillograph Sweep Circuit. In Fig. 12 the essential 
elements of the sweep circuit are shown. The cathode ray is pro¬ 
jected between deflection plates onto a film or screen. The 
^^beam,” or stream of electrons, is deflected by a field between 
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the plates, and, when the deflecting field is increased, the beam is 
swept across the film from the point a to the point a'. As it 
goes it leaves a trace on the film that becomes visible when the 
film is developed, just as if the electron beam were a beam of 
light. When the beam is moved across the photographic film 
by the deflection plates acting alone, the record is a straight 
line, aa', and it is the time axis of the oscillogram. Transient 
voltages are recorded on the film by another set of deflection 
plates, set at right angles to the sweep plates, that produce a 
vertical deflection on the film so that the electron jet traces a line 
(illustrated by aa") as a record of the transient voltage. 

Before the oscillograph is to be operated, a condenser, Ci in 
Fig. 12, is charged to some voltage E. It will receive a charge 
go equal to ECi. When the operator desires to have the electron 
beam begin sweeping across the film, the switch S is closed, and 
charge flows from the condenser onto the deflection plates 
producing a voltage between the plates of C 2 and a current in the 
resistance R. 

Since the sum of the voltages around the circuit must be zero, 
the circuit equation is (in operational notation) 

The first term of this equation expresses the initial condenser 
voltage due to the charge go; and since the second term gives the 
change of the condenser voltage as discharge occurs, the total 
condenser voltage at any instant is the sum of the first two terms. 
The third term is the voltage that appears between the deflection 
plates as current flows, and the last term of the left-hand member 
is the resistance voltage. 

When the switch is (closed, the condenser Ci will start to dis¬ 
charge through the resistance; since at the first moment there will 
be no charge on the deflection plates they w’ill not oppose the flow 
of current, and the initial current will be the initial condenser 
voltage divided by the resistance: 

i« = (76) 

But as charge accumulates on the deflection plates C 2 , an oppos¬ 
ing voltage will result and the current will rapidly become 
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smaller; at the same time the voltage of the condenser Ci will 
have grown less than its initial value as the initial charge flows 
away. So the voltage between the deflection plates will become 
greater and the condenser voltage will become less, and as the 
two opposed voltages approach equality the current will die 
away to zero. That is a qualitative picture of the transient 
current. 

In Eqs. (75) and (76) there is a question of algebraic sign 
that needs further discussion. All of the terms of Eq. (75) 
were written with the positive sign, and justification for doing so 
is needed. First, one direction around the circuit must be 
chosen as the positive direction, and a current flowing in such 
direction is a positive current; the choice is entirely arbitrary, 
but it is customary to designate a current 

—^ -IP— flowing in a clockwise direction as positive. 

In Fig. 13 the arrow indicates the positive 
^ direction of current. A counterclockwise 

I y "" ^2 current is negative. Next, an increase of a 

R positive current produces a positive rate- 

‘““■"“'WWWV * of-change of current, for that interpretation 

is essential to the idea of rate of change. 
Finally, a positive current flowing into a condenser will place a 
positive charge on the condenser, and the integral of a positive 
current is a positive charge. 

In applying these matters of definition to Eq. (75), we must 
consider which of the quantities in the equation will be negative. 
If the current is to flow in a positive or clockwise direction, the 
initial charge qo must have been negative, for it must have 
originally been placed on the condenser by a current flowing in a 
counterclockwise direction—a negative current—and a negative 
current will build up a negative charge. So go is negative, and 
a positive current flows after the switch is closed, making the 
charge less and less negative. All the other terms will be 
positive. On the other hand, if go had been placed on the 
condenser as a positive charge, the current i would have been 
negative, and so of course would all the terms which contain 
the current. 


Fm. 13. 


In Eq. (76), the initial charge is negative and the initial current 
is positive, so to make the right-hand member containing go 
come out positive it must be written with a negative sign. 
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It is important to notice that Eq. (76), a boundary condition, 
can be obtained from Eq. (75), the circuit equation, when the 
proper information is worked into the mathematics of (75). As 
is always the case, all physical information must be put into 
mathematical form before the problem can be solved, for the 
mathematics will not supply ideas; but in this example we can 
change the form of our information from knowledge about 
initial charge (which we have) to knowledge about initial current 
(which we want) by means of algebra. We know that there is 
no initial charge except the charge qo on the condenser, so that 
the integral of circuit current is zero when time is zero. That 
is, when 

t = 0, h = 0 (77) 

When is made zero in Eq. (75) the equation reduces to Eq. 

(76). Although in this case the initial current can be written 
directly by inspection of the circuit, it will often be valuable to 
be able to determine unknown initial conditions by introducing 
known conditions into the circuit equation. 

The solution of Eq. (75) is begun by differentiating all its 
terms; this gives 




The expression for current that will satisfy this equation has the 
familiar form 


where 


i = K(^‘ 


(79) 


1 C, + C 2 
R CiCi 


(80) 


Next, the boundary condition of Eq. (76) is introduced into 
Eq. (79), time being zero, and 




RCi 


= K 


(81) 


Having this value of K, we may now finally write the current 




RCi 


( 82 ) 
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But in this problem the desired result is not the current, but 
the voltage on the deflection plates C 2 . The required voltage ea 
is found from the integral of current: 



Since the cathode ray is deflected by the electric field, the distance 
that it will have traveled in a horizontal direction across the film 
at a time t is proportional to ca of Eq. (83); the beam will not be 
swept across at constant speed but will start fast and go slower 
and slower as the deflection-plate voltage approaches its steady- 
state value. The transient voltage recorded on the oscillogram is 
given as a function of time, but the time scale is not uniform, and 
the transient record is spread out at the start, near the point a 
in Fig. 12, whereas toward the finish, near a", it is cramped with 
a vanishingly small time scale. A maximum deflection will be 
reached when time is infinite and becomes zero. 

It is clear both from the nature of the circuit and from Eq. (83) 
that the charge on the deflection plates will be of opposite sign 
from the initial charge on the condenser, for part of the initial 
charge will flow out of the condenser onto the deflection plates. 
It will usually be only a small part of the initial charge that goes 
onto the deflection plates, for the capacitance of the deflection 
plates is small compared to the capacitance of the condenser, and 
in the end the charge will be divided in proportion to the 
capacitances. 

The flow of energy in the circuit of the oscillograph deflection 
plates is of particular interest. In the first place, the condenser 
Cl is initially charged and so is able to furnish energy for the 
transient current. Of course, the energy does not originate 
with the condenser but is supplied to it from a circuit not shown 
in Fig. 12; it is usual to charge the condenser through a high 
resistance and a rectifier, the energy being drawn from an alter¬ 
nating-current circuit. So the condenser acts as a reservoir of 
energy; it is filled slowly by the rectifier circuit, and discharges 
rapidly when the transient current flows. But it does not lose 
all of its energy in the discharge, for the outrush of current is 
stopped as the deflection plates become charged. The deflection 
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plates, as a condenser, take some of the energy; some is lost in the 
resistance; but most will remain on Ci. The energy that 
remains stored in the two condensers after the transient current 
has ceased will be divided between them in direct proportion to 
their capacitances, for their voltages will be equal. 

An unusual aspect of the cathode-ray oscillograph circuit is 
that a small amount of energy is changed from electrical to 
mechanical form by the action of the electrostatic field of the 
deflection plates on the jet of electrons. As the deflection plates 
become charged, the electrons that are in the space between the 
plates are attracted toward the positive plate. Although they 
do not reach the plate, they are deflected toward it and their 
speed is somewhat increased; the corresponding increase in 
kinetic energy is supplied from the electric circuit, for an appar¬ 
ent increase in the capacitance of the deflection plates results 
from the deflection of the electron jet. Kinetic energy is merely 
lent to the electron jet, however, for as the deflection plates are 
allowed to discharge, they regain all the electrostatic energy 
that was given to the jet while their charge was increasing. If, 
however, any of the electrons of the jet actually reach the posi¬ 
tive plate, instead of passing on away from its influence, they will 
remove electrostatic energy from the circuit that can never be 
returned. 

For some purposes it is highly desirable to have a time scale 
that is linear, for which the rate of sweep of the cathode-ray 
beam must be constant. An inch on the film, then, will repre¬ 
sent so many microseconds whether it is measured near the 
start of travel or near the end. The same circuit as that of Fig. 
12 can be used to give a practically linear time scale by use 
of the proper method. The initial voltage on Ci and the value of 
R are increased in the same proportion; they are increased to 
several times their previous values. Then, after switch S is 
closed, the voltage on the deflection plates will rise to several 
times the value that it previously attained, but with the same 
initial rate of rise. Since, how^ever, the smaller voltage was 
enough to deflect the beam across the entire width of the film, the 
higher voltage will give complete deflection in the early part of 
the transient period while the rate of change of charge is prac¬ 
tically constant. By this means the rate of deflection is also 
made practically constant. 
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The linearity of cathode-ray sweep circuits can be improved 
by various other means also. Replacing the single condenser of 
Fig. 12 by a series-parallel combination of R and C will give 
better linearity, as in Prob. 10, page 184. Permitting the con¬ 
denser to discharge (or to charge) through a constant-current 
electron tube is another solution.^ Linear sweeps are essential 
in television and radar tubes as well as in the laboratory type of 
cathode-ray oscilloscope. 

Example 1. The sensitivity of a cathode-ray oscillograph is such that 
300 volts on the deflection plates will sweep th(^ (cathode beam completely 
across the film, which is 5 in. wdde. The sweep circuit used is that of 
Fig. 12; the condenser capacitance C\ is 15 /it/uf and the deflection plates have 
a capacitance C 2 of 1 fx^d. The resistance in the circuit is 1 megohm, but it 
can be changed. Data concerning the time scale are. needed. 

o. Find the voltage to which the condenser must be initially charged in 
order to give full scale (5-in.) deflection as time becomes infinite. 

h. With voltage as determined in o, and with 1 megohm resistance, plot 
time as a function of beam deflection. 

c. With the condenser initially charged to 1000 volts, and with the same 
initial rate of sweep as in 6, plot time as a function of deflection. 

Solution: a. From 


when i = 00 


ed 


go 

Cl 4“ C 2 


(1 


- eX*) 


onn — — Cl _ 15 

^ C, C, + Ca “ ‘^"15 + 1 

cco = — iS 300 = —320 volts. 


h. Deflection = 5(1 — 


1 Cl + C 2 
R CiCo 
16 X 10'i2 
10«(15 X 10-^) 


-1.07 X 10« 


(83) 


(80) 


Time, 

microsec. 



1 - 6^^ 

Deflection, 

in. 

0 

0 

1.00 

0 

0 

0.5 j 

-0.53 

0.59 

0.4] 

2.05 

1.0 

-1.07 

0.34 

0.66 

3.3 

1.5 

-1.60 

0.20 

0.80 

4.0 

2.0 

-2.13 

0.12 

0.88 

4.4 

2.5 

-2.66 

0.07 

0.93 

4.65 

3.0 

-3.20 

0.04 

0.96 

4.8 

3.5 

-3.73 

0.02 

0.98 

4.9 


^ Regarding these and others, see S. Seely, ** Electron-tube Circuits, 
McGraw-Hill Book Company, Inc., New York, 1950. 
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c. The initial sweep is proportional to the initial rate of change of deflec¬ 
tion-plate voltage e* and the rate of change of Cd is 

The initial rate of change of ed is found from this equation by substituting 
to for i, giving 

1 - ecu 

Cj*" " KCj 

So to keep the initial sweep unchanged when cco is raised from 320 to 
1000 volts, R must be increased in proportion and becomes 

R — X 10*) = 3.12 X 10® ohms 

The maximum deflection of the beam will be increased in proportion to the 



increased voltage, so if it were allowed to sweep undisturbed to its steady 
position it would travel ^ gives an equation for sweep: 

Deflection ~ 5 (1 “ 

= 15.6(1 - 

, 1 16 X 10-i» 

3.12 X 10* 15 X 10-2* 

= -0.342 X 10* 


Time, 

microsec. 



1 _ 

Deflection, 

in. 

0 

0 

1.00 

0 

0 

0.20 


0.934 

0.064 


0.40 

-0.137 

0.872 

0.128 


0.62 

-0.214 

0.808 

0.192 

i 3.0 

0.86 


0.744 

0.256 

4.0 

1.13 

-0.386 

0.680 


5.0 
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Figure 14 shows that when the higher voltage is used, the useful part of 
the sweep is practically linear, with deflection always within a few per cent 
of being proportional to time. 


Problems 

1. Connect a condenser and resistance in series, with the necessary 
switching apparatus, to charge the condenser to a known voltage and then 
allow it to discharge through the resistance. Record on an oscillograph the 
current that flows as the condenser discharges. Make three records with 
the same capacitance and voltage but with different resistances. 



Oscillogram 2. —Discharge of capacitance through resistance, with three 
different values of resistance. For use with Prob. 1 of Chap. II. 


Transfer the experimentally determined curves from the oscillogram to a 
sheet of semilogarithmic cross-section paper, plotting current (or deflection) 
on the logarithmic scale and time on the linear scale. Since the current 
varies exponentially with time, the plot on the semilogarithmic paper will be 
a straight line. (If a paper condenser is used, the points which correspond 
to very low values of current may lie above the straight line; if so, dis¬ 
regard them.) 

The time constant of this circuit, the reciprocal of the coefficient of the 
exponent, is RC, It is the time required for current to diminish to 0.868 
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of its initial value. Locate this value, and the corresponding time, on each 
line on the semilogarithmic plot. 

From the initial values of current, find the three values of resistance used 
and from the time constants find the value of capacitance. (Three values 
for capacitance will be obtained, which should agree.) The circuit param¬ 
eters will thereby be obtained from transient behaviour alone. 

If it is not convenient to record the transient currents, oscillogram 2 may 
be used. This is a reproduction of such an oscillogram with the following 
dimensions: the calibration line at the top of the sheet shows the deflection 
produced by 0.493 amp. in the circuit, and the timing wave at the bottom 
has 60 cycles per sec. The initial voltage on the condenser, in making these 
records, was 129.0. The dielectric material of the condenser was paper. 

2. Show that the time constant of a circuit of capacitance and resistance 
(defined as JKC, the reciprocal of the coefficient of the exponent) is the time 
required for current to diminish to 36.8 per cent of its initial value. Show 
also that if the initial rate of change of current were maintained, the cur¬ 
rent would become zero when the elapsed time equaled the time constant. 

8. Returning to the data of Prob. 1 of Chap. I, plot on semilogarithmic 
cross-section paper the transient component of current for each value of 
resistance. The transient component is found as the difference between the 
circuit current and the steady-state current. This will give three straight 
lines. The time constant of an inductive circuit is L//2, this being the 
reciprocal of the coefficient of the exponent. Find the three time con¬ 
stants graphically, as the time required for the transient component of 
current to diminish to 0.368 of its initial value, and compare with time 
constants found from measured circuit parameters. 

4. The following circuit is used in determining the moisture content of 
wood. 1 A source of constant voltage charges a condenser through a sample 
of the wood to be tested; the wood sample has high electrical resistance and 
the amount of resistance is a known function of 
the moisture content. The time of charging the 
condenser is determined by the wood^s resistance. 

When a certain ionizing voltage is reached, the 
neon tube suddenly becomes conducting and dis¬ 
charges the condenser until the voltage across the tube falls to the de-ioniz- 
ing value. Then the tube will not carry current until voltage rises again 
to the ionizing value. Flashes of the tube are timed to determine resistance 
of the wood. 

In a given test-set the applied voltage is 180 volts, the ionizing voltage of 
the tube is 110 volts, and the de-ionizing voltage is 69 volts. Capacitance 
is 0.6 fxi. Sketch the battery current for the first three flashes after the 
switch is closed. Assume no time is required to discharge the condenser 
through the neon tube. What is the steady rate of flashing? 

6 . A power transformer is heated by electrical losses when it is in opera¬ 
tion. If I is heat generated per unit time, G is heat radiated per unit time 
per degree temperature rise, and C is heat stored in the transformer per 
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» Suits and Dunlap, Gen, EUc, Rev,, 84, 706, 1931. 
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degree temperature rise, derive an expression for temperature at any time 
after the transformer is put into service. To what electrical problem is this 
analogous? 

6 . The application of the voltage regulator to exciters having high 
magnetic speeds involves the breaking of relatively high currents by means 
of vibrating contacts. An analysis of contact operation has resulted in the 
following conclusion: if the contacts can be opened so fast that the voltage 
between them is always less than that required to cause dielectric break¬ 
down, no sparking will occur. To make this possible, a condenser is placed 

across the contactor, as shown in the figure. L is field 
inductance, R is external field resistance of 400 ohms, 
L I I C is condenser of 4.6 juf capacitance, and I is field cur¬ 
rent of 10 amp. at the instant of separating the contacts. 
If the potential gradient required to cause dielectric 
breakdown of the gap is 10,000 volts per cm. (a merely 
approximate value), with what velocity must the con¬ 
tacts be opened to prevent sparking? Assume L to be infinite (and current, 
therefore, to be constant) as this will give the worst condition of operation. 

7. A relay will operate when the current through its holding coil falls 
below 5 per cent of normal current. A condenser of 30 fA is connected 
across the terminals of the holding coil. Resistance of the holding coil is 
90 ohms. If normal current is flowing through the holding coil, and then the 
supply line is suddenly opened, how long will current from the condenser 
hold the relay from operating? 

8 . A charged condenser, C — 70 fA, is used as an emergency supply of 
energy for the plate circuit of a crystal-controlled standard time clock. 
The condenser is charged initially to 300 volts. It supplies a load of con¬ 
stant resistance. Its voltage must not drop more than 10 per cent. What 
current can it be counted on to supply for 0.6 sec? 

9. In Fig. 52, two “integrating circuits” are shown in the second row of 
the figure. For the R-C circuit, R = 4130 ohms, C == 9.5 X 10“® farad. 
Plot condenser voltage as a function of time after a constant voltage of 1 volt 
is applied to “input” terminals for the first (a) 300 micro-sec., (h) 100 micro¬ 
sec., and (c) 8 microsec. (These are approximately the curves of Fig. 52d, 
e, and/.) 

10 . For the R^C circuit of Prob. 9, plot resistor voltage during the first (a) 
800 microsec., (h) 80 microsec., and (c) 25 microsec. (These are approx¬ 
imately the curves of Fig. 52(7, h, and i.) 

11 . It is sometimes specified that, for safety, a capacitor must be shunted 
by a discharge resistor that will reduce the capacitor voltage to a safe value 
in a certain time. If the safe voltage is specified as 50 volts, and the time is 
30 sec., find the necessary value of resistance for the following capacitors: 
(o) C =*= 75 tAy rated voltage = 1000 volts; (h) C - 0.25 fA, rated voltage » 
100,000 volts. Also, find the time constant for each of the shunted capaci¬ 
tors, and find the power that each resistor must be able to dissipate. 
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CHAPTER III 


THE CIRCUIT EQUATIONS 

1. Linear Differential Equations. Circuit equations for net¬ 
works that have constant parameters are of the kind that the 
mathematician calls linear differential equations with constant 
coejficients. For all those circuits so far studied, and for most 
others in which the inductor is not wound on an iron core, the 
determination of the transient current requires the solution of 
this type of differential equation. Familiarity with the mathe¬ 
matics of linear differential equations will greatly aid in the 
solution of more complex networks and at the same time will 
help organize the ideas set forth in the two preceding chapters. 

2. First Order. The linear equation of the first order with 
constant coefficients has the general form 

A I + Bi = m (84) 

where i and t are any variables. (In the study of transient 
electric currents the variables are most often current and time, so 
even the general form of the differential equation is here written 
with symbols i and t. Mathematicians would use the more cus¬ 
tomary symbols x and 2 /, but the meaning would be the same.) 
A and B are any constants, and/(0 indicates some function of the 
variable t. The symbol f{t) (which is read “function of or 
simply “/ of is often used in this manner, and it signifies some 
expression containing the variable t but not containing any 
other variable. It is possible for f{t) to be merely a constant, as 
it often is in our work, and even zero; its only limitation is this: 
it must not contain any other variable than t. 

Equation (84) is an equation of the first order. By definition, 
the order of a differential equation is the same as that of the 
highest order derivative appearing in the equation; Eq. (84) 
contains a first derivative and therefore is a first-order equation. 
Equation (104), page 66, is an example of a second-order 
equation, for it contains a second derivative. 
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Equation (84) is called a linear equation because its terms are 
all of first degree. The current, and the derivatives of current, 
are not squared or cubed, or of any power except the first. 
Almost all the equations of this book are linear, and this is 
fundamentally due to the fact that the voltages in ordinary 
circuits are proportional to the first power of charge, or current, 
or the derivative of current. 

Equation (84) is a simple equation, but becomes even simpler 
in the special form in which f(J) is zero. For that special cavse 

.4 + «. = 0 ( 85 ) 

The solution of this special case is readily found. Finding a 
^‘solution’’ of any difftirential equation means finding an equa¬ 
tion that relates the variables and yet does not contain any 
derivative or integral terms. When such a relation between the 
variables is resubstituted in the differential equation it must 
reduce the differential equation to an identity, and its ability to 
do so is proof of the correctness of the solution. A correct solu¬ 
tion, however, is not necessarily a complete solution; the com¬ 
plete solution must be the most general relation between the 
variables that will satisfy the differential equation. As an 
example of this statement, it will be seen that a solution of Eq. 
(85) is i = 0; but while this solution is correct, it is incomplete 
and, in this case, trivial. 

The complete solution of Eq. (85) can be found by integration 
after separation of the variables. Write it as 

^ = ~dt ( 86 ) 

I A 

Let 


Then, integrating, 

and 

in i — \t + C (constant of integration) 
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The natural logarithm is related to the exponential, so 

^ = gXi+C 

and if 

= K 

i = (87) 

Since the constant of integration C can have any value whatever 
without damaging the validity of the solution, it follows that K 
can also have any value. 

When the value of current found in Eq. (87) is substituted in 
Eq. (85) it reduces that equation to an identity, 


- \Ke^^ = 0 ( 88 ) 

and this is proof that the solution is correct. 

When the more general form of the first-order equation, as 
given in Eq. (84), is to be solved, it is impossible to separate the 
variables. A direct solution is possible by rather artificial 
strategy, but it will be best for us to state the solution of the 
equation 

yl I + = /(O (84) 


where, as before 



(89) 


To prove that (89) is the correct solution, expand the terms of 
Eq. (84) by use of Eq. (89): 

A^ = J (90) 

and 

Bi = -AU - A\Kt>^‘ - Je-''</(<)<ft (91) 
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Addition of (90) and (91) then gives the left-hand member of 
Eq. (84), but since addition leaves only a term that reduces to 
f(t) the equation has become the identity 

eX«*-x</(0 =/«) =/(<) (92) 

and (89) is thereby proved to be the solution of (84). 

The expression for current, Eq. (89), is the sum of two terms. 
In mathematical terminology, is the complementary func¬ 
tion and ~ is the particular integral. We shall show 

that in electric circuit analysis the complementary function gives 
the transient component of current while the particular integral 
gives the steady-state component 

3. An Example. As an example of the use of the general 
form of solution of the first-order differential equation in a cir¬ 
cuit problem, consider the application of battery voltage to a 
circuit consisting of inductance and resistance as is illustrated in 
Fig. 1. The circuit equation is 

Ri + Lj^ = E ( 3 ) 


This equation is identical in form with Eq. (84). The solution of 
Eq. (84), then, is also the solution of Eq. (3), and it is given in 
most general terms in Eq. (89). To identify Eq. (84) with its 
special form as Eq. (3), let A = L and B — R; \ therefore is 
— R/L]f{t) is the constant quantity E. Substituting these values 
in (89) gives 


i = Ke 


A 1 




dt 


(93) 


E is not a function of time', and the integration indicated in the 
particular integral gives 



So the purely mathematical solution of the differential equation 
gives 



Sec. 4] 


THE CIRCUIT EQUATIONS 


61 


R J? ' 

i = Xr‘i' + | (95) 

This is Eq. (17), which was used without full explanation in 
Chap. I. 

It is interesting to note that evaluation of the particular 
integral does not require a constant of integration. Equation 
(89) may be rewritten 

i = 

and in this form K is recognized as being itself the constant of 
integration. The integration, therefore, is made complete by the 
complementary function; and it is from this that the complemen¬ 
tary function derives its name. 



Time Time 

(b) 

Fig. 15. 


4. The Need for a Transient Component. The part played by 
an initial condition in determining the magnitude of the transient 
component of current is well illustrated by this same circuit. 
The purpose of the transient component of current is to provide 
a gradual transition from the initial current to the steady-state 
current; a transition that takes place in such a way that the 
differential equation of the circuit will always be satisfied. The 
steady-state current in a circuit containing resistance and induc¬ 
tance is E/Rj and in Fig. 15 this value is shown by a dash line. 
In Fig. 15a the current is shown increasing from its initial value 
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of zero to its final value of E/R; the transient component of cur¬ 
rent is itj for this is the amount that must be added to E/R to 
get the actual current at any instant. From Eq. (95) the 

transient component is seen to be ife ^ , and the necessary value 
of K is seen in Fig. 15a to be the difference between the initial 
current and the steady-state current. 

Sometimes a circuit is arranged in such a way that there is an 
initial current in the inductance. The voltage regulator gives 
an example of such a circuit in Chap. I, page 22. Figure 156 
shows the transition from the initial current h to the final cur¬ 
rent E/R, made possible by the transient component of current. 

Just as in Fig. 15a, the transient component of current is ife ^ , 
but the value of K is decreased from its former value because the 
transition is not so great, and therefore a smaller transient com¬ 
ponent of current is needed. The shape of the transient com¬ 
ponent is unchanged, however, for that is determined by the 
circuit. 

The role of the transient component of current is still the 
same even if the initial current is greater than the steady-state 
current. The transition in such a case is shown in Fig. 15c. 
Again, the transient component at ^ = 0 is just large enough to 
close the gap between the initial and final values of current, 
and K is equal to the width of that gap. K is positive in Fig. 
15c and is negative in Fig. 15a and 6. 

6. Complementary Function and Transient Component. It 
has been stated that the complementary function gives the 
transient component of current, whereas the particular integral 
gives the steady-state component, and it is important that this 
be proved. As a mattc^r of definition, the transient component 
is that part of the current that diminishes to zero as time increases 
without limit, while the steady-state component will continue 
to flow, unchanged in value, as long as voltage is applied to the 
circuit. 

The complementary function is, from Eq. (89), 

If X is a negative quantity the complementary function will 
diminish to zero as time becomes infinite. If X is positive the 
complementary function will increase without limit, but this is 
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physically impossible in a stable circuit as it implies infinite 
current and infinite power. If X is zero the complementary 
function is constant, but X is zero only in a circuit without 
resistance. In any ordinary dissipative circuit, therefore, the 
complementary function describes a purely transient current 
that diminishes, in time, to zero. 

6. Particular Integral and Steady-state Component. The 
particular integral is 

(96) 

where/(O is either the voltage or a time derivative of the voltage. 
There are various ways of showing that this quantity leads to a 
purely steady-state current, but the simplest—although not the 
most direct—starts by analyzing f{t) into the sinusoidal terms 
of a Fourier series. Assuming that the applied voltage is either 
constant or periodic, as is almost invariably the case, /(<) can be 
expanded into one or more terms of a Fourier series: 

/(O = + cii cos o)it + a 2 cos 2o)it -f- . . . 

+ bi sin o}it + i )2 sin 2wit + . . . 

Of course, f{t) may be zero, in which case all coefficients in the 
series disappear; f{t) may be constant, in which case all coeffi¬ 
cients except Uo disappear; or f(t) may be sinusoidal, in which 
case all except ai and bi disappear. But in the general case, all 
coefficients will exist, and it must be shown that when the series 
is substituted for f(t) in the particular integral, the result of 
integration will consist entirely of steady-state terms. When 
such substitution is made, the integral of Eq. (96) will contain 
terms of three general forms: 



(97) 

cos (at 

(98) 

sin cat 

(99) 


and since we wish to integrate the sum of terms of these forms, we 
can integrate term by term and obtain from the three general 
forms, respectively 



(100) 
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X T I[_ w< — w sin (at) (101) 

g X t 

^2 cot + b) cos cat) (102) 

The particular integral becomes, after integration, a series of 
terms like those of (100), (101), and (102), added together, and 

each to be multiplied by a coefficient and by ~ Multipli- 

cation of any of the terms by results in the disappearance of 
the exponential so that in its final form the particular 
integral appears as the sum of a constant term and a series of 
sinusoidal terms. None of the terms of the particular integral 
diminishes with time; for the constant term is simply constant, 
and the sines and cosines continue to oscillate with the same 
amplitude indefinitely. So the particular integral can describe 
only a steady-state current, and all the transient component is 
in the complementary function. 

7. Discussion of Rules for Solution. Having now determined 
the general solution [Eq. (89)] of the first-order linear differential 
equation with constant coefficients, we are able to find the cur¬ 
rent in any circuit whose action is described by that sort of an 
equation. This includes all of the circuits of Chaps. I and II, 
for all the circuit equations there considered are of the type of 
Eq. (84) or else can be reduced to that type by differentiating 
both sides of the circuit equation in order to remove an integral 
sign. The four rules for the solution for transient current, given 
in Sec. 10 of Chap. I, can now be explained in terms of the 
mathematics that has just been reviewed. 

The first rule said, Solve for the form of the transient com¬ 
ponent. To do this, write the differential equation of the circuit, 
with zero substituted for the applied voltage, and solve for 
current.” This step is only to determine the transient term, and 
the form of the transient component is independent of the 
applied voltage. The form is the same whether the applied 
voltage is zero, the direct voltage of a battery, or the alternating 
voltage of a generator. That this is true may be seen in Eq. 
(89), for f(t) does not appear at all in the transient-current term, 
but appears only in the term for steady-state current. Equation 
(87), moreover, shows that when/(0 = 0 there is no steady-state 
current, and the complete solution for the special case in which 
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f(f) =0 is precisely the transient component of the general case 
of Eq. (89). So the easiest way to determine the form of the 
transient component of current is to write zero in place of the 
applied voltage, and solve. 

According to the second rule, one should '‘by any convenient 
method, find the steady-state current.^' This is for the purpose 
of evaluating the second term of Eq. (89), the particular integral. 
It may be done, as in the example of Sec. 3, by actually sub¬ 
stituting the value of f{f) in Eq. (89) and integrating; but it can 
often be done more simply by some other and more familiar 
means. Whether the voltage is direct or alternating, the steady- 
state current may usually be found by inspection or else by a 
simple computation of series and parallel impedances. In all 
circuits thus far considered, the value of steady-state current 
has been obvious. 

To get the total current, as in Eq. (89), the transient and 
steady-state terms are added. This is rule 3. There is still, 
however, the undetermined constant K, appearing as coefficient 
of the transient term; it can be evaluated only from boundary 
conditions, such as initial current, charge, and voltage, and its 
evaluation is called for in rule 4. This completes the solution. 

There are many other ways of proceeding to solve the dif¬ 
ferential equation of a circuit, but the use of the four rules gives a 
simple and reliable approach to any transient-current problem. 

All the preceding discussion of the use and interpretation of the 
general solution of equations has been referred to circuits whose 
equations are of the first order. This has been merely for con¬ 
venience, for the statements made have 
been general and will be seen to apply 
equally well to circuits with second-order 
equations. 

8. Second Order. A circuit whose volt¬ 
age equation is a differential equation of 
the second order is shown in Fig. 16. 

The equation is formed in the usual man¬ 
ner, by equating the applied voltage to the sum of the voltages 
around the circuit. Adding the voltages across resistance, induc¬ 
tance, and condenser gives 



( 103 ) 
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If each side of the equation is now dilferentiated with respect to 
time: 

This is a differential equation of the second order, because it 
contains a second derivative of current. Its solution may be 
found by an extension of the solution of the first-order equation. 

It is easiest, in finding the general solution of a second-order 
equation, to use certain operational methods. In operational 
notation the first order equation (84) is written 

A pi + Bi = f{t) (105) 


(Ap + B)i = f{t) (106) 

{Ap + B) is an operator^ wdiich, operating on z, givt\s f(t). In 
this case the operator can be interpreted term by term, the first 
term of the operator requiring differentiation and the second 
merely multiplication; this was done in several examples in 
Chap. II. But sometimes Eq. (106) is written 

■ - 

and ]jp4j, ~~ g operator, w^hich, operating on /(O, gives i. 

This is simply the definition of the operator 

not be interpreted term by term as was done with {Ap + B)\ 
and all that Eq. (107) says is that the solution of Eq. (105), 

when it is found, may be written as equal to 

other words, we can combine Eq. (107) and (89) and write 


• - aiTTs/m - + 






Multiplication by A gives 


(p - X) 


Sit) = e-"'/(0dt 
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Equation (104) is a second-order equation, and it may be 
written in operational terminology as 

LpH + Bpi + ^ ==0 (109) 

or 

(lp^ + Rp + = 0 (110) 

The quantity in parentheses is the operator. This is the equa¬ 
tion for a specific circuit—that of Fig. 16—and the most general 
form of second-order linear differential equation is 

pH + Mpi + Ni — f(t) (111) 

where M and N are any constant coefficients. This may be 
written 

(p2 + Mp + N)i = m (112) 

It is mentioned in Chap. II that algebraic changes can be made 
in an operator, so let us factor the operator of Eq. (112) and 
write it: 


(p - Xi)(p - Xj)^ = /(<) (113) 

where Xi and X 2 are constants so selected that 

(p — ^i){p — >^ 2 ) = + Mp + N (114) 

It is clear that this is just ordinary factoring, and is done by 
finding Xi and X 2 as the roots of the auxiliary equation: 

X2 + MX + iV = 0 (115) 

Equation (113) tells us that i is to be operated on by {p — X 2 ), 
and that the result of the first operation is to be operated on by 
(P “* ^i)j result of the two operations will he f{t). If 

the first operator is transposed to the other side of the equation 
(which may be done by operating on both sides of the equation 

by —) the result is 

p - Xi/ 

(p - 


(116) 
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But Eq. (108) makcvS it possible to evaluate the right-hand 
member of this equation, and 


(P - = (p I (117) 

The right-hand member is thus a function of time, and since the 
only variable it contains is time, it may be indicated by the con¬ 
ventional expression F{t), where 


F{t) = 

ip - >^i)i = Fit) 
^ -.Fit) 


Then 


or 


ip - 

This in turn, may be identified, from Eq. (108), as 


i = I 


/• 


(118) 


(119) 


( 120 ) 


When Eq. (120) is fully expanded by introducing the value of 
Fit) from Eq. (118), the result is 


/ 


i = e-^'‘fit)dt]dt (121) 


/• 


It is now possible to integrate the first term in the integral, for 
it does not contain f(t). But the result will depend on whether 
or not Xi is equal to X 2 . If Xi ^ X 2 , Eq. (121) becomes 


i — + e 


\2tj [g(Xl-X2)« 


-^^^fit)dt\dt ( 122 ) 


This is obtained by writing 





= ^X2/__lh_ A\x-\2)t 
Xi - X 2 


and letting 


Xi — X 2 




K' 

Xi — X 2 


6 


X,« 
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Equation (122) is the general solution of the second-order 
differential equation, and corresponds to the general solution of 
the first-order differential equation which is given in Eq. (89). 

When i is current in a stable, dissipative electric circuit, with 
Xi and X 2 negative, the complementary function (which is com¬ 
posed of the first two terms of the right-hand member) will 
disappear as time increases, and 

Transient component of i = (123) 


It can be shown, by the same method employed in Sec. 5 of this 
chapter, that the particular integral will not disappear as time 
increases, and 


Steady-state component of i 


J[e(X.-X.)«J’e-! 


(124) 


But since there is usually an easier way of determining the 
steady-state current than actually carrying out the integrations 
of (124), it results in practice that Eq. (123) is used frequently 
and Eq. (124) rarely. 

As a simple illustration of the application of this general solu¬ 
tion, consider Eq. (110), which describes the current in a circuit 
consisting of inductance, resistance, and capacitance in series. 


^Lp2 /ip + = 0 


( 110 ) 


In order to factor the operator, write, from the operator, an 
auxiliary equation: 


LX2 + /ex + ~ = 0 


(125) 


The roots of (125) are obtained as 



jR^ 1 

2L^ \ 

4L* LC 

R 

jR^ 1 

2L \ 

4L* LC 


(126) 


These values of Xi and X 2 are then substituted in Eq. (123) to 
find the transient component of current. That the steady-state 
current is zero can be seen from the circuit, for there can be no 
steady current from a battery through a condenser. The same 
conclusion is reached by substituting zero for /(O in Eq. (124), 
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whereupon the whole expression for steady-state component 
becomes zero. This circuit is discussed in detail in Chap. IV. 

The general solution of the second-order equation when the 
roots Xi and X 2 are equal, has not yet been given. But it can 
easily be found by returning to Eq. (121) and simplifying it by 
writing Xm for both Xi and X 2 . It becomes 


i = 






(127) 


Integration of the K' term in the first integral then gives 


i = + €*'’ 


‘JJ 


dt (128) 


and this is the general solution when the roots are equal. The 
steady-state current is given by the last term, which is the 
particular integral, and the transient component is the com¬ 
plementary function: 

(129) 

It is common, in circuit analysis, for the first of the transient 
terms to disappear because of K 2 being zero, but since this term 
it sometimes needed it must not be forgotten. 

9. Determination of the Operator. It has been seen that 
fundamentally the operator is determined from the differential 
equation of the circuit. In the example in the preceding para¬ 
graph, for instance, the operator of Eq. (110) was found by 
writing Eq. (103) in which the sum of the voltage drops was 
equated to the applied voltage. 

But there is an alternative method that can be used if desired, 
and it is often much simpler. It develops the operator from the 
ordinary alternating-current impedance of the circuit, instead 
of from the differential equation. A moment^s thought shows 
that there is a very close relation between the alternating-current 
impedance of a circuit and its differential equation: the differen¬ 
tial equation is a statement of the general principle that the sum 
of all the voltages around a closed circuit must be equal to zero 
under all circumstances, while the impedance equation says the 
same thing for that special case in which current and voltage are 
sinusoidal. The similar relations that exist are clearly shown by 
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tabulating the voltages across the three electrical parameters in 
the general and special cases. 


Voltage 

Tn general 

For sine 

wave 

Across resistance. 

Across inductance. 

R • i 

L • jri 
\ 1 1. 

! c V 

RI 

L^juyl* 

-1. -L/* 

C 

Across capacitance. 



* faj is 2ir/, where / is alternating-current frequency. 

It is true in all cases that if the alternating-current impedance 
of a network is written, and then p is substituted wherever jo) 
appears, the result will be the operator that must operate on any 
current to give the corresponding voltage. 

As an illustration, let us refer again to Fig. 16 and write the 
impedance of that circuit. It is 

Z = Z? + jo)L + (130) 

On making the substitution of p for jio this becomes the operator 

R + pL + ^^ (131) 

which, operating on i, gives Eq. (103). 

To find the transient component of current from the operator 
we can write the auxiliary equation 

R + XL + = 0 (132) 

by substituting X for p. In fact, we could have written the 
auxiliary equation without writing the operator at all, by sub¬ 
stituting X for jic in the impedance expression of (130). The 
roots of Eq. (132) are 

Xi, \i = (133) 

which give the transient component of current (in this case, 
the total current) when substituted in 


i == 4“ 


(134) 
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So, finally, a method is made available for finding the roots of 
the operator, and hence the exponents of the terms for transient 
current, without needing actually to write the differential 
equations. The first of the four rules given in Sec. 10, Chap. I, 
for solution of transient current problems may now be expanded 
to read: 

1. Solve for the form of the transient component. To do this, 
either 

a. Write the differential equation of the circuit, with zero 
substituted for the applied voltage, and solve for the 
current, or 

b. Write the impedance of the circuit to alternating cur¬ 

rent; wherever jw appears substitute X; set equal to zero 
and solve for the roots Xi, X 2 , etc. The transient current 
will then be + • • • 

10. The General Linear Equation. It is implied in this 
statement of the rule that there can be more than two roots, and 
consequently more than two values of X. Such is indeed the 
case when the network being studied consists of more than a single 
circuit, for the differential equation may be of some order higher 
than the second. The solution of the second-order equation is 
found by factoring the second-order operator; the operational 
factors are then applied one at a time, and the second-order solu¬ 
tion is obtained by the successive solution of two first-order 
equations. This same method can be extended to give the 
solution of an equation of any order. 

It appears in Eq. (89) that the transient component of cur¬ 
rent in a circuit with a first-order differential equation is 

(135) 

In a circuit with a second-order differential equation, it is shown 
by Eq. (121) to be 

(136) 

In general, the number of exponential terms in the transient- 
current expression is equal to the order of the differential equa¬ 
tion, and for an nth-order equation there are n exponential 
terms: 




(137) 
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The general linear differential equation is 

(ilo + Aip + A2P^ + * * • + p^)i == f(t) (138) 

When (138) is the voltage equation of a network, the A^s are 
coefficients that may be evaluated from the network param¬ 
eters. Expression (137) is the complementary function of the 
solution of this equation, and it therefore expresses the transient 
component of current. The auxiliary equation derived from the 
differential equation (138) will be an algebraic equation of the 
nth degree: 

Ao + AiX + A^^ + * * • “f" X** = 0 (139) 

It will therefore have n roots, Xi, X 2 , . . . X„; and these will be 
the coefficients of the exponents of the n exponential terms of 
(137); 

This discussion of the general equation has assumed that all 
n roots are distinct. It is found in considering the second-order 
equation that when the two roots are equal a special form of 
complementary function is needed, and a similar provision must 
be made for the general equation. If two or more of the roots of 
Eq. (139) are equal, so that X^ appears s times, then s of the 
exponential terms of Eq. (137) are omitted and the following s 
terms are used instead: 

+ • • • + (140) 

The second-order equation with equal roots is merely a special 
case of this more general statement, where X^ appears two times 
so that s = 2, and the first two terms of (140) give expression 
(129). 

The particular integral for the general equation is an n-fold 
multiple integral of the form 

(141) 

This gives the steady-state component of current, but, as in the 
special cases, it is usually easier to find the steady-state current 
by other means. 

The sum of expressions (137) and (141) (including (140) if 
necessary) is the complete solution of the general linear differential 
equation with constant coefficients. 
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11. A Revised Rule for Solution. The four rules for solution for 
transient current, first stated in Sec. 10 of Chap. I, may be looked 
upon as a summary of the chapter just concluding. They 
reduce to methods the mathematical principles that are here dis¬ 
cussed. But the first of those rules may now be restated, as in 
Sec. 9, with more specific instructions for procedure that have been 
made possible by the determination of the general mathematical 
solution; 

1. Solve for the form of the transient component of current. 
To do this most readily, write the impedance of the circuit to 
alternating current; substitute X for jw, and set equal to zero; 
solve for the roots, Xi, X 2 , etc. If the roots are all distinct, the 
transient current will be + • • • . If there are 

equal roots, use expression (140). 

Problems 

1 . When alternating voltage is applied to a circuit of inductance and 

di 

resistance the voltage equation of the circuit is Ri ^ E sin u>t. 

Find, by the equations of this chapter, the steady-state current in the 
circuit with this voltage applied and show that the reactance of the induc¬ 
tance is 'wL. (Reactance, by definition, is the ratio of the amplitude of 
voltage across the inductance to the amplitude of the current through it.) 

2. When alternating voltage is applied to a circuit of capacitance and 
resistance, find the steady-state current in the circuit (using the equations 
of this chapter). Find also the reactance of the capacitance. (For defini¬ 
tion, see Prob. 1.) Note that these problems illustrate the generality of the 
solution by differential equations, and show its relation to elementary 
steady-state analysis. 

3 . Show that an alternative form of equation (124) is 

Ai — A; 

4. Solve the following differential equations: 
di 

a, 4.6^" -h 20i = 150 
at 

h. 10 ^ + 30i = 0 
at 

, + 15i = .- 3 , 

di 

/. 0.^ + lOf = 
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THE COMPLETE SINGLE CIRCUIT 

1. Forms of Solution. When all three of the electrical param¬ 
eters—resistance, inductance, and capacitance—are present in 
a circuit, the transient current that flows when voltage is applied 
may be a single surge or it may be a train of oscillations that 
gradually dies away. It is the amount of resistance in the 
circuit, relative to the inductance and capacitance, that deter¬ 
mines which form the current will take. 

In Chap. Ill the circuit of Fig. 16 was considered, in which 
voltage is suddenly applied to resistance, inductance, and 
capacitance in series. From the impedance, Eq. (132) was 
written 

/e + XL + = 0 (132) 

and the roots of (132) were obtained as 

X ^ -A4. FIX X - IFF nw 

2L'^V4L2 LC 2L \4L2 LC 

Finding that there were two values of X, and knowing that 
steady-state current could not flow, we wrote 

i = (134) 

It is possible for the values of X to be complex quantities as 
well as real numbers. They will be complex if the quantity under 
the radical in Eq. (133) is negative; the square root of the negative 
quantity will give an imaginary component to each X. When the 
values of the circuit parameters are such that the roots are 
complex, the current is oscillatory; if the roots are real, the cur¬ 
rent is a single surge. The current is described by Eq. (134) in 
either case but, since it is difficult to compute numerical values 
for an exponential with a complex exponent, it is convenient to 
transform the exponential expression for current into a sinusoidal 
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form when the current is oscillatory. There is so marked a dif¬ 
ference in the form of the current, both mathematical and 
physical, when it is oscillatory that it will be discussed sepa¬ 
rately, in Sec. 9. 

The roots are real if the quantity under the radical of Eq. 
(133) is positive; that is, if 


They are complex if 


4L2 ^ LC 


4L* LC 


(142) 


(143) 


The change of form takes place when 


4L2 LC 


or 



(144) 


This is called the critical value of resistance. Of course, there is 
fundamentally no reason for selecting resistance as the param¬ 
eter which determines whether or not a circuit will allow cur¬ 
rent to oscillate. A critical value of capacitance can be stated 
just as correctly in terms of inductance and resistance. But, for 
practical use, resistance is commonly the determining factor, 
and its critical value is therefore the criterion most often used to 
determine whether or not the transient current will oscillate. 

In addition to the so-called “oscillatory” and “overdamped” 
conditions there is also to be considered the special case in which 
resistance in the circuit has exactly the critical value so that 
1/LC is just equal to R^/4tL^; the radical then disappears entirely 

R 

and both roots are equal to — ot* This corresponds to the 

mathematical solution of the differential equation with equal 
roots which is considered in Chap. Ill, and its solution takes the 
form of expression (129). 

2. Real Roots. When the roots of Eq. (132) are real, the cur¬ 
rent is expressed, as in Eq. (134), as the sum of two exponential 
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quantities with different exponents. Each exponential term of 
the form is called a normal mode of the network, and each 
value of X is called a generalized natural angular velocity. Equa¬ 
tion (133) shows that when the roots are real both must be 
negative; this is physically necessary also, for otherwise the 
current would increase without limit as t becomes larger. 

To describe completely the current it is necessary to follow 
the fourth rule of Sec. 10 of Chap. I and determine from the 
initial conditions of the circuit the values of the coeflScients Ki 
and K 2 in Eq. (134). 

The first obvious initial condition is that, until the switch is 
closed, current cannot flow. Moreover, because of inductance 
in the circuit, current will still be zero at the instant of closing the 
switch, even though it has started to increase at a finite rate. 
This makes it possible to write, as an initial condition, that when 

i == 0, i = 0 (145) 

We specified in writing the circuit equation as 

Ri + + dt = E (103) 

that there was no initial charge on the condenser, for the con¬ 
denser voltage was expressed by the term 



Since this integral becomes zero when < = 0, it follows that when 

< = 0 , ec = ^ = 0 (146) 

3. Determination of Coefficients. Coefficients are evaluated 
by substitution of initial conditions into the current equation. 
The general principle is well illustrated by the circuit under con¬ 
sideration, whose voltage equation is 

Lpi-\-Ri + ^^E (147) 

Formal solution of this equation has given us as an expression for 
current, with undetermined coeflScients, 

i = 


(134) 
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Two initial conditions for the circuit have been determined: when 


and also when 


II 

0 

II 

0 

(145) 

< = 0, it = 0 

V 

(146) 


From these and the circuit equation the initial rate of change of 
current may be deduced. By substituting the initial conditions 
of (145) and (146) into the circuit equation (147) we find that 
when 


and hence 


^ = 0, Lpi + 0 + 0 == jEJ 



This gives a third initial condition. This value for the initial 
rate of change of current could have been determined in this 
simple case by an inspection of the circuit, by noting that there 
can be neither current in the resistance nor charge on the conden¬ 
ser at zero time; it follows that at the initial instant the entire 
applied voltage is available to produce an increase of current 
through the inductance, and the above value of pi results. But 
the mental process involved is exactly equivalent to the mathe¬ 
matical substitution used above, and when in more complex 
cases it is diflicult to obtain a value by inspection, the mathe¬ 
matical method will be requisite. 

Two equations involving Ki and K 2 can now be written, and 
they may be solved simultaneously to obtain the values of the 
coefficients. The zero value of current at the initial instant is 
equated to the expression obtained by making i = 0 in the 
formal current equation (134), 

II = K1 + K2 
Then Eq. tl34) is differentiated to give 
pi = 

From this expression we know that the initial value of pi, when 
( = 0, is Ki\i + but we also know that the initial value 
is E/L, so 
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E 

L 


KiKi + 1^2X2 


We now have two equations which contain only Ki and K 2 - 
They are 

+ X 2 = 0 
Ki\i + JK2X2 = 7- 


Simultaneous solution gives 


and 




E 1 
L Xi — X2 


K 2 = 


E 1 
X/ X2 — Xi 


Expressions for Xi and X 2 are known, from Eq. (133), to be 


2L \4L2 LC 





and it only remains to substitute numerical values for circuit 
parameters. 

4. The Surge of Current. The analytical determination of 
the current in the circuit which contains resistance, inductance, 
and capacitance is now complete, and it is interesting to consider 
the physical nature of the current surge. Figures 17 and 18 
show some of the shapes that the surge of current in such a cir¬ 
cuit may have. The current surges from lightning strokes will 
have such shapes. So will the transient currents in many parts 
of radio circuits. Test circuits that supply either large currents 
or high voltages for a short time are frequently designed to give 
such surges. 

The analytical form of the current is given in Eq. (134). It 
is made up of two normal modes, or exponential terms. In case 
the initial current in the circuit is zero, the two normal modes 
must have initial values that are equal and opposite, so they 
will add to zero. This has been formally stated by writing 
Ki + K 2 = 0, and the current equation may correspondingly 
be written 


i = — €^**) 


(148) 
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Figure 17 shows the physical nature of a typical current surge of 
this form. 

The two component normal modes are shown in Fig. 17, as 
well as the total current. Xi and X 2 are both negative numbers, 
as they must always be, so each normal mode is a component 
that diminishes exponentially. Note that if either X were a 
powsitive number the current would increase with time at a con¬ 
tinually greater rate until it had 
increased beyond all limit, a con¬ 
clusion that is physically not 
allowable because of the law of 
conservation of energy. The nor- 
^*^^^^bfrcfcfin 0 lual modes will diminish at different 
\^K,€ ^ rates, depending on the generalized 

^ ;-- angular velocities, and if X 2 has a 

larger negative value than Xi it 
follows that will diminish more 
rapidly than One normal mode is smaller than the other at 
all times except the initial instant, and the difference between 
them is the value of current in the circuit. As shown in Fig. 17, 
the current is found by subtracting one exponential curve from 
the other. 

The shape of the current curve may vary widely as the values 
of the angular velocities are changed. If X 2 is very large, for 
instance, the current will be very nearly equal to the upper 
exponential curve except during the first few moments as it rises 
steeply from zero. This is illustrated in Fig. 18a; physically, 
it is the result of having low inductance in the circuit. 

In Chap. II the surge of current into a condenser through a 
resistance is considered. That circuit may be thought of as a 
special case of the more general circuit with all three parameters 
(resistance, capacitance, and inductance) in which the value of 
inductance is vanishingly small. The similarity of Fig. 18a and 
Fig. 9 is apparent, and, if inductance is further reduced, the curve 
of Fig. 18a becomes more and more like that of Fig. 9. Since it 
is impossible to have a circuit without at least a small amount of 
inductance, it is physically impossible for current in a circuit to 
rise instantly from zero in the manner suggested by Fig. 9. 
Strictly, the current must be represented by a curve of the 
nature of that in Fig. 18a, However, the ideal shape of Fig. 9 
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is approached very closely when the inductance of the circuit is 
extremely small, and in many cases the rise of current is so 
sudden that an oscillograph will record it as being quite instan¬ 
taneous. (See, for instance, oscillogram 2, at the end of Chap. 
II.) So for practical purposes it is best to neglect inductance 
in a circuit in which it is negligibly small (compared to the 
resistance and capacitance) and to use the simple solutions of 
Chap. II. 

The circuit of Fig. 1, Chap. I, containing only resistance and 
inductance, may also be looked upon as a special case of the 
circuit containing all three parameters, with the capacitance of 


iK 


Small L 
(«) 



Small L and ’ 
I ar0e C 
( c) 



Fig. 18 . 


the condenser increased beyond all limit. It is apparent that a 
circuit without inductance is the limiting case of a circuit in 
which the inductance is decreased toward zero, because as the 
inductance becomes small the voltage across it disappears. A 
circuit without capacitance, on the contrary, is the limiting case 
of a circuit in which the capacitance is increased toward infinity, for 
the voltage across a condenser disappears as the capacitance is 
greatly increased, and an infinitely large condenser is equivalent 
to a short-circuit. So in order to consider a circuit in which the 
condenser has little effect, the capacitance must be made very 
large; and a circuit of resistance and inductance only is equiva¬ 
lent to a circuit of resistance, inductance, and capacitance in 
which the capacitance is infinite. As C becomes very large in the 
generalized angular velocities of Eq. (133), the value of the radical 
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approaches R/2L] consequently Xi becomes very small. One 
normal mode therefore decays very gradually as shown in Fig. 
18&, and the first part of the surge of current is not unlike that of 
Fig. 2. 

It is interesting to consider the mathematical result of carry¬ 
ing these parameters to their limits. We have found that in 
general the current in a circuit is 

i = - €^‘^0 (148) 

where 


- ^ ± X = ^ A ^ lAl - 

‘ 2L“'"\4L2 LC " 2L LC 


(133) 


We have found that 


= 


E 


L\\ — X2 

and substitution of the above values of X gives 




E 




C 


(149) 


Now if C is made to approach infinity, so that the circuit becomes 
equivalent to a circuit without a <!ondenscr, Xi becomes zero, 
R E 

X 2 becomes -j-j and K\ becomes In such a case, Eq. (148) 
may be written 


f = |(*" - 


(150) 


and, since e with the exponent 0 is always 1, this is identical with 
Eq. (19) which was derived for the circuit containing resistance 
and inductance only: 

i = |(i - /h (19) 

In a similar manner, although not quite so simply, Eq. (148) 
will also reduce to the solution of a circuit of resistance and 
capacitance only. To show this, let L approach zero. This 
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makes each term of Eq. (133) approach infinity. But we may 
rewrite the values of X as 


Xi = 




2L 


X2 — 


2L 


(151) 


The limit of X 2 as L approaches 0 is clearly — 00 . The limit of 
Xi is not apparent, for if L were allowed to decrease without limit 
in Eq. (151), Xi would be of the form 0/0. However, if both 
numerator a nd denom inator of Eq. (151) are multiplied by 
( —— 4L/C), the limit becomes clear, as follows: 


lim Xi = lim 

L~+0 L-^O 


2/C 



1 

RC 


(152) 


The value of Ki is E/R as is at once evident from Eq. (149). 
So for this special case the current is 




(153) 


Since, for all positive values of time, the exponential will be 
zero, this equation is identical with Eq. (54) which was derived 
in Chap. II for a circuit of resistance and c«apacitance: 


I = 



(54) 


Another interesting condition that can arise in a circuit with 
the three parameters appears when the inductance is small and 
the capacitance large. Resistance is then the dominant factor 
in controlling the flow of current. The nature of the current 
surge is shown in Fig. 18c. One normal mode diminishes very 
rapidly and the other very slowly, with the result that the cur¬ 
rent surge rises quickly and then remains almost constant for a 
relatively long time. The sudden rise of current is possible 
because of the small inductance of the circuit, and its slow sub¬ 
sidence is due to the fact that a long time is required to charge 
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the large condenser. Of course, current must eventually cease 
as the condenser becomes fully charged. 

The limit of this type of surge appears when inductance is 
zero and capacitance infinite. As soon as the switch in such a 
circuit is closed the current will rise to a value of E/Ry and that 
value will be maintained thereafter. Since resistance is the 
only parameter remaining in the circuit across which voltage 
can appear, it is natural that 


i 


R 


(154) 


This value for current is derived mathematically when L in 
Eq. (150) is zero, or when C in Eq. (153) is infinite. Figure 18c 
illustrates the similarity of the actual surge of current to the 
limiting rectangular surge, for although the front of the actual surge 
is somewhat rounded, and although the current must eventually 
cease, the surge may nevertheless be made as nearly rectangular 
as is desired. 

When resistance is small, relative to inductance and capaci¬ 
tance, the current surge will be rounded as in Fig. 18d. Of 
course, resistance must not be less than the critical value of 


2 \^L/CI, for we wish at present to speak only of currents whose 
normal modes are purely real. But wiien resistance is only 
slightly greater than the critical value, the radicals of Eq. (133) 
become very small, for R^/^L^ is very nearly the same siz(' as 
1 /LG, As a result, Xi and X 2 are nearly equal, one being slightly 


larger and the other slightly smaller than 


A 

2 L 


Also, as may 


be seen in Eq. (149), a small value of the radical makes Ki very 
great. The components of current are therefore as showui in 
Fig. 18d; each normal mode is very large because of the high 
value of JRli, but the difference betw'^een them is never very great 
because of their similarity of shape. 

6. The Critically Damped Surge. In the limiting case, in 
which the resistance has its critical value and the two values of 
X are identical, the mathematical form of current becomes 
indeterminate. The current in Eq. (148), for instance, appears 
as the product of an infinite Ki and a zero difference of exponen¬ 
tials. But this contingency has already been provided for; in 
Sec. 8 of Chap. Ill it was pointed out that when the two values 
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of X are equal the useful form of current equation is altered. 
It becomes 

jp _ 

i = 2L (155) 

Derivation of this equation will appear below. 

The distinction between a circuit with critical resistance and a 
circuit with resistance slightly greater than the critical is very 
clear in the mathematical solution, but there is no such clear 
distinction between the physical natures of the surges of current 
in the two cases. If a series of oscillograms of the current surges 
in a circuit in which the resistance was decreased by small steps 
toward the critical value were recorded, there would be no dis¬ 
tinguishing characteristic to identify the oscillogram which 
corresponded to the critical value of resistance. The critical 
value of resistance is merely the lowest value that will permit the 
current to appear as a single, unidirectional surge. 

The solution of the critically damped circuit is not important 
because of any probability that such a circuit may be encountered 
in practice. In fact, it is highly improbable that a circuit would 
ever have exactly the critical resistance. Even if a circuit were 
specially designed to have resistance equal to the critical value, 
it is to be expected that careful measurement would always be 
able to find a slight difference from the theoretical value. But 
the form of solution that is given in Eq. (155) for a critically 
damped circuit is often the best form to use for computation of 
current surges in circuits whose resistance is quite close to the 
critical value. This is due to the extreme difficulty of computing 
from Eq. (148) in such a case. 

The current appears in Eq. (148) as the small difference 
between two large and nearly equal exponential terms; and the 
exponent of each of the normal modes is itself a small difference 
between two nearly equal terms. The denominator of iCi in 
Eq. (149) also appears as a small difference between the terms 
of the radical. Slight inaccuracy in the processes of computation 
will be magnified. If resistance is within 1 per cent of the critical 
value, it is not satisfactory to depend on slide-rule calculation of 
current, as an error of 5 per cent in the current may result from 
an error of 0.1 per cent in manipulation. So when the current 
is quite close to the critical value it may often be found more 



86 


TRANSIENT ELECTRIC CURRENTS 


[Chap. IV 


easily, and yet with sufficient accuracy, by assuming that the 
resistance has exactly the critical value. The computation is 
then made from Eq. (155). 

The usual derivation of Eq. (155) makes use of Eq. (128), 
which is the general solution of the second-order linear differen¬ 
tial equation when the two roots of the auxiliary equation are 
equal. The general solution contains two transient terms and a 
steady-state component; 

i = dt (128) 

Since there can be no steady-state current in the circuit 
under discussion, the particular integral is zero. This can be 
seen analytically also, because/(<) is zero as in Eq. (104). 

The value of is very simple in the (‘litically damped circuit. 
In general. 


" 2L ^ V4L2 LC 2L 

With critical damping, however, 

^ = J_ 

4L2 LC 



1 


LC 


(133) 


and the value of the radical becomes zero. Both Xi and X 2 are 
then equal to — This, of course, is X™ and 


X 


m 


K 

2L 


(156) 


The two coefficients of the transient terms are evaluated by 
means of initial conditions, and two initial conditions have 
already been determined for the circuit: 
when 


and when 


t = 0, i = 0 

E 

« = 0, = j- 


(145) 


Substitution of (145) in (128) gives 0 = X 2 + 0, showing that 
Ki = 0, and 
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i = (157) 

Finally, Eq. (157) is differentiated: 

pi = (158) 

and since the value of the derivative at zero time is known to 

be E/L, we substitute < = 0 in Eq. (158) and write 

~ = K’ + 0 (159) 

When the dififerent parts of the solution are combined in the 
form of Eq. (157) it appears that the current in a critically 
damped circuit, in case there is no initial current in the circuit 
and no initial charge on the condenser, is 

i = (160) 

6. Other Initial Conditions. Little has been said about 
circuits in which current is flowing prior to the application of the 
voltage that produces the transient current, because such circuits 
are rare. The method of solution is unchanged; however, in 
evaluating the coefficients in the overdamped case, it is no longer 
found that = —i^i, and, in the critically damped case, there 
is a value other than zero for Initial charge on the condenser 
will likewise alter only the coefficients, much as was discussed in 
Sec. 4 of Chap. III. 

7. A General Method of Solution for Coefficients. Evalua¬ 
tion of coefficients is usually the most difficult part of transient- 
current solutions. It is highly desirable, therefore, to make 
their determination as systematic as possible. In Sec. 3 we found 
values for K\ and from initial conditions by means of two 
simultaneous equations. There are only two coefficients in 
Eq. (134), and hence only two simultaneous equations are 
needed to determine them. But by an extension of the method 
used it is possible to obtain further equations involving the 
coefficients, and any number of coefficients may thereby be 
evaluated. The importance of the general method is great 
enough to justify a repetition of the solution for Ki and 
with a broadening of method that will adapt it to more complex 
networks. 
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The circuit equation is written below as (162), and with it 
are grouped a number of equations which are derived from it. 


Li + It —i -f- 7 : 9 —rt = Et 
p Cp^ 

(161) 

Lpi + Ri + -^i = E 

Lp 

(162) 

LpH + Rpi + = 0 

(163) 

LpH + RpH + ^2 = 0 

0 

(164) 

Equation (161) is obtained from (162) by integration; (163) 
results from differentiation of (162), and (164) from differentia¬ 
tion of (163). Further successive integrations or differentia¬ 
tions will extend this group of equations to any desired extent. 

The known initial conditions are 
when 

« = 0 , if = 0 

p 

(165) 

and when 


II 

p 

II 

o 

(166) 

From these two known conditions the value of any initial deriva¬ 
tive of current may be found: Eqs. (165) and (166) are used in 
conjunction with the group of Eqs. (161) to (164). Substitute 
(165) and (166) in (162): 
when t = 0 

pi 

Lpi + 0 + 0 = 1? ^ ~ L 

(167) 

thereby obtaining the first derivative. Substitute 
(167) in (163): 
when 1 = 0 

(166) and 

LpH + R^ + 0 = 0 pH=-^ 

(168) 


and the second derivative results. Substitute (167) and (168) 
in (164): 
when t — 0 
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|- • n ER .\E ^ E/R^ 1 \ 

^•“-“xr + cr'" p'-MjJ-rej 

and this is the third derivative. Equations (165) to (169) all 
express initial conditions, and this list of initial derivatives 
of current can be lengthened indefinitely by continued sub¬ 
stitution in the manner illustrated. 

Initial derivatives have been determined in order that they 
may be equated to expressions, obtained from the current 
equation, containing Ki and K 2 - 

From Eq. (134), which is rewritten as Eq. (170), differentiation 
gives 

i = (170) 

pi = (171) 

pH = + ^ 2 X 226 ^*' (172) 

pH = + ^ 2 X 2 ^** (173) 


Values of current and its derivatives are known when < = 0, 
from Eqs. (166) to (169), so that by making i = 0 in Eqs. 
(170) to (173) it is possible to equate them as follows. 


From (170) and (166): 

0 = K.I “t" K 2 

(174) 

From (171) and (167): 

~ = KiKi + 1^2X2 

(175) 

From (172) and (168): 

= XiXi* + XA** 

(176) 

From (173) and (169): 



E(B^ 

L\L^ 

— ~ Ki\i^ + Kt\i^ 

(177) 

Simultaneous solution 

of these equations will evaluate 

coefi&- 


cients. Any two of these equations may be solved for Ki and K 2 , 
making use of the known values of X. From Eq. (133) 


‘ 2L \4L» LC 


~ 2L \4L* LC 
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It is obvious that the easiest pair to solve is (174) and (176), for 


and 


so that 


and 


K2 = -Ki 

j- = Kii^i — Xj) 


K, 


E 1 

L \i — X2 


= 


-Ky 


E 1 
L — Xj 


( 179 ) 

( 180 ) 

( 181 ) 

(182) 


This completes the solution for the (‘(x^fficieiits of Eq. (170), 
and it will be seen that many of the equations of the groups (161) 
to (164), (165) to (169), and (170) to (173) were not used. They 
are not needed in this simple case, but they were written so that 
the method employed would be available in those more (Complex 
networks for w^hich more than two coefficients must be evaluated; 
if there had been four values of K in Eq. (170) instead of just two, 
they could all have been found from Eqs. (174) to (177). The 
method can be extended indefinitely, although at the expense of 

considerable algebraic complexity. 

To recapitulate: Express the 
initial values of current and its 
derivatives in terms of circuit param- 
etcrs, making use of any known 
initial conditions and substituting 
in the differential equation or its 
derivatives; also express the initial 
values of current and its derivatives 
in terms of the unknown coeffi- 
cientSy which may be done by 
letting t = 0 in the formal current equation; equate corresponding 
expressions of initial values, and solve the resulting equations 
simultaneously for the unknown coefficients. 

8. Action of the Circuit. Figure 19, like Fig. 18d, illustrates 
an example of the single surge of current, for which resistance is 


R L 






Sec. 81 


THE COMPLETE SINGLE CIRCUIT 


91 


near the critical value. It is interesting to formulate a mental 
picture of the physical action that takes place within the circuit 
after the switch is closed. 

Just at first there will be no current and the entire applied 
voltage will be across the inductance. Because of this the 
current will have a rapid rate of increase. But as current grows 
there will appear a proportional voltage across the resistance of 
the circuit; less than the whole applied voltage will then be across 
the inductance, and the rate of increase of current will be cor¬ 
respondingly lessened. When time is t\ the slope of the current 
curve of Fig. 19 has decreased considerably from its initial value. 
But still there is voltage available to increase the current, 
although at a diminished rate. In the mean time, during the 
time interval from zero to U, charge has been accumulating on the 
condenser in the (drcuit and it, as well as the resistance, is now 
exerting a voltage that opposes the flow of current. Condenser, 
resistance, and inductance are all working against the applied 
battery voltage. The condenser voltage builds up slowly, 
because it can not be effective until charge has had time to 
accumulate, and at it is less than either the inductance voltage 
or the resistance voltage. Voltages across the resistance and 
condenser continue to increase, and voltage across the induc¬ 
tance diminishes, until the maximum value of current is reached. 

The instant of maximum current is marked ^ 2 . The slope of 
the current curve is zero at this point, for the current has ceased 
increasing; that is because there is no longer any voltage avail¬ 
able for the inductance—it is all being used to maintain current 
in the resistance and charge on the condenser. But such a 
condition cannot last, for charge is constantly accumulating on 
the condenser, and to maintain a proper balance the current 
must decline from its maximum value. A decrease of current, 
however, means a negative rate of change, and at tz we find that 
the voltage across the inductance is negative and the energy 
stored in the inductance is actually helping the battery to force 
current through the circuit. This is of course entirely con¬ 
sistent with the idea that inductance always acts to prevent a 
change of current. At ^3 the sum of the condenser voltage and 
the resistance voltage is greater than the applied voltage, and the 
difference is made up by the inductance. As time passes beyond 
tz, the resistance voltage decreases as the current becomes less, 
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the condenser voltage increases in proportion to the area under 
the current curve, and the inductance voltage becomes first more 
strongly negative and then finally diminishes as the curve flattens 
out toward the axis. Voltage on the condenser gradually 
approaches its steady-state value, which is equal to the applied 
voltage. 

The flow of energy in the circuit of Fig. 19 is somewhat similar 
to its flow in the circuit of capacitance and resistance only. The 
inductance receives energy during the time of increase of the 
transient current, but as the current diminishes it returns all of 
its energy to the circuit, for it can retain no electromagnetic 
energy when the current has died away. The condenser, on the 
other hand, receives energy continuously during the life of the 
transient current, for charge is constantly flowing into the con¬ 
denser and never escaping. The rate of flow of energy to the 
condenser is greatest at a somewhat later time than the instant 
of maximum current, for the condenser voltage is constantly 
increasing, and power to the condenser is the product of current 
and voltage. The total stored energy in the condenser is a 
maximum when the transient period is over and is plainly ^CE^. 

Because the circuit contains resistance in excess of the critical 
value, the transient current in the circuit is but a single uni¬ 
directional surge. If resistance were less, the current would 
oscillate, being alternately positive and negative. If a pendulum 
is pulled to one side and released it will swing back and forth for 
a long time before finally coming to rest in its central position. 
But if the pendulum is hung in thick oil instead of air it will move 
slowly, when released, to its central position and will stop there. 
The pointer on a voltmeter or an ammeter, or the speedometer of 
an automobile, will usually move too far in response to a sudden 
change, and will swing back and forth a few times before settling 
down at the correct point. Some meters, however, are inten¬ 
tionally made to come to rest without any oscillation; this is 
done by damping the motion of the moving parts. 

In the same way the transient response of an electric circuit 
may be either oscillatory or overdamped. Resistance produces 
the damping, and if there is little resistance in a circuit its 
transient current will oscillate freely. 

9. The Oscillatory Current. When the switch is first closed 
in a circuit having resistance, inductance, and capacitance, the 
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current begins to increase at a rate determined by the inductance 
alone. If the resistance is small, there is little opposition to the 
flow of current until a charge has accumulated on the condenser, 
so the rate of increase of current does not diminish as rapidly as 
it does when resistance is an important factor in the circuit. 
Figure 20 shows the current in an oscillatory circuit. The initial 
slope of the current curve is determined by the inductance alone, 
for none of the applied voltage is used across either the resistance 
or the condenser until the flow of current has begun. At a 
later time h on the front of the first current wave, while the 
current is still increasing, the applied voltage is divided practically 
between the inductance and the condenser, the resistance taking 
only a small part of the applied voltage. At the crest of the 
current wave at time U, the condenser and resistance together 


c 

|o 


Qj_'“^5+6 


R L 


\l/ 


Time 


Fi«. 20. 


have attained a voltage equal to the applied voltage, and since 


at time <2 there is no voltage across the inductance 



the 


current cannot increase further. The current begins at once to 
diminish. The inductance voltage due to a negative rate of 
change of current will prevent the cessation of current flow, for 
the stored energy of the inductance will literally drive the current 
into the condenser, regardless of voltage, until the inductance 
energy, is exhausted. When the inductance energy is zero, 
the current also will be zero. As the condenser voltage was 
nearly equal to the applied voltage at ^ 2 , the resistance voltage 
being small, the condenser will be overcharged at as the con¬ 
denser has received energy from the inductance between and < 4 . 

It is characteristic of the oscillatory circuit that when the cur¬ 
rent first ceases—at —the condenser is charged to a voltage 
greater than the applied voltage. The condenser must therefore 
discharge before equilibrium is reached. In fact, when the 
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resistance is small, as in the circuit of Fig. 20, the condenser 
voltage at U is almost twice the applied voltage. Then, since 
the applied voltage is not great enough to hold so much charge 
on the condenser, the charge will immediately begin to flow out 
of the condenser, and the result will be a negative current, as 
at ^6. 

Let us consider in a little more detail the conditions at ^ 4 . 
There is no current; there is a battery in the circuit with voltage 
E] there is a condenser that at this instant has an opposing 
voltage greater than E but less than 2E, Since there is no cur¬ 
rent, the resistance takes no voltage, and the excess of condenser 
voltage over applied voltage will be used in producing a negative 
rate of change of current through the inductance. Hence a 
negative current will begin to flow, and this current will increase 
until the condenser voltage is no longer sufficiently in excess of 
the applied voltage to overcome the opposing voltages of both 
resistance and inductance. The maximum of negative current 
will then be reached, at hj but negative current will still flow, 
diminishing in value, once more being driven by the inductance. 
A second point of zero current then occurs, but the charge 
on the condenser has been decreased by negative current, and a 
positive wave of current will immediately begin to replace the 
charge. So the oscillation of current continues indefinitely, 
each wave being of smaller amplitude than the preceding wave, 
but with equilibrium never quite reached. 

The flow and exchange of energy in such a circuit is somewhat 
involved. Let us consider first an ideal circuit without resistance. 
Such a circuit is physically impossible, but may be considered as a 
limiting case. A battery is connected to such a circuit, and 
current begins to flow, much as in Fig. 20. As long as the cur¬ 
rent is increasing, the battery supplies energy to the electromag¬ 
netic field of the inductance, and as long as current flows in the 
positive direction the condenser gains energy. However, from 
t 2 to ti the current is diminishing, and energy is transferred from 
the inductance to the condenser, so that when current becomes 
zero at <4 the inductance has lost all its energy and the condenser 
has acquired all the energy that has been supplied to the circuit 
by the battery. 

At time ti the condenser voltage is twice the battery voltage, 
and this causes current to flow around the circuit in a negative 
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direction. While current is flowing in a negative direction, the 
condenser is returning energy to the battery. The condenser is 
also transferring energy to the inductance as long as the current is 
increasing toward a negative maximum, but, after the negative 
maximum is passed, the condenser and inductance both deliver 
energy to the battery. At fg, when the current is again zero, 
there is no energy in either inductance or capacitance, and the 
battery has received back all that it supplied in the first half¬ 
cycle. (It should be emphasized that the resistance is zero.) 
Since all conditions at the end of the first cycle, at time are 
identical with initial conditions at time zero, a second cycle of 
current will be identical with the first cycle, a third with the 
second, and so on without limit. 

During the half-cycle in which the condenser and inductance 
cause a current to flow through the battery against the battery 
voltage, energy is being delivered to the battery. It does not 
follow that such energy is being returned to the battery in the 
same chemical form in which it existed previously, or indeed in 
any useful form. 

When resistance is present in the circuit, it receives energy 
that is dissipated as heat. Power to the resistance is always 
small, since the resistance itself must be small in a circuit in 
which the current is oscillatory; power to the resistance is 
maximum when the current is maximum, and becomes momen¬ 
tarily zero as the current passes through zero at times U, and 
so on. When resistance is present, it takes part of the energy 
that otherwise would have gone to the condenser, so that at the 
end of a half-cycle the condenser has received less energy than it 
would have received in the ideal case of no resistance. It is 
still sufficiently overcharged to reverse the current, however, 
though less vigorously, and at time U the current again becomes 
zero without the condenser being fully discharged. The action 
continues until all excess energy has been transformed into heat 
in the resistance, and current ceases to flow; the condenser is 
then charged to the voltage E of the battery, and its stored 
energy is 

Analogies to the oscillatory current in such a circuit are often 
proposed. But the purpose of an analogy is to compare an 
unfamiliar action with one that is accustomed, in order to clarify 
the mental picture of the new situation. But we have progressed 
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so far in the knowledge of electricity that we have no need for 
such illustrations of the behaviour of simple circuits; rather, 
electric circuits will be found useful as simple analogues for 
problems in other fields. 

10. The Sinusoidal Form of Equation. It is mathematically 
correct to describe an oscillatory current by Eq. (148), 

i = (148) 


which was derived without reference to the relative values of the 
parameters. But computation from this equation is awkward 
when the current is oscillatory, because both exponents and 
coefficient are then complex numbers. For practical use, there¬ 
fore it is much better to change the equation from exponential 
to trigonometric form. It will be remembered that Eq. (148) 
applies only when the initial current is zero, but, as this condition 
is quite common, it will serve as a good illustration. If the 
initial charge on the condenser is also zero, the value of if i is 
known from Eq. (149) to be 


ifi 




1 

LC 


(183) 


The values of Xi and X 2 are given in Eq. (133) as 


2L ^ ‘V4L* 


1 

LC 



LC 


When the current is oscillatory, the quantity beneath the radical 
is negative, and since this makes the radical imaginary, the 
equations may best be written: 


. R , . n 


4L* 


A _ • ll.-EL 

2L ^\LC 4L* 


(184) 


Merely for convenience it is desirable to abbreviate these equa¬ 
tions to 

X.= -a+i«l 

X2 = —a — Jwj 

in which it is evident that by definition 


~ A = urzw. 

“ 2L " “ yiLC 4L* 


(186) 
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Although Eq. (148) is entirely correct as a description of the 
current, it is not customarily used for computation because of 
the difficulty of determining the numerical value of an exponen¬ 
tial with a complex exponent. When Xi and are real, it is 
easy to find the values of the exponentials in Eq. (148) from a 
table of exponentials or, what is equivalent, a table of natural 
logarithms. When Xi and Xj are complex, and the current is 
oscillatory, it is much easier to use a sinusoidal form of expression 
for the current, which may be derived from Eq. (148). 

When the generalized natural angular velocities, as abbreviated 
in Eq. (185), are substituted in Eq. (148), the result is 

i = l!Li(«““‘t'"‘ — e-“<e“’"‘) 

= - «-'“') (187) 

Since it is known from mathematics that the sine function can be 
expressed in terms of exponentials as 


sin X 


2j 




€-»■*) 


it is helpful to multiply and divide Eq. (187) by 2j, giving 


Then, 


i = 2ji!Ci€““‘^(€'“‘ — «-'"*) 


i — sin tot 


(188) 


Instead of leaving Ki in the form in which it is given in 
Eq. (183), it is better to recognize that the quantity under the 
radical is negative and write 


Ki = 



(189) 


This value of Ki is then substituted in Eq. (188) to give the final 
result: 


E 




E. 


sin id 


(190) 
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It is easy to evaluate current from Eq. (190), for a and co 
are both real numbers and the sine and exponential may readily 
be found in tables. 

It is interesting to consider that Eq. (190) describes the cur¬ 
rent when overdamped as well as when oscillatory, although in 
the overdamped case w is an imaginary quantity. Since the sine 
of an imaginary quantity is related to the hyperbolic sine of a real 
quantity, it is possible to compute numerically from Eq. (190) 
for the overdamped current, although it is not usual. 

The form of current curve described by Eq. (190) is commonly 
called a damped sinusoid. If the exponential term did not 
appear, there would be no damping, and sinusoidal current 
would continue to flow indefinitely and undiminished. It is for 
this reason that is called the damping factor or decrement 
factor. When there is damping, the current curve still retains 
the general appearance of a sine wave, but (as in Fig. 20 ) each 
crest is lower than the one preceding. We can go farther than 
that, and say that the nature of the exponential function is 

such that each crest is a certain 
fraction of the one just preceding. 
If the damping is slight, due to low 
resistance in the circuit, the dimi¬ 
nution may be slow; Fig. 21a 
shows a wave in which each crest 
value is nine-tenths that of the 
half-cycle just preceding. If the 
resistance in thc^ circuit is nearly 
as great as the critical value, the 
dying out of oscillation will be 
rapid, as in Fig. 216, where each 
crest value is only one-tenth that 
of the half-cycle just preceding. 
With such rapid damping it is 
impossible to show a third crest, 
for it would be only - 5 ^^^ of the first 
one. Although bearing in mind that mathematically no transient 
current ever becomes and remains zero, it would be true for most 
practical purposes to say that after the second half-cycle of Fig. 
216 there is no significant current. The steady state has there¬ 
fore been reached. 
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11. Natural Frequency. The sinusoidal part of the expression 
for current in (190) indicates that the current will surge back and 
forth in the circuit, and that it will be zero momentarily when 
oit is equal to zero or to any multiple of tt. Both curves of 
Fig. 21 illustrate this statement, although in a the curve retains 
the appearance of a sine wave while in h the typical shape has 
been greatly altered by rapid attenuation. In both, the current 
is zero when time is 'tt/w, 27r/a), and so on. Figure 22 also shows 
the current wave passing through zero whenever o)t is a multiple 
of T. A period of time equal to 27r/w is customarily referred to 
as the duration of one cycle of the oscillatory current. Since 
the current is not truly cyclic, owing to damping, this use of the 
term “cycle” is not above question. But we will follow the 
custom and speak of the current between consecutive zero 
values as a half-cycle and the current during twice as long an 
interval as a cycle. 

The frequency of the oscillating current is perhaps its most 
important characteristic from a practical point of view. Fre¬ 
quency is of particular importance in radio and other branches of 
communication work. But in any circuit, if transient oscilla¬ 
tions are undesirable and must be suppressed, the essential char¬ 
acteristic that allows suppression is frequency; and, if transient 
oscillations arc useful in the circuit, it is even more necessary to 
know their frequencies. 

Frequency, by analogy to a steady-state cyclic current, is 
the number of cycles per second; co is the natural angular velocity 
of the circuit, and co/27r is the natural frequency. It is in accord 
with this terminology that X, which is made up of the natural 
angular velocity a? and the natural decrement a, is called the 
generalized natural angular velocity. 

We know from Eq. (186) that the natural angular velocity 
of a transient oscillation is 



Division by 2v will change angular velocity to frequency: 



(191) 
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If the oscillation is but slightly damped, owing to resistance 
of the circuit being small, the second term under the radical will 
be small compared to the first. In fact, the natural angular 
velocity of a highly oscillatory current can be determined to a 
good degree of approximation by neglecting the effect of resist¬ 
ance on frequency and writing 

(192) 

This approximation is particularly satisfactory because resist¬ 
ance is squared in the complete expression for natural angular 
velocity and a low value of resistance, relative to the critical 
value, leads to an extremely low value for the quantity R^/4L^. 
If resistance is 0.1 the critical value, for instance, the error due to 
neglecting it entirely and using Eq. (192) for angular velocity is 
only 0.005. Similarly, a good approximation to the natural 
frequency of a circuit can be obtained from (191): 



Natural frequency is largely dependent on the inductance 
and capacitance of a circuit. If both are large, the frequency 
will be low, whereas if both are small the frequency will be high. 
Assuming low resistance, and therefore accepting Eq. (193), the 
product of inductance and capacitance determines the frequency. 

If the natural frequency of current in a circuit is to be changed, 
it may be done by altering either the capacitance or the induc¬ 
tance. If frequency is to be reduced, the condenser in the 
circuit can be removed, and a larger one substituted. To reduce 
the frequency by one-half its value, the capacitance of the new 
condenser must be four times that of the one it replaces. Or, if 
an increase of capacitance is not practicable, the frequency may 
be reduced by increasing the inductance, and, to reduce the 
frequency by one-half its value, the inductance must be increased 
to four times its previous value. It is often distressing in the 
design of circuits to find how slowly the frequency is altered by 
changes of either inductance or capacitance alone, for the fre¬ 
quency changes only as the square root of their product. On the 
other hand, a practical advantage of the slow change of frequency 
with inductance and capacitance is that it gives to the operation 
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of the circuit a stability that is sometimes very desirable in 
maintaining constant frequency despite small but unavoidable 
changes of the circuit elements. 

Although the natural frequency is little afifected by small 
amounts of resistance in the circuit, it will be very materially 
reduced if the resistance is anywhere near the critical value. It 
is evident that the radical in Eq. (191) approaches zero as 
resistance approaches the critical value; and although the 
error, as already mentioned, is only 0.5 per cent when the resist¬ 
ance is 10 per cent of the critical, it becomes 13.4 per cent when 
the resistance is half the critical. A short tabulation will illus¬ 
trate the effect of resistance on natural frequency: 


Resistance, 
% of critical 
0 
10 
30 
50 
70 
90 
100 


Reduction of Frequency, 
% of undamped 
0 

0.5 

4.6 

13.4 
28.6 

56.4 
100 


12. Damping. Much more characteristic of resistance than 
its influence on frequency is the damping it causes. This effect 
of resistance is illustrated in Fig. 21; the two parts of this figure 
compare a slightly damped wave-train in a circuit of low resist¬ 
ance to strongly damped oscillations in a circuit whose resistance 
is not very much below the critical value. Figure 22 shows a 
wave with a degree of damping between these two extremes. 

At each quarter-cycle point, when wt is equal to some odd 
multiple of 7r/2, the factor sin in Eq. (190) is equal to either 
plus or minus one. The current at such instants therefore is 
simply 

± - , e-«‘ (194) 

^\LC 4L* 


Although this expression coincides with the value of current only 
at the quarter-cycle instants, it is useful to note that it describes 
a curve that is a simple exponential, as indicated by the dotted 
lines in Fig. 22 and in both parts of Fig. 21. For each case there 
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are two of these curves symmetrically above and below the 
time axis, and corresponding to the plus and minus options of 
expression (194). The current curve is contained entirely within 
these dotted lines, being tangent to them but never crossing, and 
for that reason the exponential curves are frequently called the 
envelope of the current wave. Once more we must apologize to 
the mathematicians, for the technical definition of “envelope’^ 
does not quite cover such an application. The curve must have 
some name, however, and the practical applicability of the word 
‘‘envelope^’ is evident. 

The idea of the oscillating wave being contained within the 
exponential envelope is very convenient and useful. It helps in 
drafting a damped-sinusoid curve, for the points of tangency of 
curve and envelope may readily be located, and the complete 
curve can then be sketched by anyone who has had a little experi¬ 
ence in drawing sine waves. The accuracy of such a freehand 
sketch is surprisingly good. 

But of far greater importance than the use of the envelope in 
actually drafting the curve is its help in gaining an effective 
mental picture of the damping of an oscillating current. The 
alternating current is ^^modulatcd^^ (to use a word from com¬ 
munication engineering) by an exponential curve. We may 
assume as a first approximation that the frequency of oscillation 
is determined by inductance and capacitance of the circuit, and 
the initial amplitude of the oscillation [the coefficient of 6-“^ in 
(194)] is also determined mainly by inductance and capacitance. 
Picture, then, an oscillating current with a certain frequency; 
it has a certain initial amplitude, but the amplitude diminishes 
as the wave-train of current is comprcvssed within an envelope 
of exponential form. The circuit resistance governs the shape 
of the envelope. Low resistance allows the current to flow on, 
relatively unimpeded and with only gradual damping as the wavci- 
train is constrained within the envelope; greater resistance 
makes the envelope shrink rapidly and the oscillating current is 
sharply constricted. Just as the natural frequency of oscillation 
characterizes the transient current in one way, the form of the 
envelope characterizes it in another. 

A third use for the concept of an envelope is found in estimat¬ 
ing the magnitude of duration of a transient disturbance. Such 
information is often more readily obtained from a knowledge of 
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the envelope than from instantaneous values of the actual current 
wave. A certain time is required, for instance, for the envelope 
to diminish to a tenth of its initial value, and for some purposes 
that period of time may be considered the duration of the tran¬ 
sient current. As an example, consider that lightning strikes 
near an electric power line and induces a transient current in some 
oscillatory circuit. Figure 22 is a record of the transient current. 
When equals 57r/2 the envelope of the wave-train has dimin¬ 
ished to one-tenth its initial value, and thereafter the lightning- 
induced wave-train is too small to be troublesome. So from the 
point of view of the engineer wishing to protect the circuit against 
lightning disturbances, the effective duration of the transient 
current is IJ cycles. 

But if an oscillogram were to be recorded, showing the same 
wave-train in full detail, it would be necessary to arrange to have 
the oscillograph continue in operation as long as the current 
could be detected. Let us specify that the record must con¬ 
tinue until the envelope is reduced to 1 per cent of its initial value. 
Figure 22 does not extend far enough to help us find the length 
of time needed, but computation from Eq. (194) shows that 
the oscillogram must record 2\ cycles of the current. So for the 
purpose of obtaining a complete record the duration of the 
transient current is 2\ cycles. Under some other circumstances 
the effective duration might be more, or less, but a quick estimate 
of the magnitude of the disturbance at any time can conveniently 
be made from the shape of the envelope. 

Expression (194) is used in making such estimates. It is a 
very simple expression: merely an exponential term with a 
coefficient. The coefficient is determined by the circuit char¬ 
acteristics and the applied voltage. If the current is but slightly 
damped, the coefficient is primarily determined by the inductance 
and capacitance of the circuit rather than by the resistance—as 
has been mentioned previously. Physically, this is true because 
the small amount of resistance that corresponds to slight damping 
plays a much less important role in limiting the waves of current 
than does the condenser; mathematically it is evident because 
resistance appears only in the coefficient of expression (194) as 
part of the radical 
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whose value we already know is not much influenced by the resist¬ 
ance term when the resistance is small. 

The exponent of the exponential term is 

-at= (195) 

The rate of damping is governed by this exponent, and is there¬ 
fore proportional to R/L, When the exponent is large, as would 
result from a large resistance, the exponential decrement factor 
is small (at a given value of time) and attenuation of the 
wave-train is rapid. Specifically, the exponent contains the 
product of resistance and time, so that if resistance is increased 
the time of damping is decreased proportionately. 

For purposes of this discussion, inductance has been assumed to 
remain constant, for a change of inductance will alter damping 
just as effectually as will a change of resistance. Large induc¬ 
tance will result in slow damping. The effect of inductance is 
indirect, for damping can only be due to loss of energy which 
takes place in the resistance. But an increase in inductance 
results in a decrease of current, and the rate of dissipation of 
energy in the resistance is thereby lowered. Since the total 
energy of the circuit is practically unchanged by the increase of 
inductance, the lessened rate of dissipation corresponds to a less 
rapid damping. It is interesting to notice that changing the 
capacitance of the circuit's condenser will not affect the decre¬ 
ment factor in any way. It will change the natural frequency 
of the current, and it will change the coefficient of the envelope, 
but the rate of damping is independent of the size of the 
condenser. 

Another remarkable property of the circuit consisting of 
capacitance, inductance, and resistance is that the amount of 
energy lost in resistance during the life of the transient current 
is quite independent of the values of resistance and inductance. 
The energy changed to heat is equal to the energy stored in the 
condenser, being It is the same whether the current is 

oscillatory or a single surge. When resistance is small the rate 
of dissipation is low, but the current persists for a longer time, 
and vice versa. Proof that the loss of energy is equal to the 
energy stored in the condenser is easily obtained; the method is 
exactly parallel to that of a similar proof in Sec. 2 of Chap. II. 
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13. Crests of the Wave Train. In the section on natural 
frequency it is pointed out that although the expression for the 
transient oscillating current contains a sinusoidal factor, the 
current is not truly cyclic because of damping. Continuous 
attenuation of the wave train results in a lack of symmetry of 
each of those pulses of current that have been loosely called 
half-cycles; Fig. 216 shows very clearly the distortion that results, 
so also does Fig. 22, and the same effect exists, although to a small 
and almost unnoticeable extent, in Fig. 21a. One of the con¬ 
sequences of the lack of sym¬ 
metry is that the crest of the 
wave does not occur at a time 
half way between the instants of 
zero current—^in other words, the 
maximum current does not ap¬ 
pear at the quarter-cycle when 
is an odd multiple of 7r/2. When £ 
bit is 7r/2, sin coHs 1, and it is at ^ 
this instant, as indicated at U in ^ 

Fig. 22, that the current curve 
is tangent to the envelope. The 
current maximum, however, 
occurs at an earlier moment t\, 
and during the interval from U 
to ^2 the current has diminished 
slightly. Although the value of sin b>i is still rising during this 
interval, the value of is falling at a more rapid rate than 
sin coi is rising, and the net result is that current [as expressed in 
Eq. (190)] is less at h than at ^i. 

Since the maximum current is often a point of great interest, 
it is important to determine the time at which it occurs. The 
points of tangency to the envelope occur at the odd quarter- 
cycles, when equals 7r/2, 3x/2, 57r/2, and so on; or another and 
shorter way of describing the same points is to specify that at 
the points of tangency 

bit = tan~^ 00 (196) 

To find the times of maximum current we refer to Eq. (190). 
For our present purposes the coefficient of the current can be 
abbreviated as A, and the equation becomes 
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i = sin cot 

Differentiation of current with respect to time gives 
^ = A cos o)t — sin cot) 

Since maxima occur when ^ is zero, we let 


co€““^ cos ot — sin cat = 0 


from which 


(197) 

(198) 


tan wt = - 
a 

and 


cot = tan“^- (199) 

a 

Equation (199) says that the current reaches a maximum, of 
either positive or negative sign, at every value of time which 
makes tan cot equal to a certain constant quantity. This con¬ 
stant quantity, co/a^ can be written in terms of inductance, 
capacitance, and resistance of the circuit by reference to Eq. 
(186). 

Comparison of Eqs. (199) and (196) is enlightening. If there 
is very little resistance in the circuit, with a correspondingly 
small value of a, the fraction co/a is not very different from oo ; 
so if damping is very slight, the times of maximum current 
occur—like the times of tangency to the envelope—at the 
quarter-cycles. Another consideration will lead to the same 
conclusion: if the damping is very small, the current wave is 
practically a pure sine wave, and the maxima of a sine wave, of 
course, occur at the quarter-cycles. 

But when a is large, and damping rapid, the maximum occurs 
earlier than the tangency. The ratio co/a is a positive number, 
large unless damping is extremely rapid, and tan cot becomes equal 
to it periodically as time increases. Since tan cot is large and 
positive shortly before becoming infinite, the maximum current 
precedes the quarter-cycle. As an example, the ratio co/a is 
3.14 for Fig. 22, so the first current maximum is when cot is 1.26 
radians (tan 1.26 = 3.14), or 72 deg. The maximum therefore 
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precedes the point of tangency by 18 deg., and this is the angular 
distance between h and < 2 . 

The later instants at which current attains a maximum value 
are marked < 3 , hy and so on. It will be seen from Eq. (199) 
that they are spaced just one half-cycle apart and that in Fig. 22 
the values of (at at < 1 , ^ 3 , hj and so on, are respectively (1.26), 
(1.26 + ^), (1.26 + 27r), (1.26 + Stt), and so on. 

So it appears that among the peculiar characteristics of the 
damped sinusoid wave we should note particularly that maxi¬ 
mum current is reached less than a quarter-cycle later than zero 
current, this lack of symmetry of the wave being due to damping; 
but that the times of maximum current are uniformly separated 
by the same interval that appears between the times of zero cur¬ 
rent, and that this remains true whether or not there is damping. 

The maximum value of current at the crest of a wave can 
easily be found when the time of the maximum is known. It is 
only necessary to substitute the value of time determined from 
Eq. (199) in Eq. (190), and the result is the maximum current. 
This is frequently a quantity of great importance in transient 
analysis. Quick-acting relays will discriminate between tran¬ 
sient impulses solely according to the height of the first current 
crest; their satisfactory operation therefore depends on a setting 
that is determined from the maximum of the current wave. The 
same thing is true of various electronic devices that are actuated 
instantaneously. In recording a transient current with an 
oscillograph it is clearly necessary to know the height of the 
highest crest in order to determine the desired sensitivity. 

The effectiveness of an artificial-lightning generator is deter¬ 
mined by the first crest of the transient current that it produces. 
A condenser that has previously been charged to a very high 
voltage is suddenly allowed to discharge through a resistance, in 
series with whatever inductance is unavoidable in the circuit. 
The voltage across the resistance is then used to simulate the 
voltage of lightning, and its maximum value is proportional to 
the maximum value of the current wave. 

The spark that is used in automobile ignition is also a tran¬ 
sient electric current, and its ability to ignite the explosive mix¬ 
ture of gases in the cylinder depends on the first maximum of the 
transient impulse. The circuit, however, is less simple, as it 
contains an inductance coil with two windings. 
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A term that was widely used in connection with spark trans¬ 
mitters for radiotelegraphy was logarithmic decrement. It is 
defined as the natural logarithm of the ratio of the maximum 
current during any given oscillation of a discharge to the slightly 
smaller maximum current during the next oscillation, one cycle 
later. In Fig. 22, for example, the logarithmic decrement 
may be found as the logarithm of the ratio of current at ti to 
current at th. It is readily shown that the logarithmic decrement 
is equal to the decrement factor a divided by the natural fre¬ 
quency: the proof follows. 

The ratio of current at one instant ti to that at a latter instant 
h can be written by use of Eq. (197) as 

sin o)ti 
sin 0)^5 

If ti and tb are exactly one cycle apart, so that 

= coti -f- 27r 

the sine in the numerator will equal the sine in the denominator, 
and the ratio becomes 


^at I 
^—ati 


The natural logarithm of this ratio is 

In — In = —ati + ats = ot{th — <i) 


The interval of time h — t\ is the duration of one cycle; it is 
therefore equal to the reciprocal of the natural frequency. The 
quantity a{U — ^i) is therefore equal to a/f. Since the ratio of 
currents is computed for any values of current separated by a time 
interval of exactly one cycle, it will be the ratio of any current 
crest to the next crest of the same polarity [see Eq. (199)]. But 
the logarithm of this ratio is, by definition, the logarithmic 
decrement, so 


Logarithmic decrement 


a 

7 


R 

2Lf 


14. The General Sinusoidal Equation. In Eq. (190) the cur¬ 
rent in a series circuit of condenser, inductance, and resistance is 
expressed in the form of a damped sinusoid with a coefficient. 
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The value of the coefficient is known in Eq. (190), because it is 
determined from the exponential expression of what is essen¬ 
tially the same equation, the exponential form from which it is 
derived being Eq. (148). But there is a specific initial condition 
implicitly contained in Eq. (148), and there is another in Eq. 
(183) which is also used in the derivation of the sinusoidal form, 
so that Eq. (190) is not general but is limited in application to a 
circuit with these particular initial conditions. This limitation 
is discussed in the first paragraph of Sec. 10, and the limiting 
conditions are stated: zero initial current in the inductance and 
zero initial charge on the condenser. 

To avoid any limitation by initial conditions, let us return 
to the most general form of solution for current in the circuit 
of Fig. 16, which is first given as Eq. (134): 

i = (134) 

The real and imaginary parts of the exponents can then be 
separated by use of Eq. (185), giving 

and when the two exponentials with imaginary exponents are 
expanded into sinusoidal functions, the result is 

i — /iLie““'(cos Oil + j sin oot) + iiC 2 €““^(cos cot — j sin (at) 

= + K 2 ) cos (at + j{Ki — K 2 ) sin (at] (200) 

Simply for convenience, let 

iCi + X2 = M 

j{Ki -K 2 ) =N 

and Eq. (200) becomes 

i = €“«*(Af cos (at + N sin (at) 

= i4€““‘ sin {(at + </>) (201) 

where 

A = = 2\/ra'* 

J _ J._1 M _ _ _, + Ki 

(b t£tri my ^\ 

N j{Ki - Kt) 

Equation (201) is the general form of sinusoidal equation of 
current that will fit any possible initial conditions. It has two 
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undetermined coefficients, A and 0, which are related to Ki 
and K 2 as shown in the foregoing equations; and if Ki and K 2 are 
known, A and 0 may be found by that means. But Eq. (201) 
is just as truly a solution of the differential equation of the circuit 
as is Eq. (134), and the undetermined coefficients A and d> may 
be determined directly from the circuit\s initial conditions with¬ 
out any reference whatever to Ki and K 2 . This is, in fact, the 
usual procedure and is often the more advantageous one. 

16. An Example. As the first and simplest illustration, let 
us again assume that there is no initial charge on the condenser 
and no initial current. When 

^ = 0, ^ = 0 

Therefore, from (201), 

0 = Ae^ sin (0 + 0) 

so that 

sin <t) = 0 (202) 

For this condition, then, Eq. (201) becomes 

i = sin (203) 

To introduce the other initial condition, that when 

t = 0 , -i = 0 

V 

we follow the method of Sec. 7 of this chapter, and find that 
when 

< = 0 , pi = r (167) 

But, from Eq. (203), 

'pi = A(co€~"' cos sin co^) (204) 

and when 

t = 0, pt = Ao) = Y' 



from which 


(205) 
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With this value of A substituted in Eq. (203) the complete 
expression for current appears: 



Equation (206) is obtained from the general sinusoidal solution 
with undetermined coefficients by direct substitution of boundary 
conditions, and it is interesting to notice that it agrees, as of 
course it must, with Eq. (190), which was obtained indirectly 
from the exponential form of current expression. 

16. Another Example. Gas-engine Ignition. An example in 
which the initial current in the circuit is not zero is furnished by 
the ignition system of a gasoline engine. In an automobile 
there is a spark coil with tw^o windings: a high-voltage winding 
of many turns, which is connected to 
the spark plug by way of the distri¬ 
butor, and a low-voltage winding of 
relatively few turns, which is in series 
with a battery and a cam-operated 
switch called a timer. Across the 
timer switch is a condenser, for the 
purpose of preventing sparking at 
the switch. Figure 23 shows the low- 
voltage circuit: L and R are the inductance and resistance of the 
spark coil, S is the timer switch, C the condenser, and a voltage 
E is applied by the battery of the automobile. L' is the high- 
voltage winding, with which however we are not at present 
concerned. 



Spark 


Fig. 23. 


Shortly before a spark is needed, switch & is closed by its cam. 
Current then begins to flow through the coil but is interrupted 
when the switch is suddenly reopened. The high voltage that 
results from sudden interruption of the current is used to produce 
a spark in the cylinder of the engine. In studying the operation 
of the ignition system it is first necessary to determine the 
behaviour of current in the low^-voltage circuit after the timer 
switch opens. 

We will count as zero time the instant of opening of the 
switch. Let us assume that the switch has been closed long 
enough for current through the coil to have reached its steady- 
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state value. This will be true in low-speed en^es. At the 
initial instant, then, current is limited only by the resistance of 
the circuit and we have as one initial condition that when 


t = 0, 



(207) 


The other condition is that there is no charge on the condenser 
at the instant of opening the switch, and therefore no voltage 
across it. 

The circuit that we are studying is that which exists after 
the switch S is opened and before a spark occurs, and its voltage 
equation is the same that has been written many times: 


Lpi Ri -f- ^ 


(208) 


The high-voltage circuit does not affect this equation because 
there is no current in it until the spark occurs; at least we shall 
assume so, neglecting any small capacitance or leakage current. 

The left-hand member contains a term this is the con- 

Cp 

denser voltage and is zero at zero time. From this, and from 
(207), we can say that, when time is zero, Eq. (208) becomes 


Lpi “h 0 = E 

from which, when 

^ = 0^ pi = 0 (209) 


This equation is a mathematical statement of the fact that 
merely opening the switch does not affect the flow of current, 
and there is no change until a back-voltage has been built up 
by charge on the condenser. It is for this purpose that the 
condenser is used; it prevents sparking at the contacts of S, 

The general solution of (208) is Eq. (201). 

i = Ae-^^ sin + <l>) (201) 

When time is zero it becomes, with Eq. (207), 
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By differentiating (201), we obtain 

pi = cos {(at + <^>) — sin {(at + </>)] (211) 

in which Eq. (209) is substituted to give 

0 = w cos <f> — a sin (p 

so that 

^ = tan-i - (212) 

a 

Since 

(0 

tan <b = - 
a 

it follows that 

0 ) 

sin (j) = / o I T 

\^(a^ + 

and, since a and co have the values assigned by Eq. (186), this 
can be simplified to 

sin <p = oyXC (213) 

Equation (213) can then be combined with Eq. (210) to give 
a value for ^4: 

It is evident that the expression for A can be written in many 
different ways: ca can be expanded, ca and the radical can be 
combined, and so on; whichever is most convenient for compu¬ 
tation, or whichever best displays some aspect of the nature of 
the coefficient may be used. 

The solution for the current in the ignition system before the 
moment of the spark is now complete. It is expressed by 
Eq. (201), in which the values of A and (p are given by (214) 
and (212) respectively. 

In the engineering study of the operation of such a device, 
the voltage at the spark plug would no doubt be one of the 
quantities to be determined. It is quite simply found from the 
current, for it is Mpiy where M is the mutual inductance between 
the two windings of the spark coil and pi is the derivative of 
current as determined in Eq. (211). The manner in which 
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different circuits affect each other will be considered in the next 
chapter. 

The condenser is placed across the terminals of the switch 
in the circuit of Fig. 23 to prevent undue sparking as the contact 
points separate. The useful life of the points is greatly increased 
by the condenser, but if the condenser is too large it will seriously 
reduce the voltage that must produce the spark. It will cushion 
the shock of opening the switch, and by reducing the rate of 
decrease of current it will correspondingly lessen the induced 
voltage. Equation (211) gives the rate of change of current; 
the first term within the brackets is far larger than the second 
because of a? being larger than or, and as a fair approximation 

pi ^ cos (o)t + <l>) 

The value of A is almost independent of the size of (7, as may be 
seen by expanding Eq. (214), but w is (nearly) inversely propor¬ 
tional to the square root of C. So a largo condenser means a 
small CO and a correspondingly low induced voltage. 

If no condenser were used, it would be impossible to interrupt 
the current without a spark as the switch contacts separated, 
and this fact is utilized in the so-called low-tension^^ ignition 
systems in which there is but one winding in the coil, and the 
spark to ignite the explosive gases occurs at the switch points 

as they interrupt the current. The 
circuit is shown in Fig. 24; it is simi- 
S lar to the low-voltage circuit of Fig. 
23, but the cam-operated contactor >8 
is located within the cylinder of the 
engine. No condenser is used, for its 
only effect would be to reduce the voltage of the spark, but some 
capacitance between leads and between switch points is unavoid¬ 
able and this is designated by C. Low-tension ignition systems 
are now obsolescent, but remain in use on a few low-speed engines 
for which simplicity is of sufficient advantage to outweigh 
efficiency. 

Since the circuit of the “low-tension^’ system is identical with 
that of the “ high-tensionsystem, except for dimensions, the 
solution for current is given by Eqs. (201), (212), and (214). 
Only voltage needs be treated differently. The voltage across 
S in Fig. 24 is also the voltage across C, so to determine the 
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voltage available for sparking it is necessary to find the condenser 
voltage. Charge on the condenser may be found by integrating 
current, and voltage is the ratio of charge to capacitance. Inte¬ 
gration of Eq. (201) will give charge on the condenser [see Eq. 
(47)1 and division by C will give voltage. That is, 


€a 



sin (cot + <t))dt 


It is evident that our solutions for both current and voltage 
apply only during the time between the opening of S and the 
formation of a spark, for, if current is not limited to the circuit 
consisting of inductance, resistance, and capacitance, the circuit 
equation (208) does not apply. 

The process of finding an expression for current in the ignition 
circuit consists almost entirely of evaluating constants, for the 
general form of the current is already known by Eq. (201). 
Such is often the case, and it will be helpful to trace the method of 
attack that is used, for it is essentially a method that can be 
applied whenever needed. 

To begin quite at the beginning, let us refer to the four rules 
for solution which are formulated in Sec. 10 of Chap. I. The 
first of these rules is satisfied when Eq. (208) is written and (201) 
is recognized as its solution; since there is no steady-state current 
the second and third rules do not apply; the fourth rule, which 
requires evaluation of the undetermined coefficients, is therefore 
the major part of the solution. Evaluation of constants from 
initial conditions is discussed in Sec. 7 of this chapter, and the 
outline which is given there is followed in this case. 

First, two obvious initial conditions an' taken from the circuit, 
and to express them mathematically it is stated that when 
E 1 

t = Oy i — and -i = 0. It is necessary, in order to evaluate 

A and </>, to have two equations containing .1 and and not con¬ 
taining time or any function of time. One such equation is 
obtained from the general solution [Eq. (201)] which relates 
current to time: since the actual current is known for one specific 
time, ^ = 0, it is possible to determine the only value of the 
coefficient [Eq. (210)] that is consistent with the known current 
[Eq. (207)]. Since the resulting equation contains both A and 
<t> it cannot be solved until another equation has been derived 
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for simultaneous solution. Since -i is known to be zero when 

P 

time is zero, it would appear that integration of both sides of 
Eq. (201) would give a right-hand member that could be equated 
to zero; this is not satisfactory, however, for 1/p is a definite 
integral with limits 0 and so when t is set equal to zero the 
integrated equation reduced to the identity 0 = 0. 

So instead of obtaining another equation by integration of 
(201) we may derive a new equation by differentiating (201); 
this is done in Eq. (211), and if the value of pi at any one instant 
can be found, a second equation containing A and <#> will result. 
By the method of Sec. 7 it is possible to determine pi when time 
is zero from the circuit equation (208), for when time is zero all 
terms of Eq. (208) are known except the one containing pi. 
Hence it is found that the initial value of pi is zero [Eq. (209)], 
and this gives the necessary concurrent values to remove time 
functions from (211), resulting in Eq. (212). As (212) contains 

and does not contain A, it is unnecessary in this case to carry 
out a simultaneous solution, for, having an explicit value for <i> in 
(212), it is only necessary to introduce it into Eq. (210) to com¬ 
plete the solution by expressing A as in Eq. (214). 

17, Another Example. A Radio Transmitter. Another and 
final example of the resonant circuit is suggested by the oscilla¬ 
tory circuit of a spark transmitter for radiotelegraphy. Just as 
the “low-tension” ignition system is obsolescent for gasoline 
engines, the spark transmitter has disappeared from the field of 
radio. One of its chief limitations is its inability to produce a 
continuous high-frequency oscillation; instead, it gives a series of 
damped transient oscillations. The essential circuit is shown in 
Fig. 25a. A spark gap >S acts as a switch in this circuit, and, when 
voltage across it is sufficient to make it spark, it will release the 
charge of the condenser. If the gap is of the type known as a 
rotary gap, its sparking is further controlled by the fact that 
the spark jumps between a fixed point and a moving point that 
projects from a rapidly rotating disc, and can occur only when the 
two points are opposite each other. The voltage supply circuit 
takes no part in the transient action (because of its relatively 
high inductance) and may be regarded as merely a means of 
charging the condenser. When there is no spark bridging the gap, 
charge will flow from the supply circuit onto the condenser by 
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way of the inductance coil L. During the process of charging, 
the condenser voltage will practically equal the voltage across 
the gap, and a spark will jump when the condenser voltage 
reaches a value that we will H I 

designate by eo. The time of N ^ ^ ^ 

formation of the spark will be 1^ 

the reference time f = 0. The Voltage j’ g j 

circuit will consist of the con- -- ^ S 

denser, the coil which has both _ \ 

inductance L and resistance jB, current 
and the spark whose resistance 
is considered to be negligible and / \ 

which will therefore simply take L -V--Tljirne— 

the place of a switch. The \ / 

circuit equation will be modified Energy 

slightly from the form given in 

Eq, (208) because of the presence 

of initial charge on the conden- ^ 

ser; just as in Chap. II it was Energy sforedin capacitance 

necessary toincludeinitialcharge stored in inductance 

in Eq. (57), it is now necessary 

to introduce into the circuit M Energy lost in resistance 
equation a term for the initial 

voltage on the condenser. In Eq. (215) the familiar terms for 
inductance voltage and resistance voltage are followed by a 
parenthesis which expresses the condenser voltage; equate the 


Current 


En\ergy\ ^ 




Energy s fared in capacitance 
Energy sforedin inductance 
Energy lost in resistance 


sum to zero. 


Lpi + Ri + 


(e, + = 0 


An algebraic change in Eq. (215), however, shows that mathe¬ 
matically it is of the same form as (208), for it can be written 

Ljn + Ri + -^i = (216) 

The solution will therefore be similar in form to Eq. (201): 

i = sin {(at •+• <t>) (217) 

It is best to assume that the applied voltage has placed a 
negative initial charge on the condenser, so that eo is numerically 
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a negative quantity and —eo is numerically positive. The 
advantage of this rather artificial assumption is that it leads to a 
positive sign for the resulting current, as is discussed in Sec. 6 
of Chap. II. The parenthesis of Eq. (215) expresses the con¬ 
denser voltage; its initial value is negative since co is negative, 
but as current flows in the circuit in a positive direction the 
integral term becomes larger and the sum in the parenthesis 
becomes less negative—even becoming positive if the current is 
oscillatory. 

To complete the solution for current, A and </> must be deter¬ 
mined. The process is similar to previous examples, but the 
initial conditions are different. Neglecting any small charging 
current that may be flowing from the voltage supply circuit, the 
initial current must be zero because of the presence of inductance. 
So when 

^ = 0, i — 0 

and substitution in Eq. (217) shows that 4> is zero, giving 

i — sin (218) 

To determine pi must be found, and Eq. (215) offers the most 
ready means. The other known condition is that the condenser 

has an initial voltage co. The definite integral is of course 

initially zero, because by definition [see Eq. (68)] as well as by 
usage [in Eq. (215)] this term is the integral of current in the 
circuit after ^ = 0, and does not take into account anything that 
happens before zero time. So the initial value of the parenthesis 
in (215) is Co, and when 

^ = 0, Lpi -|- 0 “1“ Co = 0 
from which we find the initial derivative: 

< = 0, P* = - J (219) 

This gives a specific set of values for t and pi which may be used 
to determine A. Differentiate Eq. (218): 

pi = A (a)€““^ cos (jjt — sin wt) 

Substitute (219): 

6o 


^0 
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With this coefficient substituted in Eq. (218) the solution is 
complete. Note that, as stated, the current will have a positive 
coefficient if eo is negative. The first cycle of current is plotted 
in Fig. 256. 

In this circuit, in which no energy is supplied to the circuit 
from any battery or other external source during the transient 
period, transient current is maintained by a continual interchange 
of energy between the electrostatic field of the condenser and the 
electromagnetic field of the inductance. Finally, of course, 
the energy is all dissipated by the resistance of the circuit, and 
current di(\s away, but while current flows the energy alternates 
from one form to the other. The circuit’s energy is initially 
electrostatic; as current flows the condenser loses charge and 
energy, but the growing current imparts energy to the electro¬ 
magnetic field of the inductance. 

Figure 256 illustrates the transfer of energy from the con¬ 
denser to the inductance during the first quarter-cycle of current, 
and also shows the gradual loss of energy in the resistance. Dur¬ 
ing the second quarter-cycle of current the condenser regains all 
of the remaining energy of the circuit, but delivers it again to the 
inductance in the third quarter-cycle. This continual transfer of 
energy takes place in all circuits which contain both inductance 
and capacitance. It is for this reason that transient phe- 
nom(‘na in such circuits are sometimes called double-energy 
phenomena, to distinguish them from single-energy transient 
phenomena that appear in circuits that contain either inductance 
or capacitance, but not both. Single-energy phenomena are 
studied in Chaps. I and II. A single-energy circuit, in which 
there is only one kind of energy storage, always leads to a first- 
order differential equation; a double-energy circuit requires a 
second-order differential equation. It will be seen later (in Sec. 
23 of Chap. V) that more complicated networks require higher 
order differential equations, but that the order of the differential 
equation is always equal to the number of energy storage possi¬ 
bilities of the network. 

The energy diagram of Fig. 256 also shows that the change of 
electric energy into heat by the resistance does not occur at a 
constant rate. No energy is being changed into heat when the 
current is zero, and the loss is most rapid when the current is 
greatest. 
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When a radiotelegraph operates with a spark transmitter, the 
oscillatory circuit of Fig. 24 is coupled to the antenna circuit 
by means of mutual inductance between L and U. Energy is 
transferred from the spark circuit to the antenna circuit at a 
rate that is determined by the closeness of coupling. In the 
analysis that has just been completed, coupling has been entirely 
neglected; the dying away of current in the oscillatory circuit is 
assumed to be due entirely to resistance, and no allowance 
is made for energy which passes to the antenna circuit. Since a 
radio transmitter in which no energy goes into the antenna is of 
no use, the solution must be modified before it can be applied to 
a practical installation. The presence of the antenna circuit 
changes the problem from one involving a simple oscillatory 
circuit to one involving a network, and its treatment will be con¬ 
sidered in a later chapter. For the present it is enough to say 
that, with ordinary coefficients of coupling to the antenna cir¬ 
cuit, A and co in Eq. (218) will be substantially correct, but ot 
will be of an entirely incorrec.t magnitude. 

18. The Concept of Zero Impedance. There is one limiting 
condition of the oscillatory circuit that is of interest, not so much 
because of its own importance as because it serves as an introduc¬ 
tion to a way of thinking about transient phenomena that is 
very illuminating. 

Consider the circuit that is discussed in this chapter, and allow 
the circuit resistance to diminish so that it becomes zero. The 
circuit then consists of inductance and capacitance in series, 
together with a source of voltage. If voltage is applied when 
there is no energy stored in the circuit the resulting transient 
current is 

i = sin (220) 


A = 


E 


4 ^- 


L. 

^ n 


4L2 



a’ 



4L* 



Since ft = 0. 
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Because resistance is zero, Eq. (220) is simplified to 



This is the ‘‘transient” current in the circuit, but it has the 
peculiarity of not being strictly transient, for since there is no 
-damping it will continue to flow indefinitely. We know from 
steady-state theory that a circuit consisting of inductance and 
capacitance in series, without resistance, has zero impedance for 
a current of its natural frequency, and the same effect appears 
here. The current that flows is a form of current to which the 
circuit offers no impedance^ and once started it will never stop. 
No external voltage is required to maintain it. The form of the 
current gives it the peculiar property of consuming no voltage. 

An extension of this concept may be applied to other circuits, 
even though they contain resistance. In any circuit the transient 
current is the particular form of current which^ in that circuit, can 
flow without requiring any applied voltage. Except in the purely 
hypothetical case just considered, in which there is no resistance, 
the current that can flow without voltage is a diminishing current 
that will grow smaller, but—mathematically, at least—it will 
never cease. 

In the case of the three-parameter circuit, for instance, the 
current that will flow without encountering impedance is a 
damped sinusoid. In a circuit of capacitance and resistance, or 
inductance and resistance, it is a simple exponential. For 
example, in Sec. 6 of Chap. I no external voltage is required to 
maintain indefinitely, in a circuit of inductance and resistance, 
the current 

i = ^ (10) 

Let us refer to Fig. 15; the need for a transient component of 
current is discussed in connection with this figure, and two 
requirements are emphasized: the current must satisfy the dif¬ 
ferential equation during both transient and steady-state periods, 
and the current (and its derivatives) must have the correct 
initial value. In Fig. 156, for instance, the correct initial value 
of current is u, and the differential equation, which is 

Ri + Lpi = E 
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is satisfied during the transient period by 

i = + I (95) 

and during the steady-state period by 



Either (94) or (95) is a solution of the differential equation, as 
may be seen by substitution, although (94) is only a partial 
solution and will not ordinarily satisfy initial (*onditions. 

Let us now look at the eireuit from this point of view: as soon 
as the switch is closed the steady-state current begins to flow, and 
all the applied voltage is Required to produce the steady-state 
current, E/Rj through the resistance of the circuit. The differ¬ 
ential equation is satisfied, which is the same as saying that the 
voltages around the entire closed circuit add to zero. This cur¬ 
rent is indicated by the dash line in the Fig. 155. But it does not 
satisfy the condition that initial current must be io, so we must 
visualize a second current flowing in the circuit at the same time. 
There is no voltage left over to produce this additional current, 
so it must be the kind of current that can flow without requiring 
voltage; it must have the form 

i = iiCe ^ (22) 

This sort of a current can flow in any amount without disturbing 
the differential equation, for the sum of the voltages that it 
produces in the circuit is always zero, and this fac;t can be 
verified by substitution in the left-hand member of the differential 
equation. The amount of such current that will flow, in any 
case, is the amount that is required to bridge the gap between 
the initial current and the steady-state current. The three 
parts of Fig. 15 furnish an illustration of three different initial 
currents and the three corresponding transient currents that must 
flow. Finally, to get the current that actually exists in the cir¬ 
cuit, the hypothetical steady-state current (which uses all the 
voltage) is added to the hypothetical transient current (which 
uses no voltage), and the total current satisfies both the voltage 
equation and the initial conditions. 
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The physical concept of a transient current that can flow 
without applied voltage is closely related to the mathematical 
method of solution for transient current in which the applied 
voltage is arbitrarily made equal to zero. In Sec. 10, Chap. I, 
we propose four rules for solution, and the first rule says, Solve 
for the form of the transient component. To do this, write the 
differential equation of the circuit, with zero substituted for the 
applied voltage, and solve for current.'^ The substitution of 
zero for the applied voltage is justified in Chap. Ill, Sec. 7, on 
mathematical grounds, and now it may be justified in another 
manner: the transient component is a current that encounters 
zero impedance, and hence will flow without voltage; therefore, 
to determine the form of the transient component^ merely solve for 
that current which can exist with zero voUage, 

Problems 

1. Connect a coil and a condenser in series, with a switch and battery, 
as in Fig. 16. Measure the indixctance of the coil and the capacitance of the 
condenser. Record on an oscillograph the current that flows when the 
switch is closed. Increase the resistance of the circuit to the critical value, 
and record the critically damped surge of current. Increase the resistance 
to two or three times the critical value, and record an overdamped surge of 
current. Measure the three resistances. Use a coil without an iron core, 
and a resistance that is practically noninductive. 

Transfer the experimentally determined curves to sheets of cross-section 
paper, and on the same sheets plot curves of current cermputed from the 
circuit parameters. Compare the computed and experimental results, and 
discuss any differences that may appear. 

If it is not convenient to record the current experimentally, oscillogram 3 
may be used. It is a photographic record made according to the above 
instructions, with three transient current curves, a calibration line, a zero 
line, and a timing wave. The calibration line was produced by a steady 
current of 0.512 amp.; the timing wave was made by a 60-cycle voltage. 
The circuit parameters, including the three different values of resistance, 
were as follows: 

E - 129.6 volts. Low resistance * 38.6 ohms. 

L = 1.68 henrys. Medium resistance = 253 ohms. 

C = 106.5 ynf- High resistance == 583 ohms. 

Superposition of the three curves on the oscillogram shows that they all 

have the same initial slope. 

2. A 60-cycle voltage (80 +i60) volts causes a steady-state current 
(2 +^5) amp. to flow in a circuit containing resistance, inductance, and 
capacitance. The amount of capacitance is 50 yi. Will transient current 
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in this circuit oscillate? If so, at what frequency? (Complex notation is 
used in stating this problem; the conventions of complex notation are 
familiar in steady-state electrical theory, although 
not used elsewhere in this book.) 

3. The equivalent circuit of an impulse genera¬ 
tor for testing electrical equipment is shown in the 
diagram.* The test specimen, which carries no 
current, is connected to the terminals of R 2 . 

Given the following parameters, plot voltage 
across the test specimen (in terms of initial voltage 
on Cl) as a function of time. 

Cl = 0.0125 fif. 

Li — 900 microhenrys. 

R\ - 2000 ohms. 

7? 2 = 2900 ohms. 

Repeat, using 7?i equal to 100 ohms. 

4. Formulate the differential equation of motion of a ballistic galvanom¬ 
eter. Its moment of inertia is 1000 g. cm.the elastic restoring force of the 
suspension is 1 g. cm. per radian; the damping, proportional to velocity, is 
2.5 g. cm. per radian per sec. Write an expression for the angular dis¬ 
placement of the moving coil following an initial impulsive disturbance.! 

6. The successful operation of large oil circuit breakers is dependent upon 
their speed as compared to the rate of rise of the “recovery voltage” across 

therii.t Alternating current becomes zero at 
the end of each half-cycle, and, in an oil 
circuit breaker that has started to open, 
^ current of the next half-cycle will not immedi¬ 
ately commence to flow. High-frequency 
transient oscillations of voltage will appear 
across the circuit breaker, and flow of current 
will begin again only if the breaker is unable to withstand the voltage. If 
the transient voltage is not sufficient to initiate a new flow of current 
through the breaker, the circuit has been successfully opened. The two 
important factors are the maximum voltage of the oscillations and the 
rate of rise of voltage. 

The simplest representation of the system connected to the circuit 
breaker is shown in the accompanying figure. While the circuit breaker ^ 
is closed, current flows freely through it to ground, presumably because of a 
fault at F. Then the circuit breaker opens; current continues to flow 
through the breaker, by arcing, with negligible voltage across the breaker, 
until current normally becomes zero at the end of a half-cycle. As current 

* Thomason, J. L., Impulse Generator Circuit Formulas, Trans. A.I.E.E., 
53, 169, 1934. 

t See Laws, F. A., “Electrical Measurements,” McGraw-Hill Book 
Company, Inc., New York, 1917. 

X Park and Skeats, Circuit Breaker Recovery Voltages, Trans, A.LE.E.f 
50, 204, March. 1931. 
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becomes zero, de-ionization of the arc channel commences, and the breaker 
is able to sustain a certain amount of voltage without allowing current to 
pass. To predict whether the arc will form again it is necessary to know the 
transient voltage that will appear across the switch terminals. 

The instantaneous value of the generated voltage E is maximum when 
current through the breaker becomes zero, and although it is an alternating 
voltage it will practically retain its maximum value during the time that is 
of importance in this problem. It is this value of voltage, therefore, that 
may be considered to be suddenly applied to the distributed capacitance of 
the system C through the inductance L of the generator and other connected 
equipment. At the initial instant (when the arc starts to de-ionize) current 
through L is zero and charge on C is zero. 

Given the following data, find (a) the maximum voltage across the breaker, 
and (6) the average rate of rise of voltage up to the first crest of the oscillation. 

Generator voltage, line to neutral, effective = 8400 volts. 

Reactance of generator and connected system = 3.05 ohms, at 60 cycles. 

Distributed capacitance to ground = 0.008 /A, 

Resistance of the system is negligible. 

6 . The transient current in a circuit is known to be oscillatory; the values 
of inductance and capacitance arc fixed, but resistance can be varied. 
Derive an expression to relate the amount of resistance to the values of time 
at which current becomes maximum. 

7. Current in a circuit is critically damped. Find the time at which 
current is maximum and compare it to the time that would be required to 
reach the first maximum of current if resistance were zero. Find voltage 
across the capacitance, voltage across the inductance, and voltage across the 
resistance at the instant of maximum current in the critically damped 
circuit. Compare voltages to the corresponding ones in the circuit with 
zero resistance. 

8. A tuned circuit has L = 0.13 millihenry, AJ = 1.3 ohms, C = 1.3 fxL 
Excitation is suddenly removed from this circuit and the oscillating current 
diminishes gradually. Find (a) the frequency of the oscillatory current and 
(h) the time T required for the amplitude of the oscillation to diminish to 
0.368 times its initial value. Plot the envelope of the current wave, and 
indicate roughly the oscillations of current within the envelope. 

9. Repeat Prob. 8 with L = 2.5 millihenrys, R = 2.8 ohms, C = 1000 mmI- 

10. Write the equation of the current of Prob. 8 using numerical values. 
What is the impedance of the circuit to this current? 

11. In the ignition circuit of Fig. 23, E = 6.0 volts, C = 0.1 Mf, = 7.5 
millihenrys, R ~ 2.2 ohms. The switch opens at f — 0 after having been 
closed for a long time. Assuming no spark, find the maximum voltage 
across L. When does this maximum voltage occur? 
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1. Interrelated Circuits. It is not often that a circuit is free 
to behave in an entirely independent manner. Practical 
examples in the previous chapters illustrate this, for in nearly 
every case it is necessary to disregard the influence of some other 
circuit. In the ease of the radio transmitter, the effect of the 
antenna circuit on the spark circuit was so great that it could 
not be disregarded. Under such circumstances it becomes 
necessary to consider the action of the two circuits at the same 
time—or (using mathematical terminology) to solve them 
simultaneously. 



As a matter of definition, a circuit is a single closed path for 
current, while a network is a combination of several interrelated 
circuits. These definitions are not precise, for circuit studies 
are not limited to electric currents; water, heat, or sound may 
flow in a circuit instead of electricity; also many problems that 
have nothing to do with closed circuits may nevertheless be 
treated as circuit problems. But the definitions are suflScient 
to indicate that any network may be analysed into two or more 
circuits. For example. Fig. 26a is the spark circuit of a radio¬ 
telegraph transmitter, similar to that of Fig. 25. When the 
antenna circuit is considered, it is necessary to deal with the 
two-circuit network of Fig. 266. Still another circuit supplies 
power to the spark, and if the source of electric power is a direct- 
current generator, the complete network is shown in Fig. 26c. 
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Two circuits are interrelated and form a network when voltage 
is induced in one by action taking place in the other. A change 
of current in either winding of a transformer, for example, will 
induce a voltage in the other winding; a voltage is induced in 
circuit 2 when there is a change of current in circuit 1, or vice 
versa. The relation between the circuits is magnetic and the 
parameter that is common to both circuits is the mutual induc¬ 
tance. Coupling of this sort is inductive coupling. The circuits 
of Fig. 266 are inductively coupled. 

The circuits of Fig. 27a are also inductively coupled, for the 
mutual inductance L 12 is the only common parameter. The 
network is not physically possible, however, for one cannot have 



a coil of wire common to both circuits of Fig. 27a without having 
resistance in the coil. When the coil resistance is included in 
the diagram. Fig. 27b results; the two circuits of this network 
have a common coil of wire with inductance L 12 and resistance 
/2i2. 

Practically pure resistance coupling is not only possible, but 
quite common; it is shown in Fig. 27c. Capacitance coupling 
is illustrated in Fig. 27d, in which the parameter that is common 
to both circuits is a condenser. It is interesting to notice that 
the networks of Fig. 27c and 27d are identical; in each case a 
resistance and a condenser are connected in parallel, and either 
one may be considered as the mutual element. Although the 
resistance may be thought of as a shunt across the condenser C 2 , 
it is much more helpful in transient analysis to think of two 
circuits with a common parameter. Capacitance coupling is not 
limited to the case in which the plates of a condenser are common 
to two circuits; it is only necessary that the two circuits have a 
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common electrostatic field. A very impdrtant illustration is 
furnished by the electrostatic coupling between a power line 
and a near-by telephone line, as shown in Fig. 28. Circuit 1 
consists of the generator and the capacitance of the power line 
to ground; circuit 2 contains the capacitance of the telephone 
line to ground and the terminal resistance as indicated; the 



of voltage on the power line is quite capable of producing danger¬ 
ous voltage on the telephone line. 

As illustrated in Fig. 276, circuits may be coupled by more 
than one common parameter. Any two or all three parameters 
may be common to two circuits. A 
network, moreover, may consist of 
several circuits all interconnected in all 
possible ways. Figure 29 shows three 
circuits, each one coupled to both the 
other two. To avoid unnecessary com¬ 
plication in such networks, it is neces¬ 
sary to formulate a system of notation, 
for slovenly notation is perilous in net¬ 
work study. 

2. Notation. Circuits are arbitrarily numbered (as in Figs. 
27, 29, and 30), and the current in each circuit bears as subscript 
the number of the circuit. The current in circuit 1, for example, 
is i\. Each parameter is denoted by the number of the circuit 
in which it occurs; and mutual parameters have a double sub¬ 
script, as in Fig. 27c, where jBi 2 is a mutual resistance through 
which both ii and 2*2 may flow. In Fig. 276 there are two resist¬ 
ances in circuit 1, one of which is mutual with circuit 2; they 
are called Ri and jBi 2 , as indicated in the diagram, and their 
sum is called Rn. By definition Rn = Ri + Ru- Similarly, 
in circuit 2 of the same network R 22 will include both R 2 and 




=• lJ 


IfVWV^ 
^15 ^13 


_Ea 

1 _-2. 


Fig. 29. 




130 


TRANSIENT ELECTRIC CURRENTS 


[Chap. V 


the mutual resistance. Thus, Rn is the total resistance of 
circuit 1 ; it is called the seZ/-resistance; it is the resistance of 
circuit 1 if circuit 2 is entirely neglected; it is the resistance that 
will be measured in circuit 1 if circuit 2 is temporarily open. In 
the same manner, R 22 is the self-resistance of circuit 2 . 

Similar notation is used for other parameters. In Fig. 27a 
there is mutual inductance L 12 and self-inductance of each circuit, 
Lii and L 22 . This petwork, in fact, will be recognized as the 
equivalent network’’ of a transformer for which the self¬ 
inductances are Lu and L 22 , the leakage inductances Li and L 2 , 
and the mutual inductance L 12 . It must be particularly remem¬ 
bered that when circuit 2 is open for measuring purposes, and 
the inductance of circuit 1 alone is measured, it will be Ln, the 
total inductance, and not merely Li, the leakage inductance, 
that is determined. There is not much chance of trouble when 
the circuit is drawn as in Fig. 27a, but when there are two 
separate coils magnetically coupled (as in Fig. 266 or 29) it is 
easy to measure the inductances of each coil separately and 
write them incorrectly as Li and L 2 instead of Ln and L 22 . 

The same system is applied to self- and mutual capacitances, 
but with one obvious difference. The total or self-capacitance 
of a circuit such as circuit 3 of Fig. 29 is C33, but it is not the sum 
of C 3 and C 13 . Rather 

J- = i + ± 

C^33 Cz C 13 

A consistent electrical terminology would discuss, not capaci¬ 
tance, but the reciprocal of capacitance (often called elastance). 
However, the idea of capacitance is so much more familiar to 
most of us than the idea of elastance that it is generally advan¬ 
tageous to use the more common term and avoid unnecessary 
confusion. 

3. A Network with Mutual Resistance. The heart of th(' 
mathematical analysis of transient behavior is the voltage 
equation of the circuit We must always return to the voltage 
equation when some new condition is introduced that we do not 
yet understand. In solving for currents in the network of Fig. 
30, there will be two voltage equations, one for each circuit. 
For circuit 1 we write all the voltages that can appear in the 
circuit owing to the current of circuit 1 ; they are Lipti, iJii’i, 
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and Ruil, But there can be another voltage in circuit 1: voltage 
will appear across i 2 i 2 when there is current in circuit 2 even 
though there is none in circuit 1. This additional voltage, 
which is produced in circuit 1 by a 
current in circuit 2, is 1212^2. The volt¬ 
age produced in 72 12 by a positive, or 
clockwise, current in circuit 2 will, how¬ 
ever, be opposite in sense to that pro¬ 
duced in 72 12 by a positive current in 
circuit 1. The voltage due to 12 will 
therefore have a negative sign and will be All the 

voltages in circuit 1 are now known, and since the sum of them 
is equal to the applied voltage we write 

Lipii -f“ 7?it 1*4“ 7212^1 — 72x2^2 — E (222) 

This can be shortened, by using the definition of 72 n, to 

Lipii 72lit 1 — R\^2 ~ E (2l2S) 

A voltage equation is also written for circuit 2. In circuit 2 
there is voltage due to current in circuit 1 equal to - 77212 ^ 1 , and 
the voltage due to its own current is 72i2t2 + 722t2 + Lzpiz* 
Since there is no applied voltage in circuit 2, the sum of all 
voltages must be zero, and 

— 72i2ti + 7222^*2 + L2'pi2 = 0 (224) 

4. Solution of Simultaneous Voltage Equations. Equations 
(223) and (224) are a pair of differential equations that must 
be solved simultaneously, as both contain ii and ^ 2 . The solu¬ 
tion is accomplished by following the same rules that are laid 
down in Chaps. I and III for the solution of a single differential 
equation. First, to find the transient component of current, 
substitute zero for E, This gives, from Eq. (223), 

Lipii 4" 72 nil — 7212^2 = 0 (225) 

and, from this, 

Lipii “h 72 nil 


t2 = 


72i 


(226) 


This value can then be substituted in Eq. (224) to eliminate 12 : 

. 0 (227) 
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The transformations to this point have been purely algebraic, 
for wherever a derivative term, such as pii, has occurred it 
has been treated as a unit and no operations have been per¬ 
formed on it. But in Eq. (227) the last term in the left-hand 
member is a somewhat complex operator which indicates that the 
quantity in parenthesis, which itself involves differentiation, is 
to be differentiated. However, if the nature of the operation is 
considered it will be seen that we are justified in expanding 
that term to 


LJL 

Ru 


4 - 


L/2Rn 

Ri2 


pii 


and the entire equation becomes 

{LiL^p^ “f” "h Riil^iV 4“ RiiR^^ — ^212^)^! “ 0 (228) 

Equation (228) is a differential equation of second order, 
being similar to the formal Eq. (112), and we know that its 
solution will be 

(229) 

The values of X are found from the auxiliary equation derived 
from Eq. (228) by writing X in place of p: 

LiL^^ -j- {R 22 L 1 -f- AiiZ/2)X 4“ R 11 R 22 — Ri2^ — 9 (230) 

The roots of this equation, Xj and X 2 , are found to be 
> X _ R 22 L 1 4" R 11 L 2 , 

-_ 

\fR22Li 4 " A11L2V R11R22 Ri2^ /ooi\ 
\\ 2 L 1 L 2 / LiLs 

It is perfectly valid, and often more convenient, to write 
auxiliary equations from the differential equations of the network. 
With two circuits, there will be two auxiliary equations. In the 
present example, they would be derived from (224) and (225), 
and would be 


— Rl2il 4 " ^ 22^2 4 “ Ij^i2 ~ 0 

Z/iXt’i 4" Riiii — R\2i2 == 0 


Their simultaneous solution would lead to Eq. (230). The only 
advantage of performing the simultaneous solution in this 
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manner, with the auxiliary equations instead of the differential 
equations, is that the auxiliary equations are simply algebraic 
and require less care in making transformations. 

But there is yet another method of obtaining the values of X 
that is commonly the preferable one. It is the same that is dis¬ 
cussed for single circuits in Chap. Ill; it utilizes the alternating- 
current impedance of the network. In fact, the rule of Sec. 11 
of Chap. Ill is just as valid for networks of any kind as it is for 
single circuits. The rule is: Write the impedance of the network 
to alternating current (the impedance, that is, as viewed from the 
circuit in which voltage is applied); substitute X for jcoy and set 
equal to zero; solve for the roots. To show that this method of 
obtaining the roots is sometimes the easiest, let us apply it in the 
present problem. The steady-state alternating-current imped¬ 
ance is 


jwLi + /2i + 


-Ri2 + £2 + 


The last term is the impedance of both sides of circuit 2 in 
parallel, as they are when viewed from the battery E, Then, 
following, the rule, 


L\K -f- R\ “|- 


R^^iJR^ ”f" I>2X) 
R22 “I" I> 2 X 


= 0 


and clearing of fractions gives 


"4“ {R 22 L 1 “I" R\\L^\ -j- R\R22 H” R 12 R 2 — 0 (232) 


This equation is equivalent to Eq. (230),^ and was much more 
easily and quickly obtained because of the extensive experience 
we have had with parallel and series combination. When there 
is any doubt about the proper procedure, it is best to fall back 
on the voltage equation of the circuits, but in ordinary problems 
the impedance rule will save time. 


^ To show that this equation is identical with (230) it is necessary to show 
that 

R1R22 "h R12R2 ” R11R22 — Ri2^ 

Elimination of Ri and R 2 gives 

(Rll — Ri 2 )R 22 “H Ri 2 (R 22 — 1 ^ 12 ) ~ R11R22 — R12R22 + R12R22 — Rl 2 ^ 

which is obviously equal to 111^22 ~ Ru^- Equations (230) and (232) 
are therefore the same. 
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Before completing the solution for ii, it will be well to con¬ 
sider the form of current in the second circuit. The differential 
equation of circuit 2 is (224), and it was solved simultaneously 
with the differential equation of circuit 1, which is (225), to 
determine Xi and X 2 . The solution is therefore the solution of 
both equations; Xi and X 2 satisfy both Eqs. (224) and (225), and 
expression (229) may be the transient component of current in 
either circuit 1 or circuit 2. The values of X will be the same in 
both circuits, but the values of K will not be the same; so to 
distinguish between coefficients we introduce a double subscript 
notation and write 

Transient component of n = (233) 

Transient component of (234) 

Note that the first subscript of each coefficient agrees with the 
number of the circuit to which it applies, and the second subscript 
agrees with the number of the normal mode. (This double sub¬ 
script notation for the iC^s is not similar to that used to distinguish 
circuit parameters; in the latter, both subscripts signify circuit 
numbers.) 

6. Steady-state Components of Current. Remembering the 
four rules for solution, from Chap. I, we now determine the 
steady-state currents to be added to the transient components. 
The steady-state current is limited only by resistance, and the 
total current from the battery (which is the current in circuit 1) is 

Steady-state component of = 

E _ _ _ R22 _ 

E 12 R 2 R 1 R 22 + R 12 R 2 (235) 

R 22 


The part of this current that flows through R 2 is the steady-state 
component of t 2 ; it is found from the familiar rule that, in a 
parallel circuit, direct current divides in inverse proportion to 
the resistance. It is therefore less than the total current, which 
is the steady component of ii, by the ratio of R 12 to (R 12 + R 2 ): 


Steady-state component of Z 2 = E 


= E 


R 


22 


R1R22 “b R12R2 

_ Ri 2 _ 

RIR22 ”f" R12R2 


Ri2 

R22 

(236) 
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It will help to simplify further algebra if we abbreviate these 
two equations to 

E 

Steady-state component of ii = ^ (237) 

K 

E 

Steady-state component of 1*2 = ^ (238) 

6. Evaluation of Coefficients in Circuit 1. Addition of tran¬ 
sient and steady-state components gives the expression for total 
current in circuit 1: 


il = -f- jfiLi2€^*^ + ^ 

where 

E)/ _ R1R22 + R12R2 
R22 

It now remains to evaluate the coefficients. These must be 
found, as coefficients always are, from initial conditions; we must 
therefore specify the initial conditions that we intend to consider 
before the solution can proceed. There are initial conditions in 
both circuits, and it will be found that any two are sufficient for 
our purpose as there arc only two normal modes whose coefficients 
must be evaluated. 

Let us assume that the network is initially at rest, there being 
no current in either inductance before the switch is closed. 
Because of inductance, it is impossible for finite current to flow 
instantly in either circuit, and two initial conditions are thereby 
very conveniently determined: when 

t = 0 , il = 0 ) ( 241 ) 

ii = Oj 

Since we have assumed an initial condition of rest within the 
network, the following solution for coefficients will apply only to 
that condition; when other initial conditions are encountered it 
will be necessary to alter Eq. (241) to correspond, but the 
method of solution will be unchanged. 

These initial conditions must now be used to derive two 
simultaneous equations which may be solved for Kn and K 12 . 
The general method was outlined in Sec. 4 of Chap. IV. One 


(239) 

(240) 
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of the necessary pair of equations may be obtained directly by 
substituting t = 0, = 0 in Eq. (239): 

Kn + ^12 + f = 0 (242) 

To derive another, differentiate Eq. (239) to find a general 
equation for pii. 

pil = 

The initial value of pi\ is then found by substituting zero for t, 
giving 

Initial pii = XiiXi + Ki 2\2 (243) 

The specific value of the initial derivative is obtained by intro¬ 
ducing the known initial conditions of Eqs. (241) into the circuit 
equation (223); since 

Lipii ”1" 0 — 0 = E 

it follows that 

>i=£ (244) 

In the relatively simple network of Fig. 30, the value of pii 
could be written from inspection of the circuit without recourse 
to the differential equations. At the first instant there can be no 
current; consequently there can be no voltage across any resist¬ 
ance; therefore the whole applied voltage is across Li, and Eq. 
(244) results. But it should be emphasized that the use of Eqs. 
(223) and (241) to evaluate pii is nothing more than a mathe¬ 
matical statement of the facts expressed in the previous sentence, 
using symbols instead of words. The mathematical method is 
valuable because initial values are often very difficult to obtain 
by inspection. The specific initial value of rate of change of 
current from Eq. (244) is now equated to the general expression 
from Eq. (243): 

= KiiKi + Ki2\2 (246) 

Equations (242) and (245) are the desired pair of simultaneous 
equations, for they contain no variable or unknown quantity 
except K\i and Ki 2 y for which we proceed to solve. The solution 
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is simple; the use of determinants is recommended, but it is 
by no means necessary, and the result is 


Xu = E 


Ku = -E 


R' H" Z/ 1 X 2 
— X 2 ) 
R^ -|- Li\i 


R'Li(\i — X 2 ) 


(246) 


The solution for ii is now complete. The form is given by 
Eq. (239), and numericaf values of the coefficients may be sub¬ 
stituted from Eqs. (231) and (246). An illustration of the general 
shape of the current curve is given in Fig. 31a. 

7. Evaluation of Coefficients in Circuit 2. Two Methods, 
There are now two methods available for finding the coefficients of 
1 * 2 . By adding the transient and steady-state components we have 




(247) 


K 21 and K 22 can of course be found from initial conditions, and 
this is the first of the two methods; it is exactly parallel to the 
determination of Kw and X 12 , and requires little discussion. 
From Eqs. (247) and (241), 


where 


From (247): 


+ K 22 + 


E 


= 0 


/2" = 


R1R22 " f " R12R2 

R \2 


pi2 == iiL2lXl€^‘* ~1" K22h2^^*^ 


(248) 

(249) 

(250) 


When (241) is substituted in equation (224) : 


so that when 
and 


0 * 4 " 0 - 4 " L2pi2 “ 0 

i = 0, pi2 = 0 


A^2iXi “h 1 ^ 22^2 ~ 0 


Simultaneous solution of Eqs. (248) and (251) gives 


K 21 = E 


K 22 “ —E 


fi"(Xi ~ X2) 
Xi 


R"(Xi - X2)) 


(251) 


(252) 
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The alternative method of finding K 21 and K 22 does not carry 
us back as far as the initial circuit conditions. It makes use 
of the fact that Kn and Kn are derived from initial conditions, 
and therefore 1^21 and K 22 can be derived from Kn and Kn- In 
carrying out such a derivation we need equations relating the 
coefficients of the current in one circuit to the coefficients of 
the current in the other; this relationship is given by either of 
the circuit equations (223) or (224). ^ 

Equation (224) relates circuit voltages in terms of t'l, Z 2 , and 
jn 2 - These three quantities are expressed in Eqs. (239), (247), 
and (250) respectively, and substitution in equation (224) gives 

^ 

L2(K2iKi^^^ "f" ^ (253) 


Collecting terms with like functions of time we obtain 

^^^{ — KnRn + K 2 ]R 22 + X21I/2X1) 

+ €^*^{^KnIi 12 + K22R22 + K22L/2^2) 

.R' 


+ 


(|r,«22-§^ 12)^0 (254) 


Equations (253) and (254) are identities; that is, they must be 
true for all values of time. There is only one possible way in 
which Eq. (254) can be true for all values of time, and that is 
that the groups of coefficients enclosed in parentheses must 
each be zero. So, as the only way that Eq. (253) can always 
be true, it is necessary that^ 


— KnRi2 “h K21R22 ~f" K2\L^i — 0 

— KnRl2 “h K 22 R 22 “I" K22J^^2 ~ 0 


Solution of Eq. (255) gives 


X 21 = Kn 


Ri 


R22 + -1^2X1 


and, from Eq. (256), 


K 22 — Kn 


Ri 


R22 H” 1^2X2 


(255) 

(256) 

(257) 

(258) 


^ It is evident that the third parenthetical expression in Eq. (254), which 
contains none of the coefficients and no function of time, must be identically 
zero. Substitution of Eqs. (240) and (249) for R' and R" proves that this is 
true, but there is no information to be gained from it. 
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From these equations it is simple, knowing the coefficients of ii 
to find the coefficients of 1 * 2 . 

Since there are two possible methods of evaluating the second 
pair of coefficients,^ it is necessary to consider which attack is 
preferable. We have tried both methods, and found little choice 
as to the time or effort needed—^but that is because we applied 
the methods to a very simple network. The most lengthy part 
of the solution that begins with initial conditions is the simul¬ 
taneous solution of equations that contain the coefficients of the 
normal modes. In our simple network there are only two normal 
modes and therefore only two equations to solve simultaneously, 
but even in a two-circuit netw^ork there can be four normal 
modes and hence four simultaneous equations. There is no 
doubt that in any but the simplest networks it is much quicker 
and easier to derive coefficients in terms of each other, as in 
Eqs. (257) and (258). 

8. Discussion of Solution. Although Eqs. (239) and (247) 
are in themselves complete descriptions of currents in the net¬ 
work under all possible conditions (within limitations set by the 
fundamental assumptions of constant circuit parameters and 
somewhat idealized elements), it will nevertheless be helpful 
to discuss the nature of the currents under various circumstances. 

The most apparent characteristic of ii is that it consists of 
two exponential terms and a constant steady-state term. If 
the exponents of the normal modes are real, the form of the 
current is similar to the curve of Fig. 31a. The three component 
parts of the current are shown in this figure, as well as the total 
current. 

If in Eq. (231) the positive sign is taken to correspond to Xi 
and the negative to X 2 , it is evident that both X^s wdll be negative 


^ Since K 21 and K 22 when derived by one method are expressed in Eqs. 
(252), and when derived by another method are given as (257) and (258), 
these pairs of equations must be equivalent. By substituting Kuy from 
Eq. (246), in Eq. (257) we get 


fr _ jp _ ~1~ LiXz R\2 

R'iji{\i — X2) R22 "f* 1^2X1 


(259) 


and although this appears quite unlike the expression for K 21 in Eq. (252), 
it is really equal to it, as can be shown by substituting for /?' and Xi in (259) 
(it is unnecessary to substitute for Xj or for (Xi — X 2 )) and simplifying the 
resulting expression. 
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and that X 2 will be numerically the larger. The normal mode 
containing X 2 will therefore decay the more rapidly. Something 
about the magnitudes of the transient terms can be predicted 
from inspection of Eqs. (246). The denominator of these equa¬ 
tions must always be positive, 
while the sign of the numerator will 
depend on whether the negative 
quantity LiX is greater or less than 
the positive R\ But the values of 
Xi and X 2 from Eq. (231) are such 
that the coefficients Ku and Ku 
both prove to be negative. Either 
of the coefficients may be the larger; 
if Ki 2 is larger than Ku the expon¬ 
ential component curves of Fig. 31a 
will cross, while if it is smaller they 
will be as shown. The total cur¬ 
rent ii has something of the appear¬ 
ance of an exponential curve, but 
since it is really composed of two 
exponential quantities of different 
exponents it appears to be distorted, 
particularly near the origin. This 
is due to the initial slope being 
greater, in proportion to the rest of the curve, than it would be in 
a pure exponential curve. 

It is evidenc that circuit 1 and circuit 2 do not act independ¬ 
ently, and it is not correct to say that one value of X is due to 
one circuit and the other to the other circuit. As the coupling 
becomes smaller and smaller, however, as it would if Ru were 
reduced, the values of X for the network become more and more 
nearly equal to those of the circuits individually. So it is not 
an entirely mistaken concept to associate the X’s with the indi¬ 
vidual circuits, especially if the circuits are ‘^loosely” coupled, 
but it is an idea that must be used with care. 

The current in circuit 2, like that of circuit 1, is composed of 
a steady-state term and two exponential terms, but they are 
combined in such a way that the appearance of the curve for t 2 
in Fig. 316 is markedly different from the curve for ii. Equa¬ 
tions (252) show that, since both X’s are negative, K 21 will be 




(b) 
Fig. 31. 
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negative and X 22 will be positive. Moreover, since X 2 is numer¬ 
ically larger than Xi, K^i will be proportionately larger than 
i? 22 . So we may collect this information and say that in Fig. 316 
there will be, in addition to the steady-state component, two 
exponential components—one will be positive, small, and rapidly 
decaying; the other will be negative, large, and slowly decaying. 
The initial values of the three components must add to zero. 
The initial slope of one exponential component must be equal 
and opposite to that of the other. A dash line is drawn in the 
figure to indicate the result of adding the exponential components 
to get when the dashed curve is displaced 

upward by being added to the steady-state component it becomes 
the total current. 

The physical reason for there being no initial rate of increase 
of current in circuit 2 is of enough interest to be mentioned. 
It is simply due to there being no initial voltage in circuit 2. 
When the switch is closed in the network of Fig. 30 there can be 
no current at the first instant, because of inductance Li\ there 
will be no current through Rn and consequently no voltage across 
it; hence there can be no voltage across JS 2 and L 2 . So until 
current is flowing in circuit 1, and a voltage appears across 22 12 , 
there is nothing to cause current to start to flow in circuit 2. 

It has been assumed in discussion of this network that the 
values of X are real. If they are complex the current will be 
oscillatory. It is necessary to determine, therefore, whether 
any possible combination of parameters can make the X’s com¬ 
plex. From Eq. (231), they will be complex if the quantity 
under the radical is negative, which will happen if 


/ R 2 Jj\ + ^ R 11 R 22 ~ Ri 2 ^ 

\ 2L1L2 / L1L2 


(260) 


Expansion of the left-hand member of (260), and simplification 
of the result, lead to 


( 2^222>i ~~ RiiL^ ^ 

\ 2L1L2 / 


R\2^ 

L 1 L 2 


(261) 


But the left-hand member of (261) is a square, and is therefore 
always positive, and cannot under any circumstances be abso¬ 
lutely less than the negative quantity in the right-hand member. 
Since the condition of (260) is therefore physically impossible, 
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we are sure that there can be only real values of X in this network, 
and the current can never be oscillatory. 

9. A Network in Which the Current Can Be Oscillatory. If 

the inductance coil in the second circuit 
Lj of Fig. 30 is replaced by a condenser, 

I — I however, to give us the circuit of Fig. 

\ I 32, we shall find that under certain 

“=="^ 1 Rt 2 > 2 ""2 conditions the current may be oscilla- 

__ ] tory. Under other conditions it will 

Fig. 32 . be a single surge. Let us carry out the 

solution. 

First, we shall write the voltage equations, for they are the 
foundation of all our work. 

(Lip “h — Ri2i2 — E (262) 


— ^ 12^1 + ^Ri2 + = 0 


We make no immediate use of them, however, as it is easier to 
find the values of X from the circuit impedance. The steady- 
state alternating-current impedance is 

Ri2j-7r 

jc^Li + Ri + - 

Ri 2 + T'TV 
3o)C2 

The last term is the impedance of Ru and C 2 in parallel. Then, 


LiX + iii + 


Ri2 + 


and clearing of fractions gives 


( Ri 2 Li )\^ + 1/212 + H" ^ 0 

The roots of this equation, Xi and X 2 , are found to be 

± I MW ^ I ) 

^ \ V2Li ^ 2RnCj \LiCt ^ RitLiCj 


(266) 
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Since Eq. (266) has two roots, there will be two normal modes 
in the transient components of both i\ and i 2 . To these will be 
added the steady-state components. In circuit 2, however, there 
can be no steady direct current because of the condenser, so the 
transient component is the entire current. But in circuit 1 a 
current can flow through Ri and 22 12 and the steady-state com¬ 
ponent of ii is EIRn. We may now write 

H = ^ (267) 

/til 

i. = + 2 ^ 226 ^*^ (268) 

One pair of coefficients must be found from initial conditions, 
and it is necessary to know whether there is any current in 
the inductance and any charge on the condenser at the instant of 
closing the switch. Let us consider that case in which the net¬ 
work is initially at rest; we may then write that when 



These relations are used to form simultaneous equations contain¬ 
ing 2iLii and Kn] the first is found by substituting (269) in Eq. 
(267): 

0 = Ku + Ki2 + TT— (270) 

tin 


In deriving the other equation, (269) is substituted in the voltage 
equation (262) to show that initially 

= £ (271) 

Since, in general, 

pii = 2!liiXi€^»* + 2Ci2X2€^»‘ (272) 

we can make time equal zero and equate (271) and (272): 

jj = 2iLiiXi + 2iLi2X2 (273) 


Simultaneous solution of Eqs, (270) and (273) gives 

22ii + L 1 X 2 


Kn-^E 


Kn = -E 


22iiLi(Xi — X 2 ) 
22ii + LiXi 


(274) 


RiiLi(\i — X2)j 

These values, in Eq. (267), complete the solution for ii. 
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Let us now find the coefficients of ^ 2 , relating them to the coeffi¬ 
cients of ii by means of the differential equations (262) and (263). 
Either of the differential equations will give the desired relation, 
and (262) is the easier one to use as we have already obtained 
expressions for its three time functions: t’l, ^ 2 , and pii. Their 
values are taken from Eqs. (267), (268), and (272), respectively, 
and are substituted in (262) to give 

+ Ru(Kn€^^‘ + ^ 

- = E (275) 

Grouping the coefficients of similar time functions gives 

(XiiLiXi + KnRn — 

“|- H“ K.i2Rii — K22Ri2)f^^^^ E ^ E (276) 

and, since this is an identity that must be true for all values of 
time, 

KiiLiki + KnRii “ K21R12 = /o 77 \ 

Ki 2 Li \2 + KuRu - K22R12 = 0/ 

Rearrangement of these equations gives explicit expressions for 
the coefficients of w 


K 21 

K 22 


= 

== Ki2 


Li\ i -h Rn 

Ri2 

L1X2 H" Ru 
Ri 2 


(278) 


Numerical computation, in any specific problem, will now proceed 
directly from Eq. (278), for all quantities in the right-hand 
members are known. 

The coefficients of (2 may also be found directly from the 
initial conditions of the network, and, since several interesting 
facts appear in such a solution, it will be well to determine K 21 
and K 22 by this means also. First, by substitution of the 
initial conditions of Eq. (269) in (268) we obtain 


K 21 + K 22 = 0 (279) 

An expression for pu is then found by differentiating (268): 

pt2 = + A:*2Xa€^*' (280) 



Sec. 10] 


NETWORKS 


146 


The specific initial value of pt 2 may be found from the circuit 
equations; however, since neither Eq. (262) nor (263) contains 
we differentiate Eq. (263). This gives 

—+ Ri2pi2 + ^^2 = 0 

Then, since U is zero when time is zero, it follows that when 

E 

t = 0, pi2 = pti = 7“ 


But the general expression, Eq. (280), tells us that when 
i = 0, pi2 ~ K2i\i "4" -K 22 X 2 
and this may be equated to the specific value to give 

^21X1 + K 2^2 = Y ~ ( 281 ) 


Simultaneous solution of Eq. (279) and (281) then gives 


K 21 

K 22 


E 

Li(Xi — X 2 ) 

= -K 21 = - 


' 

E 

J^i(Xi — X2) 


(282) 


That these values are equivalent to those of Eqs. (278) may be 
shown by expansion and simplification of the formulas of (278). 

10. Discussion of Current in Circuit 1. The form of this 
solution for current in the network of Fig. 32, as given in Eqs. 
(267) and (268), is very like the solution for current in the net¬ 
work of Fig. 30. But the similarity does not extend beyond 
the mathematical form, for the physical nature of current in the 
two networks is quite different. This is clearly shown by com¬ 
parison of the curves of current in the two networks as illustrated 
in Figs. 31 and 33. The difference in the nature of the current, 
however, may become even more striking for, with certain com¬ 
binations of parameters, current in the network of Fig. 32 will 
be oscillatory (see Fig. 34). 

Before considering the oscillatory condition, let us discuss 
the surges of current that result when the values of X are real. 
There are two chief reasons for such discussion and analysis: 
the first is to become familiar with the type of transient current 
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/Ki^c 


Xit 


(a) 




to be expected under the given conditions, and the second is to 
check the correctness of the mathematical result. These con¬ 
siderations make it desirable to analyse carefully every solution 
of transient phenomena, for it is only through familiarity with 

the nature of the transient current 
that the engineer may distinguish 
between disturbances of importance 
and disturbances that are so small or 
so rapid as to be insignificant; and 
at the same time a qualitative check 
of the mathematics will help to avoid 
mistakes, faulty assumptions, and 
spurious mathematical results. 

The current in circuit 1 is com¬ 
posed of two exponential terms and 
a steady-state term. These are ex¬ 
pressed in Eq. (267), and the manner 
in which they appear is illustrated 
in Fig. 33a. The two exponential 
terms correspond to the two values 
of X of Eq. (266), and if the positive 
sign in that equation is taken to 
correspond to Xi and the negative to 
X 2 , it is evident that X 2 will be the 
numerically larger quantity. The normal mode containing X 2 will 
therefore decay the more rapidly, as indicated in the figure. 

It is not immediately apparent that Ku will always be positive 
and Ki 2 always negative, but such is the case; it is indicated 
when any numerical values for the circuit parameters are sub¬ 
stituted into Eq. (274), for no values can be found that will 
make the quantity L 1 X 2 , which is negative, greater than fin, 
which is positive—and in no other way can the fractions in Eqs. 
(274) be other than positive. Numerical example, however, is 
not proof (although often more helpful than rigorous proof 
would be), and to complete our study of the question we must 
determine the conditions that make 




Time 




<b) 


Fig. 33. 


Rn “b L 1 X 2 < 0 

Substitution of X 2 into this expression leads to 

Ri + Ri2 < 0 
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but this is physically impossible because it implies a negative 
resistance. 

Since Kn is therefore always positive, it follows that Kn 
will always be negative with a magnitude equal to Kn and 
E/Rn together: this condition is necessary to make the initial 
current zero. 

We now have enough information to sketch the curves of 
Fig. 33a. As steady-state component we draw a constant cur¬ 
rent of the proper magnitude. There will be two transient com¬ 
ponents, both exponential, the smaller one positive and slowly 
decaying, and the larger one negative and rapidly decaying. 
The total current will be the sum of these three components. 
It will start from zero. Its initial slope will be E/Li. It will 
rise to a value greater than E/Rn and will then gradually 
descend toward the steady-state line that it approaches asymp¬ 
totically. The curve of total current will always cross the line 
of the steady-state component, because for large values of time 
the positive normal mode will always be greater than the nega¬ 
tive normal mode. Although the positive normal mode has the 
smaller coefficient it decays more slowly, and no matter how much 
smaller it may be at first it wtll eventually be the larger. To 
prove this it is only necessary to set the derivative of ii, in Eq. 
(272), equal to zero, and since the resulting equation may be 
solved for a finite value of time it follows that the current curve 
will always have a maximum point. 

11. Discussion of Current in Circuit 2. The current in circuit 
2 is a more familiar form than the current in circuit 1. As 
shown in Eq. (268), ^2 consists simply of two exponential terms. 
Since an initial condition of rest was assumed, it is necessary 
that current in circuit 2 be zero when time is zero; this makes 
K 22 = —K 21 , as in Eq. (282). The resulting surge of current 
and its two components are shown in Fig. 336. In this, as in 
Fig. 33a, the fact that Xi is less than X 2 results in a slower rate of 
decay for the positive exponential component. The current in 
circuit 2 is therefore always positive, as is indeed evident from 
the network. Because the coefficients are equal and opposite, 
the current equation may be rewritten: 

12 = - c^*') (283) 

This is exactly the form of Eq. (148'), which described the 
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current in a single circuit, and much of the discussion of that 
current applies equally to this. For instance, the component 
parts of 12 are as in Fig. 17, and u may take any of the shapes 
of Fig. 18. 

It is interesting to note that the initial values of pii and 
are equal. At first, when the switch has just been closed, all the 
current of circuit 1 will also flow in circuit 2 because the con¬ 
denser is initially uncharged and can offer no opposition to the 
current. Hence at the first instance pi 2 — pii. But as charge 
accumulates on the condenser a voltage will appear between its 
terminals; this same voltage will be across Ru, and much of ii 
will be diverted through the mutual resistance instead of flowing 
in circuit 2. Finally the condenser becomes fully charged, no 
more current flows in circuit 2, and the steady-state current of 
circuit 1 is all diverted through Rn. 

12. Condition for Oscillatory Currents. It has been assumed 
in this discussion that the X's are real; there is no doubt that 
they may be real, but we should investigate whether or not they 
must be real. From Eq. (266) they will be real if the quantity 
under the radical is positive, and therefore if 


( 2 L 1 2Ri2cJ ^ 

Now a small value of Ri together with a large value of R 12 will 
not satisfy this condition, for both terms of the left-hand member 
^ may become as small as d(\sir(‘d, 

whereas the first term of the 
/ right-hand member remains con- 

+-jX Vi _ E stant. The left-hand member 

j; / \ \ ~ Rn may therefore be the smaller, and 

3 j— \ — when R\ is so small and ft 12 so 

^ large that (284) is not satisfied, 

/ the values of X will be conjugate 

complex. The current will then 
be oscillatory, as in Fig. 34. 

13. Transformation of Equations into Sinusoidal Form. When 
the generalized angular velocities are complex, the equations 
that express the form of current may best be transformed into 
sinusoidal expressions. A similar transformation, from expo¬ 
nential to sinusoidal form, is made in Sec. 14 of Chap. IV, and 
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the result obtained there may be used as a pattern for the present 
transformation. We found that a damped sinusoid could be 
substituted for the sum of two exponential terms when their 
exponents were conjugate-complex quantities, so we may now 
change the expression for the current in circuit 1 from 


to 


ii = + 4- (267) 

rC\i 

E 

ii = sin (o)t + <^i) + - 5 — (285) 

Kii 


The quantities a and w are obtained from the values of X, for by 
definition 


\i = —a jo) X2 = — Of ~ io) ( 286 ) 

Also it is shown in the previous chapter that A 1 and <^>1 are related 
to the coefficients Kn and Ku by 


Ar = 2VKuK,^ 
Ki, + Kn 


tan <t>i = 


j{Kn - Ku)} 


(287) 


Numerical computations for Current may be based on Eqs. 
(287); it is possible to compute numerical values for Kn and Kn 
and then to use the values so obtained in computing Ai and (pi. 
This is a regrettably indirect process, but it has one outstanding 
advantage: the solution for Kn and Ku is a straightforward 
process and will never lead—as the alternative method sometimes 
does—^into a trigonometric cul-de-sac. 

A simplification of Eqs. (287) is possible, but it is a method 
that applies only to the solutions of simple networks; it merely 
amounts to substituting expressions for Kn and Ku from Eqs. 
(274) in Eqs. (287) in order to eliminate the necessity of solving 
for numerical values of these coefficients. When this is done 
we find that 


A\ = 2\/KnKu = X2)^”' + i'lXi) 


2jE\^Rn^ — 2<xRnEi -h -f- c*>^) 

KiiLi[(~a + iw) — ( — Of — j«)] 


(aLiRii 


( 288 ) 
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and 

. _ Kii + Ku _ (i2ii + Z/1X2) — (Rn + iiXi) 

lan ^ ^ ^ 

^ Li[(-a - joj) — (~a + jo?)] _ o)Li 

i[2Kn + Li(-a + io, - a ~ jo))] oLi ~ Bn ^ ^ 

ill and <^i may now be computed from Eqs. (288) and (289), 
and the computation is very easy because of the fortuitous 
simplification of the algebra involved. In general, however, no 
such simplification is to be expected, and the form of (287) is 
then the final form. 

The sinusoidal form of current in circuit 2 is most readily 
found from Eq. (283), although, if the network is not initially at 
rest, the more general form of Eq. (268) must be used. The 
sinusoidal form of Eq. (283) is 

12 = sin (Jdt (290) 

02 disappears because the coefficients of the exponential terms 
are equal and opposite. ^42 may then be found: 

Ai = 2V'KXi = 2K2iV^ = 2jK3i (291) 
If it is desired to substitute for K 21 from Eq. (282) we may write 


2jE 

Li{\i — X2) 


_ ^ _ 

Li{ — a + + a + jw) 


and the current becomes 


E 

12 = “r- sin (at (293) 

caiJi 

The oscillatory form of currents in both circuits is illustrated 
in Fig. 34. 

14. Direct Solution in Sinusoidal Form. Much algebra and 
arithmetic can often be saved, when the current in a network 
turns out to be oscillatory, by determining A and 0 directly 
from initial conditions without any reference whatever to the 
exponential form of solution. This is the alternative method 
of solution which is mentioned in the previous section, and it 
has two hazards: the solution may become practically impossible 
because of unmanageable trigonometric expressions, and spurious 
results may appear in the mathematics in such a way that the 
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true and the spurious can be separated only with difficulty. 
Nevertheless, it is generally the method of solution to be first 
attempted when the current is oscillatory, and if it appears 
impracticable the former method is then available. 

Direct determination in the sinusoidal form has already become 
familiar to us, for we use that method in the examples of Secs. 15, 
16, and 17 of the preceding chapter. Now, in the two-circuit 
network of Fig. 32, for which the general sinusoidal form of 
current is expressed by Eq. (285), it is not difficult to evaluate 
Ai and <#>1 from initial conditions. 

We will again specify that the network is initially at rest. 
Therefore when 



It has already been shown that in this circuit, and with the 
same initial conditions, when 

< = 0, pil = ^ (271) 

The form of current is 

E 

ii = sin {(at + <t>i) + ^ 5 — (285) 

Jill 


and the derivative of current is 


pii = cos {(at + <l>i) — at sin (cof + <^i)] (295) 

The zero value of initial current, from (294), shows that Eq. 
(285) will agree with known conditions at the initial instant only 
if 

A,sin<^i + -^ = 0 (296) 

Jill 


and Eq. (295) will agree with the known condition of (271) 
only if 

E 

^ = A i[« cos — a sin <^i] (297) 


Equations (296) and (297) are now to be solved for Ai and 
6i. From (296), 


Ai = 


E 

Rn sin 


(298) 
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and when this is substituted in Eq. (297) 

Y’ = cot <t>i ~ a) 

Li\ xCll 


This may be simplified and transformed to 


from which 


(I) cot <t>i = a 


Rii 

Li 


tan <j>i = 


coLi 

otLi — Rii 


(299) 


Equation (299) is an adequate solution for From it we 
obtain 

. ^ ±wLi 

sin -—7-— 

V(aLi - RiO\+ (coLi)^ 

The uncertainty of sign in this expression corresponds to the 
uncertainty, in Eq. (299), of the quadrant in which <t>i lies; it 
is possible for to be in either the second or fourth quadrant. 
Either may be selected arbitrarily, for both lead to the same 
final answer. Let us use the negative sign for sin <t>if thereby 
determining that </>! is in the fourth quadrant. Substitution of 
sin 01 into Eq. (298) then gives 


E 


V(«Li - Rur + jwL.r 

(jjLiRii 


(300) 


Ai and 0 i have now been determined directly from the given 
initial conditions of the network, and it is interesting to compare 
the results in Eqs. (299) and (300) with the values obtained 
through transformation from the exponential form, these values 
being given in Eqs. (288) and (289). 

When the current is oscillatory, Fig. 33a is no longer a correct 
picture of the current. Instead of being a single surge of current, 
fi is a sinusoidal oscillation that, as the oscillations decay, merges 
into the steady-state current. The form of i\ is shown in Fig. 34; 
it is a damped sinusoid that is displaced upward from the axis 
so that the current oscillates about the value E/Ruy the steady- 
state value. The curve of current crosses the steady-state line 
periodically—each time the transient component becomes zero. 
That occurs when the quantity {tat + 0 i) is zero, ir, 2 ir, 3 ir, and 
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so on. (t>i is a negative angle, for it was taken to be in the fourth- 
quadrant. 

The current wave-train is contained within an exponential 
envelope, as shown in the figure. Whether or not the current 
will cross the axis and become negative depends on the relative 
values of the parameters. 

It is interesting to consider the manner in which the current 
in the circuit is able to adjust itself to satisfy the network’s 
initial conditions. The form of the current is fixed by the net¬ 
work: that is, the natural frequency and the rate of decrement 
are established. But the magnitude of the whole wave-train 
and the phase of the wave-train are free to be fitted to initial 
conditions. This means, graphically, in Fig. 34, that the curve 
may adjust itself to initial conditions in two ways: the exponential 
envelope may be expanded or contracted, and the sinusoidal 
curve may be slid sideways within the envelope. If the only 
requisite were that the initial current be zero, either of these 
changes would suffice. But it is also essential that the curve have 
the correct slope at the origin, and this requires that both kinds 
of change be made in just the right proportions. It is to 
satisfy these two conditions that two equations must be solved 
simultaneously in finding values for the coefficients. In this 
particular network there are two normal modes and two undeter¬ 
mined coefficients in the solution for current; and by adjustment 
of the two coefficients (whether they are Kn and Ku or Ai and 
</)i) it is possible to satisfy two initial conditions. It seems on 
first thought that trouble would be encountered if a third initial 
condition were considered; if, for example, the second derivative 
of current were also specified. But this is not the case, for 
although it is always necessary to define as many initial con¬ 
ditions as there are normal modes, it is not consistent with the 
circuit-voltage equations or with the physical possibilities of the 
circuit to attempt to arbitrarily determine a greater number. 
A third initial condition would have to be consistent with the 
other two, and therefore would be automatically satisfied by the 
current curve when the first two conditions were met. 

When current in circuit 1 is oscillatory, current in circuit 2 
is oscillatory also. The general sinusoidal form of u, derived 
from Eq. (268V is 


sin {o>t -h ^ 2 ) 


(301) 
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Since both circuits have the same values of X, their currents have 
the same decrement and the same natural frequency. The 
values of A 2 and ^2 are readily determined from initial conditions. 

We have specified that the network is initially at rest, so the 
initial value of must be zero; hence it is necessary that <l >2 be 
zero. Equation (301) therefore becomes 

= A 2 €“"* sin o)t (302) 

The initial value of the derivative of 1*2 has been found to be 
E/Liy as in Eq. (281). So we differentiate the current in Eq. 
(302) to get 

pi 2 = A 2 (t 0 €""^ cos 0 )t — sin cot) (303) 

and when time is equal to zero we may write 

Aiu = ^ (304) 

Lii 

This gives 

(305) 

Finally, Eqs. (305) and (302) combine to give 

E 

12 = sin ot (306) 

This solution for which introduces the network's initial con¬ 
ditions directly into a sinusoidal form of current, arrives at an 
expression for current that is identical with the one obtained by 
transformation from the exponential form, as is shown by com¬ 
parison of Eqs. (306) and (293). 

16. A Limiting Case. If Ru in the circuit of Fig. 32 is made 
very great it will carry little current. The transient current in cir¬ 
cuit 1 may not be greatly reduced, but 
most of it wull flow to the condenser, and 
the mutual resistance will be less effec¬ 
tive in shunting a part of the current. 
The steady-state current, however, will 
become very small. In the limiting case, 
Ri 2 may be so greatly increased that the 
current through it is entirely negligible and all the current in 
circuit 1 will flow in circuit 2 also. In such a case, the two-circuit 
network has degenerated to a single circuit of Lx, Ri, and Cain 


L, R. 



Fig. 36. 



Sec. 16 ) 


NETWORKS 


155 


series with the source of voltage, and its bdhavior is merely that 
of a single circuit (see Fig. 36). 

It is interesting to show that all equations for the two-circuit 
network reduce to the corresponding equations for the single 
circuit when /2i2 = <». In Eq. (266), for instance, let Bit 
be infinite; the three terms containing 72 12 in the denominator 
disappear and 



These generalized natural angular velocities are identical with 
those found for the single circuit and presented in Eq. (133). 

The values of the coefficients are similarly related. When 
Kii in Eq. (274) is slightly changed in form to 

K - 1 _ ^1^2 _\ 

Li yXi —* X 2 (Ri + i2i2)(Xi — X2)y 

It is evident that when = <» 

( 308 ) 

Ij\ Ai — A2 


Equation (308) is similar to Eq. (181). 

A comparison of current in the single circuit, as in Eq. (134), 
with that in the two-circuit network, Eq. (267), shows that when 
the mutual resistance becomes infinite the forms of the currents 
are identical. We have shown that the X^s and X’s are the same 
in the two cases; the steady-state current E/Rn becomes zero; 
therefore the two equations are in all ways equivalent. 

Further comparisons can be made between the single-circuit 
current and ity and between the oscillatory forms. Such com¬ 
parisons not only furnish a check on the correctness of the 
mathematics, but they also indicate the effects to be expected 
w^hen the parameters of a network are changed. 

16. Mutual Parameters. In the networks of Figs. 30 and 32 
the only mutual parameter is resistance. No explicit definition 
of mutual resistance was needed, for there was no chance of mis¬ 
understanding. But when mutual inductance and mutual 
capacitance are considered it is necessary to define exactly what 
is meant by these terms. 
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Let us begin with a definition of mutual resistance, for we know 
what it is: mutual resistance is the ratio of voltage in one circuit 
to the current, in another circuit, that produces that voltage. 
To be specific, Z^i 2 is the ratio of a voltage in circuit 1, produced 
by a current in circuit 2, to the current in circuit 2. To write 
this in the form of an equation, 

Rn = - (309) 

t2 

where is current in circuit 2 and ei is a voltage in circuit 1 
produced by U. 

Under the terms of this definition, there is another mutual 
parameter distinct from f 2 i 2 ; it is 222 i, and it is defined as 

Ru = ^ (310) 

where ii is current in circuit 1 and 62 is a voltage in circuit 2 
produced by ii. The subscripts of mutual parameters are always 
written in this order: first, the number of the circuit in which a 
voltage appears; and second, the number of the circuit whose 
current produces that voltage. But it is obvious that in the 
networks of Figs. 30 and 32 there is no distinction between R 2 i 
and R 12 ] indeed, we may generalize and say that there is never 
any distinction and that the order of subscripts attached to a 
mutual resistance parameter is immaterial. 

Mutual inductance is defined in a precisely similar manner. 
Mutual inductance is the ratio of voltage in one circuit to the 
rate-of-change of current, in another circuit, which produces 
that voltage. For example, 



(311) 


where pn is the rate of change of current in circuit 2 which pro¬ 
duces the voltage e\ in circuit 1. Also, 



(312) 


where pii is the rate of change of current in circuit 1 which pro¬ 
duces the voltage 62 in circuit 2. 

When two circuits have a coil of wire in common, as in Fig. 
36a, it is evident that L 21 = Lw- This is less evident in Fig. 366, 
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in which the circuits have nothing in common but a magnetic 
field. And in Fig. 36c, where the number of turns in the coupled 
coils is unequal, there would seem to be reason to doubt that 
L 21 = Li 2 . Nevertheless, it is still true. Although such proof 
is not within the scope of this book, it can be shown that it is 
always true. 

As an example of the equality of the mutual inductances L 21 
and Li 2 , consider a transformer with a large turn-ratio. Let us 
suppose it to be an ordinary power transformer wound on an 
iron core, rated 2200 to 220 volts. It has, therefore, ten times 
as many turns in the primary winding as in the secondary, and 
if the number in the secondary is n the number in the primary 
is lOn. If the secondary circuit is open and the primary current 



(a) (6) (c) 

Fig. 36. 


is allowed to change 1 amp. in 1 sec., there will be a change of flux 
that may be denoted by during that second; this will induce a 
voltage of in the secondary winding and the mutual induc¬ 
tance is therefore divided by the rate of change of current, 
which is 1. If, on the other hand, the primary circuit is open 
and secondary current is allowed to change 1 amp. during 1 sec. 
there will be a change of flux that is only 0.1f>. This is because 
the secondary winding has only one-tenth as many turns as the 
primary, and the change of ampere turns of magnetomotive force 
is proportionately less. The voltage induced in the open 
primary winding by this change of flux will average, during the 
second of time, (0.1^) (lOn) = again the mutual inductance 
is divided by 1, and we find that the mutual inductance is the 
same from secondary to primary as from primary to secondary. 

In general, we may say of mutual inductance, as of mutual 
resistance, that the order of the subscripts is immaterial. 

The definition of mutual capacitance is similar to the definitions 
of the other two mutual parameters. Mutual capacitance is the 
ratio of the integral-of-current in one circuit to the voltage that 
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is produced in another circuit by that integral-of-current. 
Symbolically, 

Cij = Xii* (313) 

where U is the current in circuit 2 whose integral produces a 
voltage ex in circuit 1. Since we have selected a time scale such 

that current does not begin to flow until the reference time 

< = 0, we may use a definite integral of current and write 

1 . 

Cx2 = ^ (314) 

Cl 

C21 is similarly defined by 

Ux 

^ (315) 

and, as with the other parameters, C21 = C12. 

Sometimes it is preferred to give as the definition of mutual 
capacitance the equivalent formula 

C. = A (316) 

which may be interpreted as the ratio of current to the rate of 
change of voltage that it produces. 

But we will use the definition of Eq. (314), because we want an 
explicit expression for voltage to be used in the voltage equations 
of the networks. We want to know the effect that one circuit 
has on another through their mutual parameters, which is the 
voltage induced by one in the other. It is with this in mind that 
the definitions of mutual parameters have been arranged. 
They are quite analogous to the definitions of self-parameters in 
Eqs. (1), (2), and (47). 

In summary, we may express the total effect that circuit h 
can have on circuit k as the voltage 


Rkhih + Lkkpih + - ^” -4 


(317) 


The idea of mutual resistance has already been used in solution 
of the networks of Figs. 30 and 32, and mutual inductance will 
next be encountered in the network of Fig. 37. 
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17. Inductively Coupled Circuits. In the first four chapters 
we consider a single circuit only. Different combinations of 
parameters are so few that it is possible and highly desirable to 
consider them all. In networks, the possible combinations are 
unlimited; to discuss all networks of even two circuits would be 
tedious, and what is more it would be unprofitable. For it is 
not the need of the engineer to plod through a catalogue of specific 
solutions: his need is an understanding of the nature of transient 
phenomena. His practice is replete with situations that give 
rise to transient currents and voltages, and he must judge their 
nature and importance. He will find that most of the problems 
that arise can be solved by an examination that is hardly more 
than qualitative. Others, much fewer, are amenable to a hasty 
approximation. Hardly one problem in a hundred will demand 
exact analysis. By all means, then, the essence of transient 
phenomena must be emphasized, and this may be done better 
by careful study of a few typical networks than by an encyclo¬ 
pedic treatment of all possible combinations of parameters. 

In this chapter, therefore, we consider only a few two-circuit 
networks. They are selected to illustrate the essential features 
of transient analysis, and they are also 
designed to emphasize those aspects 
that most commonly give trouble. Two 
resistance-coupled networks have been 
discussed, and a transformer-coupled 
network will next be considered to illu¬ 
strate inductive coupling. 

Figure 37 shows a network of two 
mutual inductance of a pair of coils with common magnetic field. 
They may be the coils of a transformer, or they may be merely 
any two coils that are close enough together to have appreciable 
mutual inductance. Their operation is defined by their voltage 
equations; in circuit 1, the applied voltage is equated to the 
sum of the voltages in circuit 1 that are due to current in circuit 1, 
plus the voltfiige in circuit 1 due to current in circuit 2: 



Riii + Liipii ■+■ 



— Li2pi2 ~ E 


(318) 


Since a positive rate-of-change of current in circuit 2 may pro¬ 
duce either a positive or negative voltage in circuit 1, depending 
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on the direction of winding of the coils of the two circuits, the 
induced voltage term may be preceded by either a plus or a 
minus sign. The solution will be physically the same in either 
case, provided the voltage equation of circuit 2 is consistent with 
that of circuit 1, and either sign may be used. We will use the 
minus sign. 

In circuit 2 the sum of the voltages due to current in circuit 2 
and due to current in circuit 1 is equated to zero: 

i^2^2 "f“ I^22pi2 — J^l2'pi\ “ 0 (319) 

In writing Eq. (318) for circuit 1, it is assumed that there is 
no initial charge on the condenser and that its voltage can be 
fully described by the term (1/Cip)ti. Since the operator 1/p 
represents an integration with the definite limits zero and t, it 
follows that the above term for condenser voltage is, in reality, 
the change of condenser voltage after the initial instant. Its 
value is zero when t is zero. If the condenser is initially charged 
to a voltage co, an additional term must be used to express the 
condenser voltage: (1/Cip)zi + Co. The voltage equations of 
the circuit must then be changed from the form of (318) to 


R\ii + Liipii + 




Z/i2pt2 “ E 


When there is no initial charge on the condenser, disappears. 

If it is desired to find the impedance of the two-circuit network 
of Fig. 37 as viewed from the battery, in order to determine the 
natural angular velocities of the network in the usual way, it is 
necessary to solve in some manner for the impedance of the 
coupled inductive elements that constitute a transformer. A 
simple method is to replace the transformer with its so-called 
L L R ^‘equivalent circuit”; this is a familiar 

I_strategy, and the ‘‘equivalent network” 

\ lV ^ transformer of Fig. 37 appears 

_ ^ in Fig. 38. When voltage equations for 

" * p I the two circuits of Fig. 38 are written, 

—>A/w. they give proof that the network is 

Fig. 38. equivalent to the transformer, for they 

are identical with Eqs. (318) and (319). Li and may be 
interpreted as leakage inductances if the number of turns in 
the two coils of the transformer is the same, but not otherwise. 
L\t is in any case the mutual inductance. 


Fig. 38. 
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Solution for transient currents in the inductively coupled 
circuits proceeds according to the usual rules. Simultaneous 
solution of the differential Eqs. (318) and (319) is most easily 
accomplished by the artifice of writing the impedance of the 
network of Fig. 38 and equating it to zero. It was for that 
purpose that the “equivalent network" was introduced. The 
impedance is a parallel-series combination, giving 

+ + 0 (320) 

UiA X>22A "T -fi'2 

Rearrangement^ of (320) gives the cubic equation 

X®(LiiL22 “* Li2^) + X^(/JiL22 + RzLfn) + RlR^ + 

= 0 (321) 

This same equation may be obtained from the differential equa¬ 
tions (318) and (319), without use of an “equivalent network,” 
if desired. Equate (318) to zero instead of JS?, replace p with 
X, and solve simultaneously. 

Since Eq. (321) is of the third degree, there will be three roots, 
Xi, X2, and X3. To each of these roots will correspond a normal 
mode in the equations for transient current, so that 

11 = (323) 

12 = (324) 

Since the condenser in circuit 1 blocks any steady flow of direct 
current, the transient current is also the total current. 

It is possible for all three roots of Eq. (321) to be real, or one 
may be real and the other two a conjugate-complex pair. Under 
all conditions one of the roots must be real. This is a fortunate 
aid in solving for numerical values of the roots, for one real root 
may be evaluated by trial or by graphical methods. Since 
Eq. (321) has three roots it may be divided into three factors: 

(X - Xi)(X - X 2 )(X - X 3 ) = 0 (325) 

1 In reducing Eq. (320) to (321) the following transformation is used in 
order to eliminate Li and I/ 2 ,which are in this case mathematical quantities 
without physical reality: 

LiLtt 4- LiJLi =* (Z/ii — Lit)L22 + Ltii{L2i — Lia) “ L11L22 X/ia* (322) 



162 


TRANSIENT ELECTRIC CURRENTS 


[Chap. V 


If Xi is used to designate the real root whose numerical value 
is found by a process of ‘‘trial and error,” the factor (X — Xi) 
may be divided out of Eq. (321) by algebraic long division. 
This quantity, being a factor, will divide out evenly, leaving 
the equation reduced to quadratic form. Since Eq. (325) is 
just another way of writing Eq. (321), it is evident that the result 
of dividing Eq. (321) by (X — Xi) is 

(X - X2)(X - Xs) = 0 (326) 

This is a quadratic equation in X that may easily be solved for 
X 2 and X 3 by formula. 

The process of solution may therefore be somewhat as follows: 
introduce numerical values for the circuit parameters into Eq. 
(321); the result will be of the form 

^X'* + BX2 + CX + D = 0 (327) 

where A, B, C, and D are numbers. One root, Xi, can then be 
found. If the value of the left-hand side of Eq. (327) is plotted 
as a function of X, the result is a cubic curve which will cross the 
axis of X at least once; the value of X where the curve crosses the 
axis is Xi, and it may be found with as much accuracy as is desired 
by repeatedly substituting trial values of X into Eq. (327), the 
choice of trial values being guided by plotting the previously 
computed points. 

Equation (327) is next divided by the quantity (X — Xi), 
in which Xi is a real numerical quantity. The result is an equa¬ 
tion of the form 

E\^ A-F\ + G = {) (328) 

This is solved by formula for X2 and X3, which may be either real 
or complex. Equations (323) and (324) for the currents may 
then be written with numerical exponents, leaving the values 
of the to be determined from initial conditions. 

There are other methods of solving cubic equations, which 
are treated in books on algebra and in mathematical handbooks. 
Any method of solution is, of course, quite satisfactory; the 
one outlined above is suggested only because it has proved to 
be among the easiest. 

Since each of Eqs. (323) and (324), which express the currents 
of the network in exponential form, contains three undetermined 
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coefficients, it is necessary to have three initial conditions for 
their evaluation. Let us consider a network initially at rest 
giving initial CQ^ no initial charge on the condenser Ci, 

no initial current in circuit 1, and no initial current in circuit 2. 
The voltage equation (318) was written without any term 
corresponding to initial charge on the condenser: the other two 
conditions are expressed symbolically by 


( _ 0, H (329) 

H — 0 / 


If the conditions of a problem are such that there is initial charge 
or initial current, the equations may readily be altered to corre¬ 
spond (as in Sec. 13 of Chap. I and Sec. 16 of Chap. IV). 

In solving for Ku, K 12 ) and K 13 it will be strategic to determine 
initial values for ii, pfi, and pHi. The initial value of ii is given 
by Eq. (329). The initial value of pii is obtained by substituting 
Eqs. (329) into the circuit voltage equations (318) and (319), 
giving 


Liipii — Li 2 pi 2 = E 

(330) 

% 

L 22 p '^2 — Ei 2 pil = 0 

(331) 


respectively. Simultaneous solution of Eqs. (330) and (331) 
leads to 


t = 0, 


pii = E 
pi 2 = E 


L22 


L11L22 ”” Li 2 ^ 
Li2 


L11L22 




(332) 

(333) 


These equations will give numerical values for the initial 
derivatives. 

An alternative method of finding the initial derivatives of 
current is sometimes preferred because it is more direct. It is 
based on the fact that at the initial instant, in an inductive net¬ 
work, there can be no voltage across any of the circuit elements 
except the inductances; since current has not begun to flow, the 
condensers and resistances produce no voltage drop. The 
effective network, then, consists entirely of inductances, and these 
can be combined in series and in parallel according to the rules 
that are customarily used to combine resistances. The same 
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thought is expressed by saying that KirchhofiF’s laws apply, in 
this case, to derivatives of current instead of to currents. Now 
by reference to the equivalent network of Fig. 38 we may deter¬ 
mine the initial derivative of current in circuit 1: Li, L2, and L12 
are the only inductive elements, and the applied voltage is 
initially consumed in producing an increase of current through 
Li in series with L12 and L2 in parallel. The inductance of the 
parallel combination is 

L12L2 _ LiJj 2 

Li 2 + L2 L22 


Since the voltage E is applied to this combination in series 
with Li, it follows that initially 


and that, when 

t = 0, pii = E 




-^Pii 


L1L22 “(■ L\ 2 L 2 


= E 


L\\L22 E\2^ 


This agrees with Eq. (332). 

Since the derivative of current obeys Kirchhoflf^s laws, we may 
find how the derivative divides between the two parallel induc¬ 
tances Li 2 and L 2 . That part of the derivative that appears in 
L 2 is the derivative of t2, and it is found by considering that jd\ 
divides in inverse proportion to the inductances L12 and L2. 
When 


t = 0, 


pi2 = Vh 


E\2 + L\ 


= E 


LuI/22 Li2^ 


This agrees with Eq. (333). 

Having determined the first derivatives of current by either 
of the alternative methods it is possible to determine the second 
derivatives. Equations (318) and (319) may be differentiated 
to obtain expressions containing the second derivatives, giving 


Bipii + LiipHi + ^ii — L 12 PH 2 = 0 (334) 

R2pi2 “h E22P^2 — Li2pHi = 0 (335) 

When initial conditions are introduced from (329), Eqs. (334) 
and (335) reduce to 
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^ « 0 , Ripii + LiipHi — L12PH2 == 0 

“I" — L\2P^i ~ 0 

Simultaneous solution for the second derivatives gives 

* ^ n RiLuPH + RiL22pii 

j j r 2 

JuilJb22 "" ^12 

^ 2 : _ R\L\2pi\ + R2L\\pi2 

P ^2 — J J f 2 

^l\Li22 JL/\2 

These may be considered as completed solutions for the second 
derivatives, for values of first derivatives can be obtained from 
Eqs. (332) and (333) and then be substituted in (338) and (339). 
We now have initial values for current and for its first and second 
derivatives in terms of network parameters. 

Next, we derive expressions for the same quantities in terms 
of the unknown coefficients Xn, K\ 2 , and K\z. In doing so we 
differentiate the expression for current in Eq. (323) once and 


twice: 

ii = ^ (323) 

pii = (340) 

pHi = + X,2jK:i2C^*' + Xs^iiCise^** (341) 

When, in these three equations, 

f = 0, ii = Kii + Ki2 + Kiz (342) 

pi I = \iK\i + \2K,i2 + X3X13 (343) 

pH^ = Xi^iiCu + X22X12 + WKu (344) 


Numerical values may now be substituted for the left-hand 
members of these equations, for when f = 0, fi = 0 and pi\ 
and pHi are given by Eqs. (332) and (338). Let us abbreviate by 
writing the initial value of pti, determined from Eq. (332), as 
M, and the initial value of pHi, from Eq. (338), as N\ then 

Kii + K\2 + K\2 = 0 ^ 

XiXii + ys,2Ki2 + X 3 IC 18 = M/ (345) 

Xi^Xii + yi2^Ki2 + X3^iCi3 = at) 

All quantities are known in the three Eqs. (345) except the three 
jRl^s, which may therefore be found by simultaneous solution. 
Use of determinants^ simplifies the solution, and gives 


(336) 

(337) 

(338) 

(339) 


^ If the use of determinants is not familiar, it is possible to learn enough 
of their properties in a very short time to aid greatly in the solution of 
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0 1 1 

Af X2 Xs 
N X2* Xs* 



1 1 1 
Xi X2 Xs 

Xi* Xs" X3" 



_ _ M\2^ -h N\s — M \s^ — N\2 _ 

^ 2 X 3 ^ + ^ 1 X 2 ^ ”1" XaXi^ — X3X2^ — XiXs^ — X2Xi^ 

Ki 2 and Kn are also found from Eqs. (345): 

_ M\z^ + N\i — M\\^ — N\s 

'' ”■ X2X32 + X1X22 + X3X12 - X3X22 - X1X32 - X2X12 

j. ^ MXi^ + N\2 - M\2^ - ATX i_ 

X2X3^ -|- XlX2^ “h XsXi^ — X3X2^ — XlXs^ — X2Xl^ 

The denominators of the right-hand members of Eqs. (346), 
(347), and (348) are the same because they are expansions of the 
same determinant; this similarity is a considerable aid in numeri¬ 
cal solution. 

The solution for the current in circuit 1 of the network is now 
complete. It is too complicated to collect in a single equation, 
but the form of the current is 

ii - (323) 

Values for Xu, X 12 , and X 13 are found from Eqs. (346), (347), 
and (348). Values for Xi, X 2 , and X 3 are the roots of Eq. (321). 
To find the current in circuit 1 at any instant it is only nocevssary 
to substitute the corresponding value of t. The resulting cur¬ 
rent as a function of time is illustrated in Fig. 39a. 

Since it is very difficult to make general statements that are 
clear and concise about the complicated behaviour of this net¬ 
work, let us rather consider a specific example. 

18. An Example. The rectifier network of a certain public- 
address system contains coupled circuits similar to the network of 
Fig. 37. Find the current that flows when a battery voltage of 


simultaneous equations. Any advanced algebra book may be used as 
reference, and the Mechanical Engineers' Handbook" edited by Marks 
(McGraw-Hill Book Company, Inc., New York) contains the essential 
information in compact form. 
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100 volts is suddenly connected. Circuit parameters have 
the following values: 

Lii = 1.00 henry. Ri == 750 ohms. 

L 22 = 1.00 henry. R 2 = 750 ohms. 

Li 2 = 0.50 henry. Ci = lOfif. = 10^® farads. 



Fig. 39. 


Solution: When the given values of parameters are substituted 
in Eq. (321) it becomes 

0.75X3 + 1500X2 + 66.2 X lO^X + 75 X 10® = 0 (a) 

By trial it is found that one root of Eq. (a) is —1433. This root 
is designated Xi. Equation (a) is then divided by the algebraic 
factor (X + 1433), and the quotient is 


0.76X2 425X + 5.3 X 10^ = 0 


( 6 ) 
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The two remaining roots of £q. (a) are now found by solution of 
Eq. (h): 


X., X. . . _185 „ _38, 

Since the order in which these are numbered is immaterial, we 
may write 

Xi = -1433) 

Xj = -185 > (c) 

Xa = -381 ) 

Numerical values for the initial derivatives of current are now 
obtained froni Eqs. (332), (333), (338), and (339). 


pii — M = E ■. 


1.00 


= 1.333E 


1.00 - 0.25 

(750)(0.50)(0.667)E + (750)(1.00)(1.333)M 

pni - IS 1.00 - 0.25 / 

= -1667E 

.. (750)(0.50)(1.333)E + (750) (1.00) (0.667)E 

1.00 - 0.25 

= -1333E 


Solution of the simultaneous equations (345) is now needed to 
give the coefficients of the normal modes of ii. Solution for Kn 
is given in Eq. (346), and, to substitute numerical values. 


X 2 X 3 * = - 26.8 X 10« 
X 1 X 2 * - - 49.0 X 10' 
XaXi* = -785 X 10' 

”^1 X ^ 

MX 2 * = 4.56 X lO'E 
NX, = 63.5 X lO'E 

68.1 X lO'E 

^ _ [(68.1) - (50.2)] X 10' 
“ ” [(-861) - (-602)1 X 


XiX,» = -208 X 10' 

X,X2* = - 13.0 X 10* 

X 2 X 1 * = -381 X 10* 

-602 X~10' 

MX,* = 19.35 X lO'E 
NX, = 30.8 X lO'N 

50.2 X lO'E 

_ 17.9 X lO'E 
-259 X 10' 

-6.90 X lO-'N 
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Equations (347) and (348) show that Ku and Ka may be 
expressed as fractions whose denominators are, in each case, the 
value of —259 X 10®, which is the denominator of i^ii. Numer¬ 
ator for Kn = MXs* + N\i — ibfXi* — 2VX». 


m,* = 19.3 X 10®E 
NXi = 239 X 10*E 

268 X 10*E 

K\i — 


Jl/Xi* = 274.5 X lO^E 
N\t = 63.5 X 10*E 

338 X 10*E 


[(258) - (338)] X 10®E 
-259 X 10« 


= 30.8 X 10-*E 


Numerator for Kn = MXi* NX 2 — MX** — N\i 


MXi* = 274.5 X 10*E 
N\i = 30.8 X 10*E 

305.3 X 10*E 


MX** = 4.56 X 10*E 

NX, = 239 X 10*E 

343.5 X 10*E 
-23.9 X 10-®E 


j. [(305.3) - (343.5)j X 10*E 
-259 X 10® 


This completes the solution foi; i,, and collection of terms in the 
form of Eq. (323) gives 

n = (-6.9e->®®®‘ -I- 30.8e->®®' - 23.9t-®®“)10-®E (e) 

The voltage E is 100 volts. In Fig. 39a, i, and its three exponen¬ 
tial components are plotted from Eq. (e). 

As partial checks on the accuracy of the arithmetic of the 
solution, note that the sum of the three coefficients of the normal 
modes is zero [thereby satisfying Eq. (342)] and that the initial 
slope of i, is 1.33E [satisfying Eq. (d)]. 

Solution for t* is carried out in exactly the same manner. The 
generalized natural angular velocities are the same as in circuit 1. 
Initial values of pi* and p*i* have already been determined, and 
are given in Eqs. (333) and (339); let us designate these M' 
and N' respectively. A new group of equations is found by dif¬ 
ferentiating (324), the formal equation for i*, and when < = 0 
we obtain 


K21 -|- Ktt -|- N** = 0 

XiKji -f- X*i(L** -h XsN** = M' 
^i*Kti -j- X**X** -|- X»*N*j = N' 


(349) 

(350) 
(361) 
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These three equations can now be solved simultaneously for 2 iL 2 i, 
jfiL 22 , and K 2 S] the resulting expressions for the coefficients will 
be identical with the right-hand members of Eqs. (346), (347), 
and (348) except that ikf' and N' will replace M and N, 

To complete the example of the previous section it is desirable 
to compute The form of is given in Eq. (324), and when 
the coefficients are evaluated it is found that 

12 = (-7.3€-1^33t _ 5.l€-186£ + 12A€-^^^^)10-^E (/) 

The exponential components and the total current are plotted in 
Fig. 396. 

It is interesting to notice that although the current in circuit 2 
reverses its direction of flow when time, in this specific problem, 
is slightly over 0.004 sec., the current is not oscillatory. Current 
in this circuit reverses only once, whereas a truly oscillatory 
current reverses periodically. Moreover, 12 in Eq. (/) is described 
as the sum of three real exponential terms, whereas oscillatory 
currents contain normal modes with complex exponents and 
complex coefficients. The reversal of current in Fig. 396 results 
from the rapid decay of the positive normal mode and the rela¬ 
tively slow decay of one of the negative normal modes. It is 
characteristic of the network; the direction of u will always 
reverse at some time after the maximum of ii is passed. 

19. Oscillatory Current. When two of the roots of the cubic 
equation (321) are found to be complex, as they will be if resist¬ 
ance in both circuits of the network is sufficiently low, the current 
will be oscillatory. It will not be simply sinusoidal, however, 
because there is one real normal mode in addition to the two 
complex normal modes, and the curremt can best be described 
as the sum of an exponential term and a sinusoidal term. The 
general form for the current is 

u = (323) 

and if X 2 and X 3 are conjugate-complex quantities such that 

\,= -a+M ( 352 ) 

As = —a — jw) 
the current may be written 




( 353 ) 
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By combination of the exponential quantities, making use of the 
method employed to change Eq. (200) to (201) in Chap. IV, we 
get 

ii = + Aie"“‘ sin («t + <^i) (354) 

wherein 


A I = 2VKi2Kn 


4>i 


tan“^ 


Ki2 + Kiz 

j(Ki2 - Ku) 



Time 


Figure 40 illustrates the current that may flow in such a net¬ 
work. The exponential and sinusoidal components are indicated 
as well as the total current. At the initial instant, the com¬ 
ponents add to zero in order to 
satisfy the stipulated initial con¬ 
dition of rest. 

Numerical solution for current 
in Eq. (354) may proceed along 
either of two routes. It is pos¬ 
sible to find Kiij Ki 2 j and 
even though two of them afe 
complex, by exactly the method employed when they are all real. 
AI and may then be evaluated from Ku and Ku. On the 
other hand, it is possible to solve directly for iiCii, Ai, and 0i. 
Derivatives of current are found by differentiating Eq. (354): 






Fig. 40. 


ii = A' Alt sin {o)t + <^i) (354) 

pii = + 

Ai[aie”“^ cos + <t>i) — sin + <^i)] (355) 

pHi = iCiiXi^c^'^ + 

Ai[{a^ — co‘'^)6"®^ sin {wt + (t>\) — 2aa>€““^ cos {ict + <^i)] (356) 

Expressions for the initial values of current and its derivatives 
are obtained by setting t equal to zero in the above equations, 
and the resulting expressions are equated to the initial values 
of the derivatives and the current. The initial values of the 
derivatives were obtained in Eq. (332) and (338) and have been 
denoted by M and iV, and the initial value of current is zero. 


Kii + Ai sin = 0 1 
Kn\i + Ai(a) cos — a sin 0i) = M/ 
+ Ai[(a* — w*) sin — 2a<a cos ^i] — iSf; 


( 357 ) 
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Simultaneous solution of Eqs. (367) is now necessary to evaluate 
Kiij A If and <t>i. Although the resulting trigonometric expres¬ 
sions are quite intricate, the solution is possible, and, since it 
involves only real numbers, it is rather less laborious than the 
alternative method. But in the course of the trigonometric 
solution there may be introduced spurious roots which have no 
physical significance; the spurious roots can be distinguished 
from the true roots by checking the final results in Eqs. (357), 
though unnecessary confusion and trouble will sometimes result. 

Choice between the methods of solution becomes, finally, a 
matter of judgment, with formal simplicity and generality some¬ 
what favoring the exponential solution. 

When the current in circuit 1 has a sinusoidal component, 
the current in circuit 2 will also be oscillatory. It will be 


with 


12 = K 2 ie^^^ + sin (o)t + <#> 2 ) 


<t>2 


A 2 = 2VK^ 23 


= tan“‘ 


K22 + 

j{K22 K 22 ) 


(358) 


Its appearance will be somewhat the same as ii (see Fig. 40, 
and also oscillogram 5 at end of this chapter), with the same 
values of Xi, a, and w, but different values of ^ 22 , A 2 , and <l> 2 . 

20. A Case in Which Equal Roots Appear. In the example of 
Sec. 19 just preceding, the resistance in each circuit was 750 ohms. 
If each resistance had been reduced to 600 ohms, the current 
would have been oscillatory. There is, of course, a critical value 
of resistance that separates the oscillatory case from the non- 
oscillatory case, although there is no simple criterion to enable 
one to decide, without solving for the roots of the cubic equation, 
whether or not a given network will have an oscillatory transient 
current. 

However, when one real root of the cubic equation has been 
found, and the factor containing it has been divided out of the 
cubic equation, leaving a quadratic equation of the form of (328), 
it is not difficult to know whether the two remaining roots will 
be real or complex. If the quantity under the radical in the 
solution of the quadratic equation is positive, the roots will be 
real; if negative, they will be complex. For instance, in the 
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numerical example of Sec. 19 the quadratic equation (6) has real 
roots. If circuit resistance had been lower, the roots of Eq. (6) 
would have been complex, for the quantity under the radical 
would have been negative. But it is evident that there is a third 
possibility: if the quantity under the radical had been zero the 
two roots X 2 and Xa would have been equal. 

For this case of equal roots, the usual form of current equation 
does not apply; the current cannot be expressed as the sum of 
three exponential terms as in Eqs. (323) and (324). But a 
mathematical foundation for the treatment of this case is laid 
in Chap. III. The rule that concludes that chapter says, 
‘‘If the roots are all distinct the transient current will be 

• • • 

If there are equal roots use expression (140).^' From expression 
(140) we find that when two roots of the cubic equation are 
equal, there will be a term in the current equation whose form is 
and instead of writing the current in circuit 1 as 

ii = (323) 

% 

it becomes 

11 = (359) 

Similarly, 

12 = + iL22€^"*^ + K2ztt^”^ (360) 

As with the case of critical damping in a single circuit, dis¬ 
cussed in Chap. IV, the practical importance of this case of equal 
roots is due to the fact that it can be used as a good approximate 
solution when two of the roots are so nearly equal that the error 
is negligible. 

21. Energy in the Coupled Circuits. In the network of Fig. 37 
there is a transfer of energy from one circuit to the other by 
means of their common magnetic field. The magnetic field is 
supplied with energy from the battery as current increases in 
circuit 1, and thereafter it is a pool of energy that may be drawn 
upon by either circuit. 

There are three magnetic fields in the network that must 
be considered separately: there is the magnetic field that is 
common to both circuits, and there are the two “leakage'' fields, 
each of which is associated with one circuit only. In terms of 



174 


TRANSIENT ELECTRIC CURRENTS 


[Chap. V 


magnetic flux, lines that link only circuit 1 constitute the leakage 
field of circuit 1, lines that link only circuit 2 compose its leakage 
field, and lines that link both circuits are the lines of the mutual 
or common field. These are shown in a highly diagrammatic 
manner in Fig. 41. 

When current flows in circuit 1, owing to the action of the 
battery, it transfers magnetic energy to the leakage field of circuit 
1 and to the common field. But as the common field increases, 
it induces a voltage in circuit 2, and begins to flow, deriving 
its energy from the common field. The energy carried away 
from the common magnetic field by U is partly transferred to 
the leakage field of circuit 2, and part is lost as heat in the circuit 
resistance. 

As the condenser in circuit 1 becomes partially charged, the 
current in circuit 1 reaches a maximum and begins to decrease. 
As it diminishes, it withdraws energy from the common magnetic 

V. _ field, as well as from its own 

II /'2~' leakage field. Circuit 2 can no 

longer receive energy from the 
common field because of the 
rate at which that field is being 
reduced by circuit 1; in fact, the 
flow of power can be reversed, 
and some of the energy stored 
in the leakage field of circuit 2 
may be returned to the common field and thence to circuit 1. 
Finally, all of the energy that has not been lost in the network 
resistance is delivered to the condenser, and current ceases to flow. 

When the common field begins to decrease, the shrinkage of 
flux lines induces voltage in both circuits; in circuit 1 it induces 
a voltage that aids the flow of current and thereby delivers 
power to the circuit, whereas in circuit 2 it induces a voltage 
that opposes the flow of current, and it is by this means that 
power is received from the leakage field that operates to main¬ 
tain current. When energy in the leakage field of circuit 2 is 
exhausted, U becomes zero; but, since shrinkage of the common 
field is still inducing in circuit 2 a voltage that tends to drive 
current in a negative direction, there will be a reversal of current 
in circuit 2. In a nonoscillatory network, this reverse current 
will continue as long as there is current in circuit 1, whereas if 


T-wv'- 


Leofkof^e Common Leoik<^e 


field'' f i eld 

Circa if I 

Fig. 41. 


fie! a 
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the current is oscillatory there will be further interchanges of 
energy between the two circuits. 

The currents of Fig. 39 illustrate the behaviour of such a 
network. For the first 0.003 sec. the current in circuit 1 is 
increasing and energy is being carried from the battery to the 
leakage field of circuit 1 and to the common magnetic field. 
Energy withdrawn from the common field by i 2 is being taken to 
the resistance of circuit 2 and for the first 0.001 sec. it is also 
transferred to the leakage field of circuit 2. After the first 
0.001 sec. the current in circuit 2 begins to decrease, and energy 
is withdrawn from its leakage field to become heat in the circuit 
resistance. From 0.003 to 0.004 sec. the common field is receiv¬ 
ing energy from circuit 2 with the result that ^ ceases to flow, 
and then after 0.004 sec., energy is again received by circuit 2 
as its current flows in a negative direction. Both circuits receive 
energy from the common field after 0.004 sec.; in circuit 2 all 
energy received after that time is lost in heat, but in circuit 1 
part of the energy is acquired by the condenser. 

The total amount of electromagnetic energy in the network at 
any time is the sum of the energies in the three magnetic fields 
indicated in Fig. 41. Power delivered to the magnetic fields by 
circuit 1, at each instant, is the product of the current ii and the 
voltage induced in circuit 1. If the induced voltage in circuit 1 
is designated by ei, power delivered to the magnetic fields by that 
circuit is Ciii, and, since energy is the time integral of power, it 
follows that total energy in the magnetic fields due to circuit 1 is 
jeiii dl. Induced voltage in circuit 1 is due to change of current 
in either circuit; just as in Eq. (318), two terms are needed to 
express the total induced voltage: ei = Lnpii — Energy 

from circuit 1 is therefore 

/(Liipii — Li2pi2)ii dt (361) 

Similarly, the energy received by the combined magnetic fields 
from circuit 2 is 6212 , and the total energy in the magnetic fields, 
received from both circuits, is 

W = /[(Liipii ~ L\2pi^ii + iL22pi2 Li2pii)i2]dt (362) 

Remembering that p is here used to mean we may write 
W = ^Liiiidii + J*L 22 i 2 dt 2 — 
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The terms in parentheses may be recognized as the derivative of 
a product, and the equation for energy becomes 

W = 4" (363) 

By expansion of the self-inductance terms, Eq. (363) may also 
be written 

W = + JLi2(ti ““ (364) 

Having now obtained an expression for the total electro¬ 
magnetic energy in the network, it is possible to determine the 
energy in each of the magnetic fields individually. Since each 
of the leakage fields is produced by a single current its energy 
may be expressed in terms of that current: 

Energy in leakage field of circuit 1 = 

Energy in leakage field of circuit 2 = 

In these equations, L/i and Lf 2 are inductances of the leakage 
fields of circuits 1 and 2 respectively. By subtraction from the 
total energy, expressed in Eq. (364), we obtain the energy stored 
in the common magnetic field as 

^(Li ~~ + \{L2 — + JLi2(ii — ^2)^ (365) 

If the common lines of flux have the same number of linkages 
with the turns of each (drciiit they will induce the same voltage 
in both windings, making = Lu — L/i. In this case, but in 
this case only, Li = L/i and L 2 = Lf^, and the energy in the 
common magnetic field is simply 

- hY (366) 

Expression (366) is correct if a single coil is common to both 
circuits, as in Fig. 276, or if two magnetically coupled coils (as 
in Fig. 39) have the same number of turns, similar dimensions, 
and are mutually symmetrical. In the network of Fig. 41, for 
example, expression (366) would not be valid because of ine¬ 
quality in the dimensions and numbers of turns of the coils. 
In the special case for which expression (366) is adequate we may 
identify the three terms of Eq. (364) as energy in leakage field of 
circuit 1, energy in leakage field of circuit 2, and energy in the 
common field. 

22. Coupled Resonant Circuits. A network that is often 
encountered in radio communication consists of two circuits, 
each containing capacitance and inductance, inductively coupled. 
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It is illustrated in Fig. 42. Since the transient response of each 
part of a communication system will in some degree affect the 
fidelity of the system, it is necessary for the engineer to know at 
least the form and magnitude of transient disturbances. 

An exact and complete solution for transient current in the 
circuit of Fig. 42 is entirely possible. The procedure is similar 
to that which is discussed in detail in Secs. 17 to 21 for a network 
which differs only in the absence of a condenser in circuit 2. 
When each circuit contains both inductance and capacitance, 
the impedance equation [corresponding to Eq. (321)] is of the 
fourth degree. This quartic equation 
does not necessarily have any real 
roots; if there are no real roots a formal 
solution for a quartic equation is 
needed since it is practically impossi¬ 
ble to determine complex roots by 
trial. Two of the four roots of the 
equation may be real; the real roots may be found by trial, and 
when the fac^tors containing them are divided out of the equation, 
it will be reduced to a quadratic whose complex roots are the 
other two roots of the quartic. Finally, all four roots may be 
real; in this case, also, it is well to find two roots by trial and then 
to reduce the quartic equation to a quadratic from which the 
other two roots are found. Formal solution of a cubic equation 
is possible, but it is not usually as convenient for a numerical 
solution as the trial-and-error determination of the real root 
of the equation.^ 

When the four values of X are determined, it remains to solve 
for the four coefficients which appear in the formal equations for 
each current. If the four values of X are real, we may write 

ii = (367) 

There is, of course, no steady-state component of current in the 
circuit of Fig. 42. If only two of the roots are real, the other two 
will be conjugate complex and can be combined in a sinusoidal 
term: 

ii = sin (wi< + <f>i) + (368) 

^ Regarding solution of algebraic equations, see 1. S. Sokolnikoff and £. S. 
Sokolnikoff, ‘‘Higher Mathematics for Engineers and Physicists,” McGraw- 
Hill Book Company, Inc., New York, 1941; Doherty and Keller, “Mathe¬ 
matics of Modern Engineering,” John Wiley & Sons, Inc., New York, 1936. 



Fig. 42. 
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If all four roots are complex, they will be in conjugate pairs 
that may be combined in two sinusoidal terms: 

ii == sin (o)it <^>i) sin (wsf </)8) (369) 

Similar expressions may be written for 2*2 with appropriate 
change of subscript. 

In any one of these equations there are four constants that 
must be determined from initial conditions; in (367) they are 
in (369) they are i4’s and <^^s. Four simultaneous equations 
must be used, and the initial values of current and of its first 
three derivatives are satisfactory for this purpose. The solution 
is then complete. 

The labor involved in such a solution is considerable. It is 
not prohibitive if complete information is needed, but usually it 
is possible to make simplifying approximations that lead to 
results with a degree of accuracy that is adequate for most 
purposes. 

Chapter VII is devoted to a more complete discussion of 
coupled resonant circuits. 

23. The Order of the Equation. It has been seen that the dif¬ 
ferential equations of a single circuit were of either first or second 
order and that the second-order equations appeared when induc¬ 
tance and capacitance were both present in the circuit. When 
there were two coupled circuits constituting a network it was 
necessary to solve two simultaneous differential equations, each 
of which might be of second order; these combined to give a 
single differential equation of any order up to fourth. In the 
course of each solution it became necessary to find roots of an 
algebraic equation of degree equal to the order of the differential 
equation. The solution of algebraic equations of high degree 
is the most difficult problem in the comi)utation of transient 
currents in networks with lumped parameters, and the possibility 
of obtaining a solution for the network is largely dependent on 
the possibility of solving the algebraic equation. It is desirable, 
therefore, to know the degree of equation that will appear in the 
solution of any given network. 

The rule for finding the order of the differential equation, or 
the degree of the algebraic equation, is quite simple: the order of 
the differential equation is equal to the number of energy storage 
possibilities in the network. Each inductance and each capaci- 
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tance in a network will store energy, but if two coils or two 
condensers are in series their inductances and capacitances may 
be combined. So each circuit may have two parameters that 
store energy, or one, or none. The differential equation of a 
network of n circuits will not be of greater order than 2 n, and the 
order will be 1 less than 2n for each circuit that is without induc¬ 
tance and for each circuit that is without capacitance. 

If resistance of a network is neglected, the degree of the 
algebraic equation that must be solved is divided by two, for 
alternate terms of the equation will disappear and the solution 
may be for instead of X. By this expedient it is sometimes 
possible to obtain an approximate solution for a network of 
several coupled circuits. An illustration of this method appears 
in Chap. VII. 


Problems 

1 . Connect two circuits as in Fig. 30. Each circuit contains a coil with 
inductance and resistance, and they are coupled by mutual resistance. 
Record on an oscillograph the current in circuit 1 and the current in circuit 2 
during the transient period after closing the switch. Current through the 
common resistance need not be recorded, as it is the difference between 
t’l and t 2 . Use inductance coils without iron cores and be sure there is no 
mutual inductance between the coils in the two circuits. The coupling 
resistance should l)e noninductive. Measure the network parameters. 

Transfer the experimentally determined curves to a sheet of cross-section 
paper, and on the same sheet plot curves of current computed from the 
network parameters. Compare the computed and experimental results 
and discuss any differences that may appear. 

If it is not convenient to record the currents, oscillogram 4 may be used. 
The lines on it, from top to bottom (at the right-hand edge) are: 

а. A 60-cycle timing wave, with its zero line. 

h. The transient current in circuit 1. 

c. A caliV)ration line for the oscillograph element in circuit 1; the cali¬ 
brating current is 2.06 amp. 

d. A calibration line for the oscillograph tjlement in circuit 2; the cali¬ 
brating current is also 2.06 amp. 

б. The transient current in circuit 2. 

/. The zero line for the oscillograph element in circuit 1. 

g. The zero line for the oscillograph element in circuit 2. 

Network parameters are as follow^s: 

E * 66.0 volts. Rn * 36.2 ohms. 

Li — 0.326 henry. /? 2 * * 68.3 ohms. 

-> 1.36 henrys. » 30.5 ohms. 
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OsciLLtOORAM 4.—Currents in the two circuits of the network of Fig 30 during the transient period. The upper curve is %\ and the 

low'er 2 * 2 . See also Fig 31. For use with Prob. 1 of Chap V. 
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Oscillogram 5.—Currents in the two circuits of a network similar to that of Fig. 37 during the discharge of the condenser, 
upper curve is ii and the lower it. See also Fig. 40. For use with Prob. 2 of Chap. V. 
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2. Connect two circuits as in Fig. 37, but without a battery. Circuit 
1 contains a switch, a condenser, and a coil, with the resistance of the coil 
but no extra resistance. Circuit 2 is a coil only, with inductance and 
resistance. The circuits are coupled inductively. After charging the con¬ 
denser in circuit 1 to a known voltage, close the switch and allow the con¬ 
denser to discharge. Record on an oscillograph the currents in circuits 
1 and 2. 

The inductance coils should not have iron cores, and their resistances 
should be low enough to permit the current to be oscillatory. A single coil 
with a tap may be used instead of two separate coils, provided no part of 
the winding is common to both circuits; in such a case circuit 2 is merely 
a number of short-circuited turns in the coil of circuit 1, and the problem 
demonstrates the effect of short-circuited turns. 

Measure the network parameters, including mutual inductance. Mutual 
inductance is found by measuring the inductance of the coils of circuits 1 
and 2 in series, with the coils in the proper relative position. Inductance 
measured in this way is either Ln + L22 -h 2Li2 or Ln -j-L22 — 2 Li 2 , 
depending on the method of series connection. It is best to measure both 
of these combinations by reversing the connection to one coil; the difference 
between the resulting measured inductances is then four times the mutual 
inductance. If it is not possible to reverse the connection to one of the 
coils, subtract the inductances of each coil alone (Ln and L22) from the induc¬ 
tance of the coils in series, and divide by 2. 

Plot the experimentally determined curves of current on cross-section paper, 
and on the same sheets plot curves of current computed from the network 
parameters. Compare the computed and experimental results and discuss 
any differences that may appear. 

If it is not convenient to make photographic records of the transient cur¬ 
rents, oscillogram 5 may be used. It is a record of currents in such a net¬ 
work. The lines on it, from top to bottom, are: 

a. A 60-cycle timing wave, with its zero line. 

b. A calibration line for the oscillograph element in circuit 1; the cali¬ 
brating current is 0.87 amp. 

c. The transient current in circuit 1, and its zero line. 

d. The transient current in circuit 2, and its zero line. 

c. A calibration line for the oscillograph element in circuit 2; the cali¬ 
brating current is —1.48 amp. 

Network parameters are as follows: 

Ln = 1.014 henrys. Ci = 103.1 ^f- 

Li 2 = 0.166 henry. Ri = 22.34 ohms. 

L 22 = 0.0568 henry. R 2 - 5.03 ohms. 

Initial condenser voltage = 123.2 volts. 

8. A specially designed transformer is used to give an extremely large 
surge of current, of short duration, for purposes of magnetizing permanent 
magnets, etc. . Direct current is passed through a primary winding of many 
turns, and surges of current are developed in a secondary loop of one turn 
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on both closing and opening the primary circuit.^ Consider the following 
example of its operation: 

Primary voltage = 100 volts (dc). 

Primary resistance = 20 ohms. 

Primary current *= 5 amp. 

Primary turns = 2000 

Secondary turns = 1 

The peak of the current surge: 

On closing the circuit = 5000 amp. 

On opening the circuit = 10,000 amp. 

a. Explain the difference between the numerical values of secondary cur¬ 
rent on closing and opening the circuit. 

h. Plot curves of current in both windings when the primary circuit is 
closed and when it is opened. 

c. Why is it necessary to have an extremely quick-opening switch in the 
primary circuit? 

d. What is the resistance of the secondary circuit? 

e. How is performance of the transformer affected by the size of its 
core? Is an iron core needed? 

4. In impulse-voltage testing it is frequently necessary to take into 
account the capacitance of the test specimen. Using the data of Prob. 3 
of Chap. 4, plot voltage across the test specimen as a function of time, 
the capacitance of the test specimen being 500 ynii (5 X 10“^° farad). Use 
1)0th values given for R\. 

5. Selective operation of circuit breakers can sometimes be controlled 
by design of shunts on trip coils. The circuit shown here represents such 
an arrangement, with R and L as the resistance and inductance of the main 
circuit, Rc and Lc the parameters of the trip coil, and Rs and La the param¬ 
eters of the shunt.* Remembering that R is very much greater than 
Rc or Rg and that L is very much greater than Lc or L*, find a good approxi¬ 
mation for tlie current through the trip coil when the whole system is 
suddenly energized. How can the time of operation of the trip coil be 
controlled by adjusting the shunt? 



Prob. 5. Prob. 6. 


6. The circuit shown in the diagram is used in some large electrical 
machines to produce end play of the shaft, for the purpose of equalizing 
wear on the commutator. The inductance is a magnet, energized by the 

1 Hendricks and Maunder, The Current Impulse Transformer, Oen. 
Elec. Rev., 83, 241, 1930. 

* Henshaw, M. D., Characteristics of the High-speed Circuit Breakers 
for the Lackawanna Suburban Electrification, Oen. Elee. Rev., 86,154, 1932. 
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contactor S which is automatically closed by motion of the shaft. The 
condenser is used to prevent undue arcing at the contactor, and the con¬ 
denser is shunted with resistance r to prevent dangerous voltage across the 
condenser. With parameters as given below, what value of shunting 
resistance will be just sufficient to keep the condenser voltage from exceed¬ 
ing 400 volts when the contactor opens? 

Edc = 300 volts. 

L ~ 380 henrys. 

R = 850 ohms. 

C = 1 iuf- 


7. In the circuit of Prob. 6, what value of shunting resistance r is just 
enough to prevent oscillation of current in the circuit? Plot a curve of 
maximum condenser voltage as a function of shunting resistance up to the 
value of resistance at which current oscillates. 

8 . The network shown in the diagram is equivalent to the filter and 
keying circuit of a radiotelegraph transmitter. ^ 
Undesirable fluctuations of voltage are pro¬ 
duced by the action of the filter circuit. Plot 
voltage across r as a function of time, after 
closing the switch S; plot voltage after opening 
it. The parameters are L = 1.5 henrys, 

E = 96 ohms, C - 3 fJLi, r ^ 1920 ohms. 

9. (a) Find current in the resistance of the network shown in the diagram 
after the switch S is closed at < == 0. The circuit is initially at rest (no 
stored energy). (6) Find current in the condenser, (c) Formulate con¬ 
ditions for oscillation of current. 



Prob. 



Prob. 9. 





Prob. 10. 


10. A cathode-ray-tube sweep circuit designed to make output voltage 
closely proportional to time is shown in the diagram. Ri = 1000 ohms, 
R 2 ~ 3000 ohms; (7i2 = 1 /xf, Ci =* 1 ^f, C 2 = 0.2 /xf- Switch S is closed 
until t = 0 and is then opened. At ^ = 0, C 2 is charged to voltage 0,5E 
(this is charge remaining from the previous cycle of operation). Compute 
and plot output voltage as a function of time. How long is the voltage¬ 
time relation approximately linear? 

^Lbe, R., Radiotelegraph Keying Transients, Proc. I.R.E.^ 22, 213, 1934. 



CHAPTER VI 


RESPONSE TO ALTERNATING VOLTAGE 

1. The Need for Transient Current. When alternating volt¬ 
age is suddenly applied to a circuit, the steady flow of alternating 
current is preceded by a period of adjustment during which 
transient current flows. The form and amplitude of the steady- 
state current will depend on the form and amplitude of the 
applied voltage, as is well known. The amplitude of the tran¬ 
sient component will be governed by the circuit parameters, by 
the amplitude of the applied voltage, and also by the instant 
of the alternating-voltage cycle at which voltage is applied to 
the circuit. But the form of the transient component of current 
will depend only on the nature of the circuit. 

In a circuit of inductance and resistance, the transient current 

will be an exponential surge of the form Kt ^, regardless of the 
form of the applied voltage. In a circuit containing inductance, 
resistance, and capacitance, the transient current will be a single 
surge or a damped sinusoidal oscillation depending on the circuit 
parameters and not on the voltage. The total current in a 
circuit will be the sum of the transient component and the steady- 
state component and so may appear quite unfamiliar, but analysis 
will always show its two simple parts. 

The steady-state current is a partial solution that satisfies the 
differential voltage equation of the circuit; the transient current 
exists to satisfy initial conditions. It is true with alternating 
voltage, as with direct, that the stekdy-state current is a solution 
of the differential equation of the circuit (although not the 
complete solution) and that we may consider the entire applied 
voltage to be consumed in circulating the steady-state current 
through the network. But, since the steady-state current will 
not, usually, agree with a circuit’s initial conditions of current 
and charge, it is necessary to superimpose upon the steady-state 
current another current that can flow in such amount that initial 
conditions of the system are satisfied. To avoid disturbance 
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of the voltage equation, this additional current must be able to 
flow without any external voltage; that is, the sum of the voltages 
that it produces in the parameters of the circuit must be zero. 
It is the transient component of current, and to find its form we 
write the differential equation of the circuit, with zero sub¬ 
stituted for the applied voltage, and solve.'' To find the amount 
of the transient component we determine the current necessary 
to bridge the gap between known initial conditions in the net¬ 
work and those conditions that would be found when i = 0 if 
the steady-state current existed alone. 

2. An Inductive Circuit. A simple example will best illustrate 
the method. Figure 43 shows a sinusoidal voltage wave c, which 
is suddenly applied to a circuit consisting of inductance and 



resistance. Voltage is applied by closing a switch in the circuit, 
and the moment of closing the switch is important in determining 
the transient response; the switch is closed when ^ = 0, so if the 
voltage is written 

c = E mn {VU + 6 ) (370) 

it follows that the instantaneous value of voltage wIk'u the 
switch closes is Co = E sin and that ^ is a measure of the time 
interval between the instant of zero voltage and the instant of 
closing the switch. The angle 6 is shown in Fig. 43, an example 
in which its value is about 35 deg.: that is, the applied voltage 
wave has passed through 35/360ths of a cycle before the switch 
is closed, and, if the voltage has a frequency of 60 cycles per sec., 
the angle 6 represents 0.0016 sec. 

A dash curve in the figure marked indicates the steady-state 
component of current. This is the current that would have 
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flowed at this time if the switch had been closed a very long' 
time before t = 0. Like the applied voltage, it is sinusoidal, 
and our knowledge of steady-state theory tells us that it will 
be related to the voltage in magnitude by the impedance of the 
circuit and in angle by the power-factor angle of the circuit. 
From the voltage, which is given in Eq. (370), we know that the 
steady-state component of current is 

+ (flL)* 

The power-factor angle is denoted by and is 

<^ = tan-i^ (372) 

If the frequency of the applied voltage is F, the angular velocity 
of the applied voltage is 

12 = 2 wF 


so that IIL is the reactance of the circuit to current of the gener¬ 
ator frequency. Hence, the denominator of Eq. (371) is the 
impedance of the circuit. 

The voltage equation for the circuit of Fig. 43 is 

Ri + L'pi = E sin {Ut + 6) (373) 

When it is stated that Eq. (371) gives the steady-state current 
in the circuit it is implied that Eq. (371) is a solution of the 
voltage equation (373). We wrote it from previous experience; 
let us prove that it is correct. If Eq. (371) gives i, then its 
derivative 

E 

pi = — 7 ==== n cos (12< + e - <^) (374) 


and substitution in Eq. (373) gives 


R 


E 


VR^ + i^Y 

E 


+ L 


Vr^ + (qly 


sin (12^ ^ — <t>) 

12 cos (12^-1-^ — (j}) == JS7 sin (12^-1-^) (375) 


Divide out E. Expand the sine and cosine terms of the left- 
hand member by considering them as functions of the difference 
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of the two angles + ^) and <^. Then, noting from Eq. (372) 
that 


OL \ 

sin = —_=====: j 

VWTW^y 

and ) (376) 


' + (^Ly/ 

we find that Eq. (375) is reduced to an identity. The correctness 
of Eq. (371) as an expression for steady-state current is thereby 
proved. 

Since, in the circuit of Fig. 43, it is not possible to have current 
until the switch is closed, it follows that when ^ = 0, f = 0. This 
condition is not satisfied by the steady-state current alone, for if 
/ = 0 in Eq. (371) we find that the initial value of the steady- 
state component is 


E sin (6 — <f}) 

^2 ^ (uiy 


(377) 


To satisfy the initial condition, therefore, another current must 
simultaneously exist in the circuit, and its initial value must be 
equal and opposite, or 


E sin (d -- (p) 

\/R^ + 


(378) 


Moreover, the additional current must be of such a form that, 
when substituted in Eq. (373), it will add nothing to the left- 
hand member, for if it did add anything it would disturb the 
equality of the two members. It must be of such a form, then, 
that for it alone 


Ri + Lpi = 0 (379) 

Since the current which satisfies Eq. (379) is of exponential form, 
with exponent —{R/L)t, we know the transient component of 
current must be 


E sin {$ — <t>) 


(380) 


It is indicated in Fig. 43 by the dash line t,; its initial value is 
Ky whereas the initial value of the steady-state component is 
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—X. The sum of the two components ife shown as the solid ? 
curve ij whose equation is the complete solution of Eq. (373): 


i ^ E — sin — 0)6 ^ 

\/ “f" 


(381) 


This solution, although presented slightly differently, is 
exactly similar to all solutions of previous chapters. The same 
four rules of Sec. 10, Chap. I, have been implicitly followed. 
First, the form of the transient component was determined as 
the solution of Eq. (379). Second, the steady-state current 
was found from steady-state theory and was checked by sub¬ 
stitution in the differential equation; it is given in Eq. (371). 
Third, transient component and steady-state component were 
added to give the total current: 


E sin (12^ + ^ ~ <^) 

vr^ + 


(382) 


Fourth, K is unknown in this expression, but by substituting the 
initial condition that when t =^0, i = 0, we obtain 


„ £sin(«-.) 

+ (i2L)2 


(383) 


which leads to expression (378) for K and thereby completes the 
solution. 

3. Effect of Various Initial Times. When the circuit and the 
applied voltage are known, the steady-state component of cur¬ 
rent is defined. But the transient component cannot be deter¬ 
mined until the instant of closing the switch is known. Figure 
44 illustrates various possibilities: if the voltage e is applied to a 
circuit of inductance and resistance, the steady-state component 
of current may be shown by the curve i,. The current curve 
will pass through zero at a later time than the voltage curve, and 
the angle of lag is indicated by <t>. 

Closing of the switch at time h, in Fig. 44, corresponds to 
the condition that was illustrated in Fig. 43, and the initial 
value of the transient current is shown to be equal and opposite 
to the instantaneous steady-state current at that time. If the 
switch had not closed until a later time tz, the transient response 
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would have been smaller, for the value of steady-state current is 
smaller. At U the direction of flow of the transient current 
would be reversed. At Ia the transient current will attain its 
greatest value, for that time corresponds to a maximum value 
of the steady-state component of current. 

It might seem that there would be no transient current if the 
switch were closed when the instantaneous voltage was zero, 
but such is not the case, as is shown at < 6 . The transient current 
at the instant of closing the switch has very nearly its maximum 
value in a circuit whose reactance is high compared to its resist¬ 
ance. There is an instant, however, at which the switch may 
be closed without producing any transient component of current: 

e 



it is the instant at which the steady-state component is zero, and 
it is illustrated at ta and also at < 7 . 

No transient current results when the switch is closed at such 
a time that 6 equals <^), thereby making the coeflicient of the 
transient term zero. The coefficient, which is given in Eq. (378), 
becomes zero when 6 = 4). It will be seen in Fig. 44 that, since 
4> is the angular displacement of zero current from zero voltage, 
and since 6 is the angular displacement of switch operation from 
zero voltage, if 6 = 4) the switch is closed whvn the steady-state 
component of current is zero. This is the only time at which the 
steady-state current alone can satisfy the circuit\s initial con¬ 
dition of zero curniiit. 

From the point of view of instantaneous relations of voltage 
and current, the phenomenon may also be explained. Let 
voltage be applied to the circuit at <7 in Fig. 44; current will at 
once begin to increase with a rate of changes equal to e/L. Cur¬ 
rent will continue to increase, but at a diminishing rate, as the 
value of voltage decreases. At ts voltage is all consumed in the 
circuit’s resistance and current can increase no more; and as 
voltage grows still less, and then reverses sign, the current begins 
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to diminish. The resulting curve of current is sinusoidal, iden- . 
tical in every way with the sinusoidal curve of steady-state 
current; each instantaneous value of the current that flows is 
equal to the corresponding value of the steady-state current 
that would be produced by such a voltage. So the total current 
during the transient period is merely the steady-state current, 
and there is no exponential transient current. 

From the point of view of energy another interpretation 
appears. A transient component of current may be avoided if 
the energy distribution in the circuit at the instant of closing the 
switch is exactly the energy distribution that would appear at 
that point of the voltage wave if steady-state current were 
flowing. In the circuit of inductance and resistance, energy 
can be contained in the inductance only. Whenever current in 
the circuit is zero, there is no energy in the inductance. So if 
the switch is closed, with no energy stored in the inductance, at 
that point of the voltage wave that corresponds to zero steady- 
state current, there will be no transient component. In other 
words, the distribution of energy in the circuit when the switch 
is closed at h is just what it would have been at the same instant 
if steady-state current had been flowing, and the circuit cannot 
distinguish in its future action between the two possibilities. 
All transient behaviour of networks can be interpreted as 
phenomena necessary to distribute energy throughout the 
circuits until steady-state distribution is reached, and it is evident 
that if the initial condition agrees with the steady-state condition 
there is no need for redistribution by transient current, and there 
will be no transient current. 

The other instant of closing the switch that should be dis¬ 
tinguished is the time that gives maximum transient current. 
From Eq. (378), it occurs when sin (^ — </>) = ±1, the maximum 
value of the sine function. This requires that ^ ir/2, or 

some odd multiple thereof. The instant of closing the switch, 
therefore, that gives maximum transient component of current is 
that for which 


» = « + 2 


or 


. 1 3*- 


( 384 ) 


Such instants are illustrated as and U. 
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When the switch is closed at such an instant that there is no 
transient component of current, the appearance of the resulting 
wave of current is shown in Fig. 45a; it is merely a sinusoidal 
wave, symmetrical about the time axis. But, when the switch 
is closed at any other instant, the current appears as an offset 
wave, as in Fig. 456. The offset is due to the addition of an 
exponential component; it is just great enough to make the total 
current begin at the origin, and as it dies away the current 





wave returns to a central position. In Fig. 45c the initial offset 
is complete and the transient component has its maximum pos¬ 
sible value. In Fig. 45a there was no initial offset. Any inter¬ 
mediate condition may appear if current begins to flow at an 
intermediate point on the voltage wave, and the offset may of 
course be either up or down. 

If the circuit to which alternating voltage is applied consists 
purely of inductance, with resistance so small as to be negligible, 
the greatest transient component of current appears when the 
switch is closed at the instant of zero voltage. If resistance in 
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the circuit of Fig. 44 were negligible, the steady-state current 
wave would be lagging just a quarter-cycle behind the voltage 
wave, and it is evident that maximum steady-state current 
would correspond to zero voltage. If the switch were closed at 
that instant, the transient current would also be maximum, 
whereas closing the switch when the voltage wave was at its 
maximum, either positive or negative, would produce no tran¬ 
sient current at all. 

If resistance were truly zero, however, and the sinusoidal wave 
of current were initially offset, it would remain offset for all 
time. The transient component can disappear only because of 
energy loss in resistance, and if there were no resistance the 
transient component of current would continue undiminished. 
The essential fact that must be remembered when the steady- 
state current is alternating is that the root-mean-square value 
of a symmetrical sine wave is less than the root-mean-square 
value of the same sine wave when it is offset from the axis. In 
Fig. 456, therefore, the resistance loss is greater during the first 
few cycles of current than it is after the transient component has 
disappeared, and this is the basic reason for the disappearance of 
the transient component. The alternating-current generator 
can supply only enough energy to maintain the steady-state 
current, and, when the initial excess of energy (which was 
received during the first quarter-cycle) is consumed, the transient 
component of current has died away. 

4. A Capacitive Circuit. When alternating voltage is suddenly 
applied to a circuit of resistance and capacitance, there will be 
a somewhat similar transient component of current. The initial 
condition of current, however, is different, the initial current 
being limited only by the circuit resistance. In the circuit of 
Fig. 46, therefore, the initial condition is that when 

t = 0, I = ^ (385) 

Since, in general, this value does not agree with the value of 
the steady-state current in the circuit when ^ = 0, there will be 
a transient component of current. 

The voltage equation of the circuit of Fig. 46 is 



( 386 ) 
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Let us, as before, apply a sinusoidal voltage such that 
e = jB sin (Qt + 6) 

The steady-state current will be, by inspection, 

^ _ E sin (12^ -|- d (f>) 

** ~ 

wherein 





(387) 

(388) 


The form of the transient current is found by writing zero for 
e in Eq. (386), the solution for which may be taken from Eq. (53): 


i, = Ke 


The total current is therefore 


(389) 


i = Ke + 


E sin (0< + ^ + 0) 


(390) 


Now K may be evaluated by substitution of Eq. (385), giving 


e _ E sin {6 + <l>) 

R~ 

Since initially 

£ _ E sin d 
R it 

it follows that 

_ E sin 8 _ £ sin (0 + ^) 

R V** + (1/iicy 


(391) 


( 392 ) 
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E 

K = —g cos (6 + <t>) sin ^ 


(393) 


When this value of K is substituted in Eq. (390), the expression 
for current is complete. 

Although the current that flows in a capacitive circuit is 
composed of an exponential component and a sinusoidal com¬ 
ponent, just as is the current in an inductive circuit with alter¬ 
nating voltage applied [compare Eqs. (390) and (382)], the 
appearance of the plotted curve of current is somewhat different. 
It is not very desirable to look upon the transient component of 
current in the capacitive circuit as an offset of the steady-state 
current wave, for its duration is in general very short compared 
to the frequency of the steady-state current, and it appears rather 
as a distortion of the first cycle than as a shift of the entire wave- 
train. Figure 46 illustrates this effect. It is inherent in the 
circuit that the transient component of current will diminish 
very rapidly to an insignificant value. 

There is an instant in each half-cycle of applied voltage at 
which the switch may be closed with no resulting transient com¬ 
ponent. The basic criteria for determining the instant of closing 
that gives no transient component of current are the same as 
for the inductive circuit: in terms of current, there is no transient 
component if the steady-state component alone is able to satisfy 
the condition that initial current is equal to e/R] in terms of 
energy, there is no transient component if the switch is closed 


^ The trigonometric transformation to obtain Eq. (393) from (392) may 
be accomplished as follows: 


sin ^ — 


sin {0 + «^) 


Since (1/QCRy ~ tan* 4> 
sec 


K = |(8in 9 - 


= -( 

RV'"' v"i+(i/nc«) 

)■ 


0 


E 

^(sin ^ — sin 0 cos* 4 > -- cos 9 sin ^ cos 4 ) 
K 




R 

E . 


(sin ^(1 — cos* <t>) — cos 0 sin 4> cos <l>) 


R 


sin ^(sin ^ sin ^ — cos B sos ^) * — ^ sin cos (^ 4- 4) 
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at a point on the voltage wave that, in the steady state, would 
correspond to zero energy in the condenser. 

Let us first consider the current criterion. In Fig. 46, a dotted 
curve is drawn, everywhere proportional to the applied voltage c 
and of such amplitude that it is a curve of e/R. Whatever the 
instant of closing the switch, the initial point of the total current i 
must lie on this dotted curve. The initial difference between 
this e/R curve and the steady-state curve is the initial value 
of the transient component, as illustrated in the figure. Conse¬ 
quently, if the e/R curve and the is curve coincide at the initial 
instant, there is no transient component. Such would have been 
the case, for instance, if operation of the switch had been delayed 
until the time marked The relation here discussed is expressed 
symbolically in Eq. (392), the first term of the right-hand member 
being the value of e/R when i = 0, and the second term being 
the initial value of the steady-state component of current. If 
they are equal, K disappears. 

But Eq. (392) does not show on inspection that the instant of 
closing the switch that corresponds to no transient component of 
current is also the instant of maximum steady-state component. 
This is brought out by Eq. (393). We have assumed that there 
is no charge on the condenser before the switch is closed, and 
that the condenser can therefore have no initial energy. In each 
half-cycle of steady-state operation there is an instant at which 
the condenser has no energy; it is when the charge is zero or, with 
a sinusoidal wave, when the current is maximum. If the switch 
is closed at this instant, all conditions in the circuit are exactly 
what they would have been if the steady state had existed, and 
future action of the circuit therefore cannot be other than steady- 
state performance. The power-factor angle is indicated in 
Fig. 46, and, if the angle between zero voltage and the instant 
of closing the switch is such that = 7r/2, and the switch 

is closed at the instant of maximum steady-state current, it 
follows that there will be no transient component of current. 
This is seen analytically from Eq. (393), for, if ^ 
the cosine factor is zero, and K is zero. 

But in general a transient component exists, and it may be 
of any magnitude. Low resistance in the circuit, compared to 
the reactance, allows a large transient component of current. 
Closing the switch when voltage is near its maximum will produce 
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an extremely high initial rush of current in such a circuit. This 
condition is illustrated in Fig. 47; low resistance gives a large 
value of e/Ry as shown, compared to the steady-state current 
whose magnitude is limited by impedance of the circuit. Since 
resistance is small compared to reactance, the initial current is 
large compared to the steady-state current, and for the same 
reason the steady-state current leads the voltage by nearly 90 deg. 
The switch is closed in the illustration when the steady-state 
component of current is zero, so the instantaneous current is 
equal to e//2, or practically E/R, Because of low resistance in 



the circuit, the transient component dies out very rapidly; 
analytically, the exponent in Eq. (389) is large. If resistance 
of the circuit is reduced still further, the transient surge will be 
larger, but of shorter duration, until in the limiting case resistance 
is zero and the initial pulse of current is infinite in amplitude but 
zero in duration. 

Practically, of course, such a condition cannot be obtained. 
It is impossible to have zero resistance. But also it is impossible 
to have zero inductance. It is often possible, if resistance is 
not too small, to neglect the effect of inductance, but inductance 
must always exist in at least the amount represented by the one 
turn of the closed circuit, and its most apparent effect will be 
to prevent the discontinuity of current which has been indicated 
at the initial instant in Figs. 46 and 47. The initial peak in 
Fig. 47 will be rounded and reduced in height. Nevertheless, 
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for practical purposes it is often easiest and best to neglect a 
small value of inductance. 

6. The Circuit with Inductance, Capacitance, and Resistance. 

When inductance, capacitance, and resistance are all present in 
considerable amounts in a circuit, as in Fig. 48c, the voltage 
equation is 


Ri + Lpi + 


1 . 


= e 


(394) 


and if the applied voltage is sinusoidal it may be represented 
as before by 

e = E sin + 6) (395) 


The transient component of current may be a single surge con¬ 
taining two exponential components, or it may be oscillatory 
in the form of a damped sinusoid; the form of the transient 
component is found by solution of Eq. (394) with zero substituted 
for e. This solution, in Chap. Ill, gave Eq. (123) as the transient 
component of current: 

it = (396) 

with 

2L - LC 

If Xi and Xj are complex, it is more convenient to write 

it = sin («< + V') (398) 

where 

R n 

® 2L “ y/Zc ~ 4L^ 

A and \p are to be determined from initial conditions. 

The steady-state component of current is, by inspection, 


. _ E sin (Qt + B — <l>) 

with 



(400) 


<l> = tan~‘ 


R 


(401) 
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The remaining steps of the solution will be simplified by intro-’ 
ducing a new symbol, Z, defined as 

Z - + (“ - ®)’ 

This quantity is the magnitude of the circuit's impedance.^ 

The unknown constants in the transient component must be 
evaluated; either the exponential form of Eq. (396) or the sinu¬ 
soidal form of Eq. (398) may be used. The sinusoidal form is 
more interesting for several reasons, so let us write total current as 

i = sin (wt + 4^) + ^ sin (Qt + e - <t>) (403) 


It helps avoid confusion to notice that 12 is related to the fre¬ 
quency of the applied voltage, whereas a> is related to the natural 
frequency of the oscillatory circuit, and they are quite unrelated 
to each other. The time of closing the switch is indicated by 6^ 
and </) is the power-factor angle of the circuit. A and ^ remain 
to be evaluated. 

Since there are two unknown constants, it is necessary to know 
two initial conditions, and w^e may use the same two that Were 
determined in Chap. IV. With the necessary modification that 
initial applied voltage is E sin B when the applied voltage is 
alternating, we have, when 


and 


^ = 0, f = 0 


(404) 


E sin 6 

pt = —j- 


(405) 


Substitution of Eq. (404) in (403) gives 

0 = *4 sin ^ ^ sin (8— <t>) (406) 

^ Z is a real number, for, in the absence of a conventional representation 
of sinusoidal quantities by rotating vectors, it is meaningless to express 
current or voltage as a complex quantity. No such convention has been 
introduced in the present discussion, and a complex value for current, volt¬ 
age, charge, or other physical entity would be merely an indication of error. 
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To make use of the other initial condition it is necessary to dif¬ 
ferentiate the expression for current, obtaining 

pi = — sin (o)t + rp) + coAc""' cos (cot + ip) 

+ a I cos (fit + e - <t>) (407) 


Substituting Eq. (405) in (407), 

^ - = —aA sin \p + i*>A cos \p + cos (6 — <t>) (408) 


Simultaneous solution of Eqs. (406) and (408) will evaluate A 
and }p. The result^ is 


cot \p = 


QL cos {$ — <l>) — Z sin B 
ojL sin {B — <t>) 



0 ) 


(409) 


and 


E sin (6 — </>) 
Z sin \p 


(410) 


This solution does not result in an explicit expression for current 
in terms of circuit parameters and applied voltage but is con¬ 
venient for numerical evaluation. When values for \p and A 
are found from Eqs. (409) and (410) they may be substituted in 
the formal Eq. (403). 

6. Resulting Waves of Current. The current in the circuit is 
shown by Eq. (403) to consist of a damped sinusoidal component 
added to an undamped sinusoidal component. The two com¬ 
ponents will in general be of different frequencies, and the 
appearance of the resulting wave of total current may vary 
widely. In Fig. 48 some of the possible forms of current are 
illustrated. If the natural frequency is high and the applied 
frequency relatively low, the result may appear as in Fig. 48a, 
with a high-frequency transient component superimposed upon a 


^ The solution may be as follows: from Eq. (406) 


E sin (e — <t>) 
Z sin ^ 


(410) in (408) gives 


sin 0 
L 


= -^[a sin (^ — 0) - « cot \p Brn (B — 4>) + Q cos ($ — 0)] 


cot ^ 


Q cos (0 — 0) a _ Z sin $ 

w sin (0 — 4>) (A) «L sin {0 — ^) 


(410) 
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low-frequency steady-state current. If, on the other hand, the 
frequency of the applied voltage is several times the natural 
frequency of the circuit the result will be as in Fig. 486. 




(b) 



(c> 



Figure 48d shows part of a current wave for identif 3 dng the 
symbols of Sec. 5. Dash lines show the components of current. 
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The curve marked e is the wave of applied voltage. The steady- 
state current is displaced from the voltage wave by the angle 
4>. The zero point of the voltage wave is displaced from the 
origin by the angle 6. The current wave is therefore displaced 
from the origin by an angle (6 — <^), as in Eq. (400). The zero 
point of the transient component is displaced from the origin 
by the angle and the transient wave is contained within an 
envelope whose initial height is A, The envelope, of exponential 
form, determines the rate of attenuation of the transient com¬ 
ponent, the natural decrement a being R/2L. 

The applied frequency in Fig. 48a is low compared to the 
natural frequency of the circuit; in the steady state the circuit is 
therefore predominantly capacitive. At the steady-state fre¬ 
quency the capacitive reactance of the condenser is much greater 
than the inductive reactance of the coil. (It will be recalled 
that at the circuit's natural frequency the two reactances are 
equal.) Because the circuit is predominantly capacitive, we 
may compare its action with the action of a circuit that is purely 
capacitive, as in Fig. 47. The first surge of current in Fig. 
48a is not instantaneous, as in Fig. 47, nor is it so high, but it 
exists. It is followed, however, by further crests, both povsitive 
and negative, which do not exist in the non-oscillatory case of 
Fig. 47. But the two cases are closely related; if a small amount 
of inductance were introduced into the circuit of Fig. 47, Fig. 
48a would result. One important characteristic they have in 
common: the transient component in each is largest when voltage 
is applied near the crest of the voltage wave. 

Figure 486 shows the current when the circuit is predominantly 
inductive in the steady state. The natural frequency is much 
lower than the applied frequency. Since the circuit is, on the 
whole, inductive, it may be compared with the purely inductive 
circuit of Fig. 456. In each case a transient component is 
added to a sinusoidal steady-state component; in one case, how¬ 
ever, the transient component is an exponential curve, while in 
the other it is a damped sine wave. 

If the frequency of the applied voltage is nearly equal to the 
natural frequency of the circuit, the wave of current appears 
quite different, as illustrated in Fig. 48c. In Figs. 48a and 486 
it is plain that the total current is the sum of sinusoidal com¬ 
ponents, but in Fig. 48c the curve of total current has no appear- 
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ance of being composed of two waves of different frequency. 
In fact, it appears to be a wave of a single frequency that is 
modulated in a somewhat sinusoidal manner. But the compo¬ 
nent parts are shown in Fig. 48c, and, when they are added at 
each point of time, the result is the modulated curve of total 
current. 

To show that the modulated form of curve is in agreement 
with the mathematical derivation, we may alter Eq. (403). For 
simplicity let us consider a special case; let us assume, first, that 
resistance is negligibly small, and, second, that the switch in the 
circuit is closed when the instantaneous voltage is zero, making 
0 = 0, In this special case, a = 0 and = 7r/2, making 
^ = ir/2 and A = E/Z. Substitution of these values in Eq. 
(403) gives 

E 

i = (jjt — cos Qt) (411) 

This equation can never be exactly true, for energy loss in 
resistance cannot be entirely avoided. But it is theoretically 
interesting because a simple trigonometric change gives 

^ = tj sm t) (412) 

Interpreting Eq. (412), w^e see that it represents a sine wave of 
high frequency multiplied by a sine wave of low frequency; it 
therefore is an analytical statement of the modulated form that 
we observed in the curve of Fig. 48c. In the ideal case of Eq. 
(412), the frequency of current in the circuit is the average of the 
applied frequency and the natural frequency, and it is modulated 
by a frequency that is half the difference of the applied and 
natural frequencies. This frequency relationship remains prac¬ 
tically true even though there is resistance in the circuit, and it 
may be observed in Fig. 48c. But the amount of modulation is 
greatly affected by resistance, and it can be seen in the figure that 
the variations of amplitude become tess and less extreme as the 
total current merges into the steady-state current. See also 
oscillogram 6 at the end of this chapter. 

When voltage is first applied to the circuit, there is no energy in 
either the inductance or the capacitance, but the circuit imme¬ 
diately begins to gain energy from the source of voltage. At first 
the wave of total current is in phase with the applied voltage, 
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and the circuit is receiving energy from the generator. During 
the first two and a half cycles, in Fig. 48c, the amplitude of the 
total current wave is increasing; this increase indicates a gain of 
energy in the circuit. But the total current does not have the 
same frequency as the applied voltage, and, although the current 
was initially in phase with the voltage, it gradually lags until after 
about two and a half cycles the current and voltage are in quad¬ 
rature and the circuit has ceased to gain energy. At this instant, 
the amplitude of the total current attains a maximum; the 
transient component, the steady-state component, and the total 
current are all in phase with each other, and, neglecting resistance, 
they are all in quadrature with the voltage. 

The wave of total current continues to be retarded relative 
to the applied voltage, and when it lags behind the voltage more 
than a quarter of a cycle it begins returning energy to the 
generator at the expense of stored energy of the circuit. The 
amplitude of current in the circuit becomes smaller for several 
cycles and approaches a minimum. Then, again, current 
becomes partially in phase with the voltage, and again the 
circuit receives energy as the amplitude of current rises toward 
a second maximum. The phase relation of current and voltage 
may be read from Fig, 48c by remembering that the steady- 
state component of current is practically in quadrature witli 
the applied voltage: when total current leads the steady-state 
component (as it does while its amplitude is increasing) it is 
receiving energy from the generator; when total current lags 
behind the steady-state component (as it does while its ampli¬ 
tude is decreasing) it is returning energy to the generator. 

Figures 48a and 486 can be described as modulated waves, 
their appearance to the contrary notwithstanding, and we have 
already seen that Fig. 48c can be described as superimposed 
waves. When the applied frequency is nearly equal to the 
natural frequency, the modulated form is the more obvious, 
whereas an impression of •superimposed waves results if the 
applied frequency and natural frequency are widely different. 
But intermediate cases also exist, in which there is no clear dis¬ 
tinction. When the applied frequency is 1^ times to 2^ times 
the natural frequency, or vice versa, the resulting wave of total 
current is not easily recognizable, but may be analysed into 
either form. 
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7. Conditions to Preclude the Transient Component. It is 

possible to apply alternating voltage to a circuit of resistance and 
inductance without causing a transient component of current; 
we found that this could be done by closing the switch at an 
instant corresponding to zero steady-state current in the induc¬ 
tance. When alternating voltage is applied to a circuit of 
resistance and capacitance, it is possible to prevent a transient 
component of current by closing the switch at an instant that 
would correspond, in the steady state, to zero charge on the 
condenser. In each case the initial condition in the circuit 
corresponds exactly to that which would have existed if the 
steady state had already been established. There is no need 
for a transient current, and the first instant is indistinguishable 
from a similar instant in each cycle thereafter. 

But when a circuit, initially without stored energy, contains 
both inductance and capacitance, it is not possible to apply 
sinusoidal voltage without producing a transient current. The 
initial condition of zero current in the inductance and zero 
charge on the condenser does not correspond to any point of the 
steady-state cycle. Either initial condition may be matched, 
but not both, for when the steady-state current is zero the 
charge is maximum, and vice versa. 

It appears superficially from Eq. (410), which expresses the 
coefficient of the transient term, that A would become zero when 
6 = <t). If this were true a condition would be determined that 
would produce no transient current. But it is not true, for when 
6 — <l> equals zero in the numerator of Eq. (410), ^ in the denom¬ 
inator is also zero [as may be seen from Eq. (409)] and A is inde¬ 
terminate. Equation (408) will evaluate A in such a case; if 
^ = 0 and ^ — 0 = 0, Eq. (408) is reduced to 

JE sin ^ , QE 

—L— = + X 

from which 

So neither this condition nor any other will eliminate a transient 
component. 

If the circuit is not initially without stored energy, it is possible 
under special circumstances to apply voltage without producing 
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a transient current. If, for example, there is initial charge on 
the condenser, it will be possible to select a steady-state current 
that would produce that exact amount of charge at the instant 
of zero current. If the corresponding voltage is then applied 
at the right instant, there will be no transient current. It is 
possible to find one certain sinusoidal voltage that will produce 
no transient component for each initial condition (other than 
rest), but both angle and amplitude of applied voltage must be 
correctly chosen. 

8. Non-sinusoidal Alternating Voltage. When the voltage 
applied to a circuit is alternating in a periodic manner, but is 



of a form that is not simply sinusoidal, the total current may be 
found most readily by analysing the voltage into sinusoidal 
components. If the voltage is expressed as a Fourier series, 
and the current response to each term of the series is found 
separately, the total current is merely the sum of the individual 
components. But it is not necessary to determine transient 
components for each of the terms of the Fourier series of voltage; 
it is only the steady-state current that must be found by Fourier 
analysis. The transient component of current has a form inde¬ 
pendent of the applied voltage, as has been pointed out, and 
when Fourier analysis has given the steady-state current it only 
remains to evaluate the coefficients of the transient component. 

The method is best explained through an example, and for 
simplicity the example will be made partly numerical. The 
voltage of Fig. 49a is applied to a circuit of resistance and 
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inductance. The voltage, when analysed, is found to contain a 
large third-harmonic component, and an equation for voltage is 
written as 

e = J5(sin ^ sin 31W) (413) 


The steady-state component of current is found by dividing each 
component of voltage by its proper impedance and introducing 
the proper angle of lag for the current: 



sin 


— tan“^ sin ^3 Qt —tan"^ 

\/JB2 + (12L)2 + (SOLp ~ 


(414) 


Numerical values are now introduced: -B = 1; frequency is 60 
cycles per sec., so 12 = 377; let L = making 12L = 1. The 
steady-state current is hence 


y^rsin(12i — tan“‘l) sin (312^ — tan~^3) 1 

-vl-3^ “I 

as shown in Fig. 496. Total current, which includes the transient 
component, is 

Ke ^ + u (416) 


Since the switch in the circuit (see Fig. 49d) is not closed until 
zero time, there can be no previous current in the circuit, and 
when 

^ = 0, i = 0 (417) 

This supplies an initial condition that can be used in Eq. (416) 
to evaluate K. When Eq. (415) is substituted in (416) for 
and when zero is substituted for t and i according to Eq. (417), 
the result is 

Q ^ K + e \_ sin(-ta n -^3) 1 
\/2 3\/l0 J 


But when the tangent of an angle is 1, the sine of that angle is 
l/V^, and when the tangent is 3 the sine is 3/\/T6. So 

= £(i - A) = (418) 

The total current therefore is 

i = + i. (419) 

with i, given by Eq. (415). The curves of total current and its 
transient and steady-state components are plotted in Fig. 49c. 
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It is interesting to note that the slow increase of current after 
the switch is closed corresponds to the peculiar shape of the 
applied voltage. 

9. Non-periodic Applied Voltage. When the applied voltage 
is neither a constant unidirectional voltage nor a periodically 
varying voltage, a difficulty is encountered in the course of solu¬ 
tion: there is no steady state of either voltage or current. In 
Sec. 6 of Chap. Ill we saw that the portion of the current that 
we call the steady-state component is described by the particular 
integral of the differential equation. Only a voltage that can 
be expressed by a Fourier series, however, will produce a steady- 



state current, and the discussion of Chaj). Ill was limited to 
such periodic voltages. 

The ordinary concept of steady-state current has no meaning 
when voltage has the form shown in Fig. 50, for example. There 
is one voltage impulse, and one corresponding surge of current; 
and, although the current is composed of a particular integral 
and a complementary function, it cannot be said to have a 
transient component and a steady-state component. The entire 
current is essentially transient. 

When it is not possible to evaluate the particular integral 
by means of the steady-state current, some other approach must 
be found. Sometimes it is convenient to evaluate the particular 
integral directly by integration; this is most helpful when the 
voltage is a simple function of time. The voltage curve in 
Fig. 50 is a good illustration, for it has the simple analytical form 

e = 


( 420 ) 
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E and A are constant coefficients which were selected in an 
entirely arbitrary manner to describe the voltage; they are 
analogous to E and Q in the expressions for alternating voltage 
which appear in the early sections of this chapter. 

Let us solve for current when this voltage impulse is applied 
to the circuit shown in Fig. 50a. The circuit consists of induc¬ 
tance and resistance, and its differential equation is of the first 
order: 

Lpi + Ri = e (421) 

The solution of this differential equation consists of two parts: 
the complementary function, and the particular integral. 

Firstj the complementary function of this equation is 

(422) 

This is familiar, as it has been used in many of the foregoing 
solutions, but for formal proof we may refer to Eq. (89) Chap. III. 

Second, the particular integral is needed. Equation (89) gives 
the particular integral for a first-order differential equation, such 
as Eq. (421), and when its coefficients are altered from the 
general form of Eq. (84) to the specific values of Eq. (421) we 
have, as the particular integral of Eq. (421), 



where 

X = and /(O = c = E{U-^^) 

L 


It may be said in general that the particular integral can be 
evaluated if the voltage is known as a function of time, although 
the actual performance of the integration will sometimes be 
difficult. In the case under consideration, the voltage is known 
from Eq. (420), and it replaces/(i) in (423) to give 


1 

L 



e-^^Ete-^*dt 


The result of integration in the particular integral is 





( 424 ) 
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Third, the complementary function is added to this particular 
integral to give the total current: 


-^1 


E 




- 1 (425) 


Fourthj the coefficient K must be evaluated from an initial 
condition. Because of the switch in the circuit, and the induc¬ 
tance, the initial current is zero. At zero time, therefore, 
Eq. (425) becomes 


and 


0 


K 


K ~ 


E 




2 


E 



2 


The complete expression for current is now obtained by sub¬ 
stituting this value for K in Eq. (425): 



(426) 


This current is plotted in Fig. 506 for a specific combination 
of parameters, and a value of A that is lialf as great as R/L. 
When A is greater than R/Ly the particular integral will be 
negative for all values of time, but the total current will be of 
the same general shape. 

It is interesting to see that the four rules of Chap. I are of such 
wide application. But they are merely a statement of the classi¬ 
cal solution of transients problems. A totally different attack 
makes use of I^aplace transformation, which analyzes the voltage 
into components (as the Fourier series analyzes a periodic voltage 
into harmonics) and then finds the current that is due to each. 
This concept is mentioned in the next section in discussing current 
produced by a square wave of voltage. 

10. Superposition of Transient Currents. When voltage is 
suddenly applied to a circuit, and then remains constant until 



Sec. lOJ RESPONSE TO ALTERNATING VOLTAGE 


211 


it suddenly changes to a new value and is again constant there¬ 
after, a transient response may be found for each of the sudden 
changes of voltage. The procedure may be extended to include 
any number of sudden changes of voltage. Let us consider an 
example. 

Voltage of 10 volts is suddenly applied to a transformer. 
It remains constant for 1 sec., and is then reversed in polarity. 


10 

O 0 

1 

2 

3 

4 


o 

> 

-10 


Time. 

Sec. 

Or 


(a) 



(c) 
Fig. 61. 


At the end of another second, it is again reversed, and so on, as 
in Fig. 51a. The inductance of the transformer is 10 henrys, 
and its resistance is 5 ohms, the circuit being as shown in the 
figure. 

During the first second, the current is 
TP 

i = |(1 - (19) 

= 2(1 - e-o ®') (427) 

At the end of the first second, when t = 1, 

tj = 2(1 - a-® *) = 0.786 (428) 

At this instant there is a sudden change of voltage, and Eq. (427) 
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is no longer valid for current. There are two methods of attack 
that may be employed, and either of them will give current during 
the succeeding intervals of time. We will try both methods. 
First, it is possible to consider that the period of time from 
= 1 to ^ = 2 is entirely independent of the period of time from 
i = 0 to t = 1 and to solve for current during the second period 
on that basis. Of course, the initial current at the beginning 
of the second period is identical with the current at the end of 
the first period, as found in Eq. (428), but this is the only effect 
of the first period on the second. The transient component of 
current during the second period is 

(429) 

R 

in which X is —j-* Owing to the fact that the voltage disturbance 

which produces this transient current occurs when ^ = 1, and 
not when ^ = 0, it is necessary to subtract 1 from all values 
of time. The transient current is unchanged in shape, but is 
delayed 1 sec. Mathematically, this accomplishes a shift of 
the time axis. So, in Eq, (429), (< — 1) appears instead of L 
The steady-state component during the second period of time 
is that value which would be reached if —10 volts were applied 
to the circuit for an indefinitely long time. It is therefore 
— 2 amp. The total current is 

i = - 2 (430) 

Knowing that when t = 1, i = 0.786, we evaluate K in Eq. 
(430), and obtain a complete expression for current during the 
second period: 

i = 2.786€-«-"<*-i> - 2 (431) 

This expression is plotted in Fig. 516, beginning with ii and 
ending with The value of iz is found from Eq. (431) to be 

iz = -0.309 (432) 

It is evident that this method may be continued indefinitely. 
The initial current for the third period is ^ 2 , the equation for 
current during the third period is 


i = -2.309€-«-^^'-‘2) + 2 


(433) 
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and the final current at the end of the period is 

iz = 0.598 (434) 

This method may be continued as long as desired, and if the 
applied voltage retains its cyclic form, a steady-state current will 
eventually be reached. 

The alternative method of solution is that of superposition. 
The curve of current that is produced by the application of 
10 volts at ^ = 0 is found. This current, which is described 
by Eq. (427), flows indefinitely thereafter. But when i = 1 
another voltage is applied to the circuit. This new voltage is 
— 20 volts, and since the original voltage is still acting, the total 
voltage in the circuit after t = 1 is —10 volts. During the 

period of time from t = Hot = 2 both voltages are in the circuit; 

each is producing a transient current, and the total current is 
the sum of the two. In Fig. 51c the current due to application 
of 10 volts at < = 0 is marked i'. The current due to application 
of —20 volts at < = 1 is marked i". The total current during 
the second period is the sum and is shown as a solid line in the 
figure. At the end of the second period, when t = 2, another 
voltage is introduced into the circuit: its value is +20 volts, 
so that the total voltage in the circuit is again +10, and the 
current during the third period is the sum of three components. 
This method, also, may be carried on indefinitely. 

During the first period of time, the total current is that pro¬ 
duced by the initial voltage. Let us call it i'. 

i = i' = 2(1 - €-»•«) (435) 

At the beginning of the second period, a voltage of —20 volts 
is suddenly injected into the circuit. The response to it is found 
as if it were the only voltage present and the circuit were at rest 
(without energy) when it was introduced. This response may be 
called i", and is 

i" = |(1 - (436) 

This is the usual form of current in a circuit of inductance and 
resistance, initially at rest, when voltage is suddenly applied. 
Since voltage is applied when ^ = 1 the current is a function of 
(t — 1) instead of t The value of E is —20, that being the 
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amount of the change of voltage that produces t". The two 
components of current are added to obtain total current during 
the second period: 

i = + i" = 2(1 - €--0.6/) __ 4(1 _ (437) 

When / = 2 a third voltage is introduced. The response to 
it alone is 

i'" = |(1 - (438) 

During the third period the total current has three components: 

i = + t'" 

= 2(1 - €-0-^0 - 4(1 - + 4(1 - (439) 

For later periods of time, more terms may be added to the series 
of Eq. (439) by inspection. 

Computation from Eq. (439) is quite straightforward. Let 
us determine current when < = 3. From Eq. (439), 

U = 2(1 - 6-1-^) - 4(1 - e-i «) + 4(1 - 6-0-^*) 

= 1.554 - 2.528 + 1.572 = 0.598 (440) 

The amount of calculation required to find iz by the method 
of superposition, in Eq. (440), is somewhat less than that needed 
to find the same value of U by the previous method, in Eq. (434). 

11. Square-wave Response. A square wave of voltage is 
often applied to a circuit or network for analyzing circuit behavior. 
An electronic ‘^square-wave generatoris connected to the net¬ 
work, and a cathode-ray oscilloscope is used to depict the resulting 
voltage across some element or combination of elements of the 
network. The response to a steadily applied square wave is 
studied, not the disturbance at the moment of first connecting the 
square-wave generator. 

The circuit's response to each jump of voltage in the square 
wave is similar to the response to a suddenly applied battery 
voltage, as considered in Sec. 10. If the duration of the transient 
is short compared to the period of the square wave, the similarity 
is evident, as in the first column of oscillograms in Fig. 52. If, 
on the contrary, the period of the square wave is short compared 
to the time constant of the circuit (high-frequency square wave, 
third column of the figure), the similarity to a simple transient 
current is obliterated by the rapid superposition. 
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Various typical output wave forms appear in this kind of 
square-wave testing. By observing the response of a circuit to 
square waves of various frequencies, it is possible to deduce a 
good deal of information about the circuit with very little trouble. 
Time constants and natural frequencies, for instance, are readily 
approximated. Theoretically the data from the square-wave 
test could yield exact and detailed information about the circuit, 
but precise interpretation is too difficult to be entirely practical. 


Low frequency Medium frequency High frequency 
square wave square wave square wave 




(d) 


(g)- 




(e>7 - \ 


(f) 


Jiff. 


I ^ ' 

(h)- a: 



"’ /Xy 


Fig. 62.—Response to applied square wave of voltage. 


Some examples of results obtained from simple circuits at low, 
medium, and high frequencies are shown in Fig. 52. For the sec¬ 
ond and third rows of diagrams, ‘‘medium frequency^' means 
that the half-period of the square wave (the duration of the flat 
top of the wave) is of the order of magnitude of the time constant 
of the circuit; the time constant of an inductive circuit is L/R, 
and the time constant of a capacitive circuit is RC, In the fourth 
row, “medium frequencyis about half the natural frequency of 
oscillation; it will be seen that the third harmonic is rather 
prominent although the frequency is too high for third-harmonic 
resonance. (These waves were traced from the screen of a 
cathode-ray oscilloscope.) “High frequency’^ is greater than 
the medium frequency by a factor of 5 to 10, and “low frequency 
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is as much less. The reader may estimate for himself the ratio of 
low to medium frequency in each case by study of the curves. 

It is often helpful to consider the Fourier components of the 
square wave. A square wave contains a fundamental frequency 
and all odd harmonics. When the output voltage in response to 
a square wave is also square, as in Fig. 52a, b, or c, there is no 
distortion in the circuit. A response as in Fig. 52i indicates that 
high frequencies in the output voltage are retarded in phase 
relative to low frequencies. If the top of the output wave sloped 
the other way it would indicate greater retardation of low than of 
high frequencies. Figure 52j indicates oscillation in the circuit, 
and a sine-wave output, as in Fig. 521, indicates that either the 
fundamental has been emphasized by resonance or that the third 
and all higher harmonics have been suppressed (as happens if the 
third-harmonic frequency is above cut off of an amplifier or filter 
circuit). 

Interpretation of square-wave tests is essentially a study of the 
transient response of a circuit. Square-wave testing is quite 
commonly used in checking the performance of amplifiers and 
other communication circuits. 

12. Integrating and Differentiating Circuits. The voltage 
across a condenser is the integral of condenser current. The 
R-C circuit in row 2 of Fig. 52 is called an ‘^integrating circuit” 
because the output voltage is approximately the integral of the 
input voltage. The approximation is good only if the period of 
the applied voltage is much shorter than the time constant of the 
circuit, for it is good only as long as the condenser voltage is a 
small part of the input voltage. R and C must both be large. 
Most of the applied voltage must be across the resistance. Cur¬ 
rent will then be nearly proportional to input voltage, and since 
condenser voltage is the integral of condenser current, it is also 
the integral of input voltage. Figure 52 shows good integration 
in /, poor integration in d and e. 

The current through a pure inductance is the integral of applied 
voltage. The R-L circuit in row 2 of Fig. 52 is therefore an 
integrating circuit also. Like the R-C circuit, it must have a 
long time constant relative to the applied frequency. L must 
be large and R small, but if R is too small there will be little 
output. 

Row 3 of Fig. 52 shows two “differentiating circuits.” The 
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current through a condenser is proportional to the derivative of 
the applied voltage; this is the principle of operation of the R-C 
circuit. The voltage across an inductance is proportional to the 
derivative of current; this is the principle of operation of the R-L 
circuit. Both of these circuits must have short time constants 
(relative to the frequency of the applied voltage) to give accurate 
differentiation of input voltage, as may be seen in Fig. 52. The 
impulsive response shown in Fig. b2g is a fair approximation of 
the derivative of a square wave, whereas the curves of Fig. 52/i 
and i are meaningless as derivatives. 

Integrating and differentiating circuits are used to operate on 
applied waves of all shapes. The square wave is used here for 
illustration, as in practice the square wave is used for testing, 
because it makes the circuit's inexactness of response quite 
evident. 


Problems 

1. Connect inductance, capacitance, and resistance in series, as in the 
circuit diagram of Fig. 48. Record on an oscillograph the current that 
flows when alternating voltage is suddenly applied, and record also the 
applied voltage. Measure the circuit parameters, the amplitude and 
frequency of the applied voltage, and the amplitxide of the steady-state 
current. 

The circuit will be composed of a condenser and a coil; no resistance 
except that of the coil need be used, and the ratio of resistance to inductance 
in the coil should be as low as possible. Do not use a coil with an iron core. 

Select values of inductance and capacitance to give the circuit a natural 
frequency about 30 per cent higher than the frequency of the applied voltage. 
The condenser must be able to withstand, momentarily, five times the 
applied voltage. 

The applied voltage should be sinusoidal, with no harmonic components 
apparent in the recorded wave. Amplitude, form, phase, and frequency of 
the applied voltage must in no way be affected by connection to the test 
circuit. This is a very important condition, but usually presents no 
difficulty. 

Transfer the recorded curve of current from the oscillogram to a sheet 
of cross-section paper, and determine from the oscillogram the angle of the 
voltage wave at the initial instant (the angle B). On another sheet plot 
the transient and steady-state components of current, and the total current, 
as computed from network parameters. Compare the computed curve 
with the experimentally observed curve. 

If it is not convenient to make an oscillogram, that which is reproduced as 
oscillogram 6 may be used. The upper curve of this record is current, the 
lower is applied voltage. Near the right-hand end of the current wave a 
single cycle of steady-state current has been superimposed, by means of a 
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separate exposure, after the steady state was wdl established; this is for 
calibration. The effective (r.m.s.) value of the steady-state current is 
1.33 amp. A record of time is given by the 60-cycle voltage wave. Circuit 
parameters are: 

R = 5.56 ohms. 

L = 0.322 henry. 

C = 12.67 fif. 

Effective amplitude of applied voltage = 117.8 volts. 

2 . What form of alternating voltage can be applied to a circuit of induct¬ 
ance, resistance, and capacitance (the circuit being initially at rest) without 
necessarily producing a transient component of current? 

8. Certain frequency meters have a number of reeds whose natural 
frequencies of mechanical vibration are equal to the electrical frequencies 
to be measured. Adjacent reeds have natural frequencies that differ by 
one cycle per second, or some simple fraction of a cycle. Watch the reeds 
in such a meter just after connecting it to a voltage within its range. Observe 
the transient behaviour of the reeds. To what extent is this behaviour 
analogous to the current of oscillogram 6? 

4 . Consider the ballistic galvanometer described in Prob. 4 of Chap. IV. 
What is the maximum deflection of the galvanometer if a constant current 
flows through it for 0,05 sec., exerting a moment of 0.10 g. cm. during this 
time? There is no current either before or after this interval. What is 
the maximum deflection if one-tenth as much current flows for 10 times as 
long a period? Note that electric charge through the galvanometer is the 
same in both cases. 

6. An electrical device is proposed for use in comparing the acceleration 
characteristics of an automobile using various gasolines.^ A direct-current 
generator with constant field excitation is driven by the engine, or by one 
of the wheels. In series with the armature of the generator is a condenser 
and an ammeter. Prove whether or not the reading of the meter is pro¬ 
portional to the acceleration of the automobile. Is the device feasible? 
Can it be designed with practicable parameters? Rapid acceleration of an 
automobile is about 4 per cent of its maximum speed per second. 

6. Discuss whether or not the following statement is true: ‘‘Alternating 
voltage is applied to a circuit of capacitance-and resistance in series. When 
the elapsed time after closing the switch is equal to the time of one cycle of 
the applied voltage, the transient component of current will be small com¬ 
pared to the maximum of the steady-state component.Is this true for all 
values of R and C, and for any applied frequency and any instant of closing 
the switch? 

^ Gardner, G. T., Gen, Elec, Rev,, 87,148, 1934. 
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COUPLED RESONANT CIRCUITS 

1. A Special Network. The diocussion of coupled resonant 
circuits belongs, logically, in Chap. V, for the circuits constitute 
a network that can be treated in the same manner as other 
networks. This is pointed out in Sec. 22 of that chapter, in 
which the procedure for an exact solution is outlined. But for 
two reasons qualitative discussion of the transient current and 
consideration of approximate solutions have been reserved for 
the present chapter: first, because the practical importance of 
coupled resonant circuits is great enough to justify a separate 
chapter; second, because the action of coupled circuits is related 
to the behaviour of a circuit to which alternating voltage is 
applied, and Chap. VI serves as an introduction. 

When two circuits are coupled, as in Fig. 536, and a source of 
voltage is applied to the first circuit, circuit 2 can obtain energy 
only at the expense of circuit 1. Transfer of energy takes place 
through the mutual parameter; in Fig. 53, where the mutual 
parameter is inductance, the first circuit gives energy to the 
magnetic field, and the second circuit then receives energy from 
the magnetic field. The rate of transfer of energy depends on 
the value of the mutual parameter relative to the other param¬ 
eters of the network. This relation is expressed as the coeffi¬ 
cient of coupling : when the coupling is inductive, the coefficient 
of coupling is defined as 


Coefficient of coupling 


Ln 


vo; 


22 


When circuits are loosely coupled, and the coefficient is small, 
the transfer of energy is relatively slow. But with close coupling, 
and with the coefficient approaching its maximum value of 
unity, the circuits exchange energy rapidly. 

2. Oscillograms of Current. Figure 53 shows a number of 
oscillograms of current in the pair of coupled circuits. Figure 
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53o shows the current in circuit 1 when circuit 2 is open; it is 
therefore merely the familiar damped sinusoidal wave of a ‘single 
circuit. It has a certain natural frequency. When circuit 2 is 



Fig 63 


allowed to carry current, it will receive energy through its induc¬ 
tive coupling with circuit 1. The natural frequency of circuit 2 
is approximately equal to the natural frequency of circuit 1. In 
Fig. 63, c and d show current in circuits 1 and 2, respectively, 
with complete transfer of energy in the course of five half-cycles. 
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The first half-cycle of current in c is quite similar to the first 
half-cycle of current in a, but energy of circuit 1 is rapidly 
drained away, and at the end of five half-cycles circuit 2 has 
received all the energy (except that which has been lost in 
resistance). The amplitude of current in circuit 1 has reached 
zero, whereas the amplitude of 12 has reached a maximum. 
During the directly following five half-cycles the process is 
reversed and circuit 1 regains all of the energy that was trans¬ 
ferred to circuit 2—except, of course, that which is meanwhile 
lost in resistance. The tenth half-cycle of c has the same ampli¬ 
tude as the tenth half-cycle of a; it is, however, reversed in sign. 
Another complete transfer of energy to circuit 2 and a partial 
return to circuit 1 are accomplished before the end of the oscillo¬ 
graphic record. 

It is approximately true that complete transfer of energy from 
one circuit to the other occurs if the natural frequencies of the 
two individual circuits are equal. As will be seen later, however, 
the effect of mutual inductance is such that if the closeness of 
coupling is changed, the circuit parameters must be adjusted 
slightly to maintain such a condition. To observe the effect 
of altering the self-parameters independently of the mutual 
inductance, and the mutual inductance independently of the 
self-parameters, we may refer again to Fig. 53. 

Parts e and / of Fig. 53 differ from c and d because of a small 
change in the value of the capacitance in circuit 2. The value 
of C 2 was increased about 20 per cent, changing the natural 
frequency of that circuit by about 10 per cent, and the currents 
shown in e and / resulted. It will be seen that the transfer of 
energy is not complete, and the amplitude of current in circuit 1 
does not reach zero, although it goes through a minimum at the 
fifth half-cycle. The maximum amplitude of current is corre¬ 
spondingly less in / than in d, for part of the total* energy is 
retained in circuit 1. The current in the fifth half-cycle of e 
is about one-third the current in the corresponding half-cycle of 
a, showing that the energy retained in circuit 1 is about one-ninth 
the total energy; the secondary circuit is given eight-ninths the 
total energy, making the amplitude of current in / about 95 per 
cent of its amplitude in d. 

In the network that produces the currents e and /, as well 
as the network which gave c and d, the mutual inductance was 
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0.1 henry, while Ln and Lai were each 0.6 henry. The coefficient 
of coupling was therefore 0.2. 

The effect of reducing the coefficient of coupling is shown in 
curves g and A. The mutual inductance is only about half as 
great, and it will be seen that the maximum transfer of energy 
has not been accomplished until the ninth half-cycle. It is at 
this time that current in circuit 1 becomes minimum and current 
in circuit 2 maximum. Because of the smaller value of mutual 
inductance, and the consequent looser coupling, transfer of 
energy from one circuit to the other is slower. Except for the 
change of mutual inductance the network for g and h was identical 
with the network for c and d. 

It might seem, at first thought, that close coupling of the 
circuits would be necessary to transfer energy efficiently from 
one to the other. It is quite true that close coupling permits 
a faster transfer of energy, but it does not make the transfer 
any more complete. This may be seen in curves i and j; while 
recording these last two oscillograms, the mutual inductance 
was unchanged from the value used for curves g and A, but the 
capacitance of circuit 2 was raised- about 7 per cent (making 
C 2 slightly greater than it was for c and gr, but less than its value 
for e). In this final case the transfer of energy is complete at the 
end of the ninth half-cycle, and during the remaining eight half¬ 
cycles of the oscillographic record the energy is being returned 
to circuit 1 from circuit 2. If the oscillogram had continued for 
another cycle the amplitude of would have fallen to zero, but 
the length of the record is insufficient to show the complete 
return of energy. 

Let us now summarize the information obtained from Fig. 53: 
electromagnetic energy can be repeatedly transferred between 
two coupled resonant circuits; when the circuits are properly 
adjusted, the transfer of energy can be complete, as in c and d. 
When the adjustment of one of the circuits is changed, the trans¬ 
fer of energy is incomplete, as in 6 and /. When mutual induc¬ 
tance is decreased, the transfer of energy is slower, as in g and 
A; moreover, it is not quite complete unless the self-parameters 
are readjusted. But the transfer, although slower, may be 
made complete as in i and j. There is much more to be learned 
from a careful study of Fig. 63 that cannot be included in this 
summary. 
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3. Coupled Circuits without Loss. The complete analytical 
solution for current in two coupled circuits is very lengthy. 
Moreover, when the solution is finished it does not make plain 
the circuit's behavior, for it is too complex to be comprehensible. 
But if resistance in the two circuits is neglected, the solution is 
very greatly simplified, and although the result does not exactly 
correspond to a physical network, it is nevertheless quite helpful 
and illuminating. Let us, therefore, neglect resistance. 

The voltage equations for the network of Fig. 53b are 


(ri + LuP + - 


Z/127>^*2 — 


— Li2pfl + ^ 


R2 + L22P + — 0 


(441) 

(442) 


When Ri and R 2 are zero these become 



(443) 

(444) 


Substituting X for p, according to the method explained in Sec. 4 
of Chap. V, and making the left-hand member of Eq. (443) 
equal zero, we obtain a pair of equations which may be solved 
for X: 

(luX + - LuXh = 0 (445) 

—LitXii + ^Z/22X + ~ ® (446) 

Simultaneous solution of these equations gives 

(L 11 L 22 “■ Li2^)\^ + "f” (f l c ' “ ® (447) 

From this equation values of X may be obtained. 

Although Eq. (447) is a quartic equation, it is peculiar in that 
it contains only even powers of X; it is of the form known as 
biquadratic. The biquadratic form is due to the neglect of 
resistance in the network, for a similar expression obtained from 
the general voltage equations (441) and (442) will contain also 
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the first and third powers of X. The general quartic equation is 
quite difficult to handle, but the biquadratic is readily solved by 
treating it as a quadratic in X^. An expression for X^ is thereby 
obtained, and the square root will give values of X. Solution of 
Eq. (447) gives 


. J-(fe+^)±vfe+^y- 

^ ■ 2{LuU2-Ln^) 


.LnL 


11^22 


'12 


C 1 C 2 


(448) 


It is at once evident that there will be four values of X, correspond¬ 
ing to the four combinations of algebraic signs. They will, 
moreover, be in pairs of equal and opposite values. All four 
values will be purely imaginary, for the quantity under the 
principal radical will always be real and negative.^ They may 
therefore be written in pairs as 

Xi = i«, X, = ju>3 \ - 

X2 = -jwi X4 = -icoaj 

If resistance had been included in the solution there would have 
been two pairs of roots, but they would have been conjugate 
complex pairs instead of purely imaginary pairs. 

From the four values of X we may write the form of the 
currents: 

(451) 

+ iiL24€^f (452) 

There is no steady-state component of current in either circuit. 
Since the X’s are imaginary, the exponential terms may be com¬ 
bined into sinusoidal terms: 


^ It is real because the quantity under the inner radical must always be 
positive; this is shown by writing the quantity under the inner radical as 


VC, cj 


+ 4 


CiC, 


(449) 


and since the first term is squared the expression must be positive. The 
quantity under the principal radical is always negative because the value 
of the inner radical must always be numerically less than 


Lii , X/22 

c, c, 
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ii ^ All sin (uit + ♦ii) + -All sin («8< + ^is) (463) 

ta = Aji sin («i^ + 0ai) + Au sin (tatt + ^ 2 j) (464) 


In either the exponential or the sinusoidal equations there are 
eight coefficients to be determined from initial conditions. To 
complete the solution, eight initial conditions must be 
determined. 

Since the circuits are inductive we have, first, that when 


< = 0, ti = 0 

t2 = 0 

(465) 

(456) 

Since the integral terms of the voltage equations (443) and (444) 
are initially zero, it follows that when 

t = Oj Lupii - Lnpii = M 

—Liipii + L22pii = 0 j 

(457) 

and simultaneous solution gives 


t = 0, pu = E . 

(458) 

l’'" l ■ 

L/iiLj22 •“ A/12 

(469) 


The second derivative must next be found. As it does not 
appear in the voltage equations, they must be differentiated by 
operating throughout with p : 




- LiipHi = pE = 0^ 

—LiipHi + + 

The initial current being zero, these become, when 

« = 0, 


^)t, = 0 


LiipHi — LitpHi = O) 

—LitpHi + LnpHt = Oj 


(460) 


(461) 


Simultaneous solution of the £qs. (461) leads to the expression 

(LiiLjj — Lit*)pHi = 0 

and since it is impossible for the quantity in parentheses to be 
zero (except in the special case that makes the coefficient of 
coupling unity), it follows that when 
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and also 


t ■» 0, pHi =» 0 
pHt = 0 


(462) 

(463) 


To find the initial value of the third derivative of current, it is 
necessary to differentiate the voltage equations a second time: 


LnP*ii + ^P*i - LitpHt == 0 

—LvtpHi + LtipHt + ® 


(464) 


The initial values of pn and pt» are known from Eqs. (458) and 
(459); merely to simplify the algebra it is desirable to designate 
these initial values by the symbols Xi and X*: 


X, = E 
Xi = E 


LiiLit ~ 

Lit 

LiiLti — Lit^ 


(465) 


Furthermore, let us designate the initial values of pHi and pHt 
by the sjTnbols Fi and F*. The Eqs. (464) may now be written, 
for the instant when < = 0, in terms of these four symbols: 


LuYi - LitYt 
-LitYi + LttYt 



(466) 


Simultaneous solution of Eqs. (466) gives 


Ltt -y _ Luy 

^ _ C, ‘ Ct ' _ „ Ltt*Ct+Lit*Ci 

LiJLtt - Lit* CiCt{LiiLtt - Lit*)* 

_ huy 

Y _ Ct * Cl * _ p, LiJjitCi -b LttLitCt 

* LiiLtt ~ Lit* CiCt{LiiLtt ~ Lit*)* 


(467) 

(468) 


The eight necessary initial conditions have now been found; 
they are the initial current and the first, second, and third deriva¬ 
tives of current in each circuit. 

Next, the formal current equations must be differentiated. 
The first, second, and third derivatives of current are found by 
repeated differentiation of Elqs. (453) and (454). To obtain the 
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initial values of current and its derivatives we then let < = 0 
in the resulting expressions. By this process we find that when 

^ == 0, i\ = All sin <^11 “h Ai 3 sin </>i 3 = 0 (469) 

pii = A iioji cos 011 A 130)3 cos 013 = ^1 (470) 

pHi = “(Aiio)!^ sin 011 + A 130 ) 8 ^ sin <t>iz) = 0 (471) 

pHi = —(A 110 ) 1 ® cos 011 + A 130 ) 3 ® cos 018 ) = Yi (472) 

Simultaneous solution of these four equations, which have 
been equated to the previously determined initial values of cur¬ 
rent and its derivatives, will evaluate the four coefficients in the 
expression for ii, A similar group may be written for ^ 2 . As the 
first step in the solution we solve Eqs. (469) and (471) together; 
solving for 0ii and 0i3 we find that they both equal zero. This 
fortunate result makes it possible to eliminate 0 from the other 
two equations, giving 

A 110)1 + A 130)8 = Xi (473) 

— A iio)i® — A 130)3® = Yi (474) 


The coefficients are found from this pair of equations to be 


— A^10)3® — Ti0)3 

0)i®0)3 — 0 )i0)3® 

A^lt«)l^ ~f“ Y\ 0 )\ 

0)i® 0)3 — 0)i0)3® 


(475) 

(476) 


The solution for the coefficients of is similar and yields similar 
equations: 


A 21 

A 23 


— A2Ci)3® — K20)3 
0)i®0)3 — 0)i0)3® 

A2C*)i® 1^20)1 

Wl®Ci)3 — 0)i0)3® 


(477) 

(478) 


When values of these coefficients have been determined by using 
the above equations (together with Eqs. (465), (467), and (468) 
which define X and Y) they are substituted in the following 
expressions for current, which result from (453) and (454). 
Knowing that the 0's are all zero we have 

ii = All sin o)i< + Ai 8 sin (azi (479) 

^2 = A21 sin (ait + A23 sin (azt ( 480 ) 

This completes the solution for currents in the ideal network 
that contains no resistance. The final expressions are simple, 
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and numerical evaluation is not difficult. The entire solution is 
straightforward and follows the same course as have previous 
solutions of other networks. If resistance had been included, 
the sinusoidal terms of the current expressions would be mul¬ 
tiplied by exponential damping factors, and values of 0 would 
appear as in Eqs. (453) and (464). The values of would be 
small if resistance were small and would have little effect on the 
physical shape of the current wave, but they would not drop out 
of the mathematical solution. Moreover—and it is for this 
reason that the complete solution is not given here—the evalua¬ 
tion of coefficients, of initial derivatives, and of natural angular 
velocities in networks containing resistance is quite laborious 
without being particularly 
lucid. 

The current in each circuit 
is shown by Eqs. (479) and 
(480) to be composed of two 
sine waves of different fre¬ 
quencies. It is not entirely 
erroneous to associate one of 
these frequencies with circuit 
1 and the other with circuit 2, 
for if the coupling is very loose 
the frequencies will approach 
the natural frequencies of the 
two circuits individually. 

This can be seen from Eq. 

(448), the expression for the 
natural angular velocities, for 
if Li 2 is allowed to approach zero, the values of o) approach 
1/Vl iiCI and 1/\/Z^22^2* But 'whene\er there is coupling 
between the two circuits (as there must be if the circuits are to 
form a network) the natural frequencies of the network will differ 
slightly from the natural frequencies of the independent circuits 
because of the effect of the mutual inductance. 

4. Widely Different Natural Frequencies. Figure 54 shows 
oscillographic records of the current in circuits 1 and 2 when 
the natural frequencies of the network are quite different. 
The natural frequency of circuit 1 is about 100 cycles per sec., the 
natural frequency of circuit 2 is about 400 cycles, and tho 



Fu. 54 
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two natural frequencies of the network do not differ greatly from 
these values. The result is that each record shows a complex 
wave with two damped sinusoidal components, one having about 
four times the frequency of the other. But in ii (Fig. 64a) the 
low frequency, which is the natural frequency of circuit 1, is 
predominant over the high-frequency ripple; while in 12 (Fig. 
545 ) the high frequency, natural to circuit 2, overshadows the 
low-frequency component. 

Each circuit is disturbed at the initial instant by the sudden 
application of voltage in circuit 1, and each begins to carry 
current of its own natural frequency. But, at the same time, 
the current in each circuit induces a voltage in the other circuit 
so that there is a relatively small component of the natural 
frequency of each circuit in the other. From this point of view 
the current is not unlike the response of a single circuit to which 
alternating voltage is applied; this case was discussed in the 
previous chapter, and Fig. 54 may be compared with Fig. 48 a 
and 5. Voltage applied to the second of two coupled circuits 
is, in fact, an alternating voltage, although its amplitude is not 
constant but decreases as the current in circuit 1 is damped. 
Equation (442), the voltage equation for circuit 2, shows that the 
driving voltage in circuit 2 is Litpiiy and if that equation is 
written 

Riii + L22pi2 + ^^2 = Lnjyii (481) 

it may be compared with Eq. (394) of the previous chapter. The 
driving voltage in circuit 2 is evidently not a purely sinusoidal 
voltage, but if the coefficient of coupling is small, the approxi¬ 
mation is close and the concept is helpful. 

6. Approximately Equal Natural Frequencies. A special case 
of importance is one that has already been mentioned: the net¬ 
work of two circuits that are tuned to very nearly the same 
frequency. A set of oscillograms for such a circuit is shown in 
Fig. 53. The primary current shown in Fig. 53c, and the 
secondary current in Fig. 53d are just as truly composed of two 
damped sinusoidal components as are the curves of Fig. 64. 
But owing to the fact that the two sinusoidal components are of 
nearly the same frequency, they combine to give a curve that 
has the appearance of being a modulated wave. This effect is 
also comparable to the combination of components in the single 
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circuit to which alternating voltage is applied, and Fig. 53d' 
should be compared with Fig. 48c. 

The transfer of energy from circuit 1 to circuit 2, and then its 
return to circuit 1 , and so on, has already been discussed. A 
careful comparison of oscillograms will show that as long as the 
current in circuit 1 is inducing a voltage in circuit 2 that has a 
component in phase with t 2 , there will be energy added to 
circuit 2 ; at the same time the voltage being induced in circuit 1 
by the current in circuit 2 has a component in opposition to ii, 
and energy is being removed from circuit 1. This action con¬ 
tinues, in Fig. 53 c and d, until all energy is lost from circuit 1, 
but immediately thereafter a new current is induced in circuit 1 
by the current in circuit 2 . The new current in circuit 1 has an 
exactly opposite phase relationship: it receives energy from the 
induced voltage while circuit 2 now loses energy. The reversal 
of phase in ii is very clearly shown in Fig. 53 c and i; after each 
point of zero energy in circuit 1 is passed the current grows again 
but with a reversal of sign. Then, when all energy has been 
lost by circuit 2 , there is a similar reversal of sign of it) this 
appears in Fig. 53d and /. 

A change of any one of the network parameters will prevent 
complete transfer of energy from circuit 1 to circuit 2 . When 
C 2 is changed, for example. Fig. 53e results. The current in c 
does not show the same reversal of phase that was typical of 
the point of zero energy in c; in fact, no point of zero energy is 
reached. But an exactly similar effect is occurring, although 
it is less obvious, for there is a gradual phase shift in e which 
controls the transfer of energy in the same manner as the sudden 
phase reversal of c. 

The relation of the transfer of energy and the phase of the 
driving voltage is considered in more detail in Sec. 6 of Chap. VI. 

6 . Complete Transfer of Energy. Mathematically, the neces¬ 
sary condition for a complete transfer of energy is that the 
coeflScients of the two components of current must be equal. 
Let us neglect resistance, for simplicity, and use Eq. (479) for 

ti: 

ti = All sin oiit + Aiz sin wzi (479) 

If 0)1 and 0)3 do not differ by more than about 25 per cent, it is 
more convenient to change the trigonometric form to that of a 



232 


TRANSIENT ELECTRIC CURRENTS [Chap. VII 


modulated wave. Equation (479) may be rewritten as 


ti - All sin 


0)lt + I 0)it — 

2 ’ 2 > 


Lis sin ( — 


t + W8< 0)it — 0)n(\ 

~2 2 i 


The sine terms may now be expanded as the sum and difference 
of two angles, and when terms are collected after expansion the 
result is 


ti = (All + A is) sin 

+ (All - 


( Wl + 03z \ /Wl — 0)3A 

—2-‘) 

X,.) cos sin 


(482) 


Now, if All and A is are equal, the second term of the right- 
hand member becomes zero, and current is described by the first 
term alone; it is a sine wave whose frequency is the average, or 
half the sum, of the natural frequencies of the network, and it 
is modulated by the cosine factor at a frequency equal to half 
the difference of the natural frequencies. This (aside from the 
inevitable damping) is a perfect description of the curve of Fig. 
53c; maximum amplitude of current corresponds to unity value 
of the cosine factor, while zero amplitude appears when the cosine 
is zero. 

On the other hand, if the coefficients are of equal magnitude 
but opposite sign, the first term of Eq. (482) will disappear and 
the second term alone will define the current. This term, a 
cosine wave modulated by a sine wave, is a description of Fig. 
53ci, which is the current in circuit 2. 

It follows, then, that when transfer of energy is complete, 
the coefficients of Eqs. (479) and (480) are related: 



(483) 


If the conditions of Eq. (483) are not met, there will be two 
components in the total current; there will be a component with 
sine modulation added to a component with cosine modulation, 
and since one component is of maximum amplitude when the 
other is zero, it follows that the amplitude of the total current 
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will not periodically become zero. This condition is particularly 
evident in curves e and g of Fig. 53, in which the current reaches 
a minimum amplitude but does not become zero. 

The values of the coefficients for Eqs. (483) are given in 
Eqs. (475) to (478). Unfortunately, the algebraic complexity 
is too great to permit an explicit solution for conditions to satisfy 
Eqs. (483). But computation of specific numerical examples 
is not difficult, and it will be found that if the natural frequencies 
of the two circuits individually are equal, and the coefficient of 
coupling is small, the coefficients derived from Eqs. (475) to 
(478) will come very close to satisfying the conditions of Eqs. 
(483). See Prob. 3, page 238. 

An oscillographic study, ao in Fig. 53, should whenever possible 
supplement the mathematical study of a network. 

7. Approximate Computation. Frequency. Sometimes it is 
necessary to compute the complete and exact form of transient 
currents, such as those recorded in Fig. 53, but much more 
frequently it is enough for the engineer to know the frequencies 
of the transient components of current and the maximum ampli¬ 
tude to be expected. The duration of the transient current may 
also be needed. Approximate computations will quite readily 
determine these essential factors with a degree of accuracy that 
depends on the network conditions. 

If resistance in the network is low enough to allow the currents 
to be freely oscillatory, their natural frequencies can be deter¬ 
mined with very good precision from Eq. (448). Although this 
expression for the natural angular velocities was derived for a 
network without resistance, it is an excellent approximation for 
a network with low resistance. This is particularly fortunate, 
because most coupled circuits in which the transient current is of 
engineering importance have rather low resistance and so are 
amenable to approximate treatment of this kind. 

If the coefficient of coupling is small, it is possible to consider 
the two natural frequencies of the network equal to the natural 
frequencies of the two individual circuits. This approximation 
is useful if the coefficient of coupling is not greater than 0.1 or 
0.15. The amount of error due to this approximation is of the 
order of half the coefficient of coupling. But Eq. (448) takes 
into account the mutual inductance and is the better approxima¬ 
tion to use if it is applicable. 
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8. Approximate Amplitude. Maximum current in circuit 1 
may sometimes be found quite accurately by adding An and An 
SLB determined in Eqs. (475) and (476); however, these equations 
do not consider resistance and may not be used if the loss is so 
great that either current of the network is strongly damped. But 
when Eq. (448) leads to satisfactory values for natural fre¬ 
quencies, Eqs. (475) and (476) are sufficiently accurate for 
amplitude. 

Maximum current in circuit 2 may be found by adding A 21 
and A 28 under the same restriction as to moderately low resist¬ 
ance, provided also that the two natural frequencies are quite 
different. If one natural frequency is several times the other, 
the simple sum of coefficients is adequate to give the maximum 
amplitude. But if the two natural frequencies are nearly equal, 
the maximum amplitude may come so long after the initial instant 
that much of the initial energy has been lost in resistance. This 
is illustrated in Fig. 53j, for, although the entire energy of the 
system is transferred to circuit 2 by the time of the ninth half¬ 
cycle, it has been so attenuated by loss that the maximum 
amplitude of the current in circuit 2 is considerably reduced. 
In such a case, it is necessary to make some approximation of the 
amount of damping; this will be discussed a little later. 

An even simpler approximation of the maximum current in 
circuit 1 is possible if the coefficient of coupling is small; with 
loose coupling, the transfer of energy to circuit 2 during the first 
half-cycle is small, and the initial current is almost unaffected 
by the presence of the second circuit. So initial amplitude may 
be computed as if circuit 1 existed alone and the result will be a 
good approximation for a network in which the coefficient of 
coupling does not exceed 0.2 or 0.3. If, at the same time, resist¬ 
ance is small, the initial amplitude is approximately equal to 
\/Ci/Lii. As an example, this value is adequate for any of the 
curves of ii in Fig. 53, but it is a rather poor approximation for 
Fig. 54a, because of the relatively close coupling in the latter case. 

9. Approximate Duration. The rate of damping of the current 
waves in a network of two circuits is due to loss in both circuits. 
However, if the natural frequencies of the circuits are so different 
and the coupling so loose that each circuit carries current of 
substantially one frequency only, we are justified in considering 
that the chief component of current is attenuated exponentially, 
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the decrement factor being R/L for that circuit alone. By this 

means the approximate duration of the transient current may be 
obtained. 

If, however, the energy of the transient current is being trans¬ 
ferred completely from one circuit to the other, as in the examples 
of Fig. 53 c and d, and i and j, the conditions are entirely different; 
in such a case there is loss first in one circuit and then in the other 
as the current flows in the two circuits alternately. The maxi¬ 
mum current in circuit 2 may be found as follows, if damping is 
negligibly small: At first all of the energy is in circuit 1, and when 
it is in magnetic form the current is the square root of twice the 
energy divided by the self-inductance. When all of the energy 
has been transferred to the second circuit the same relation of 
current and energy is true with reference to the self-inductance 
of circuit 2. The maximum currents, therefore, are in inverse 
proportion to the square roots of the self-inductances, or 

Maximum 
Maximum ii 

But when there is appreciable damping, as there will almost 
always be, the maximum value of h obtained from Eq. (484) 
is too large and must be reduced by a factor that is dependent 
on the rate of loss and on the elapsed time. The fact that the 
rate of loss is, in general, different in the two circuits must be 
taken into account. If the two circuits have equal ratios of 
R/L they will have the same rate of energy loss, and if the ratios 
differ, an approximate damping factor may be obtained by finding 
an arithmetic mean: 

Approximate damping factor = t 2 LuLm (485) 

Finally, then, if the transfer of energy is complete, the maximum 
amplitude of current in circuit 2 may be approximated by multi¬ 
plying the value obtained from Eq. (484) by the factor expressed 
as (485), in which the value of time is that corresponding to 
complete transfer of energy. This time is seen from Eq. (482) 
to be ir/(«i — ws). 

If the transfer of energy is not complete, it is possible to 
determine from the expression for ti, Eq. (482), the fraction of 
energy that remains in circuit 1. From this, the amount of 
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energy transferred to circuit 2 is found, and, from the energy, 
the current is determined. 

It is evident that the various approximate methods of compu¬ 
tation that have been suggested do not cover all possible networks 
of coupled circuits. Particularly, those networks with large 
resistance are not easily attacked in even an approximate manner. 
But it is fortunate that the circuits that may be most readily 
handled are also those most often encountered in electrical engi¬ 
neering. And there remains always, as a last resort, the exact 
solution of the complete network. 

10. The “Quenched Gap.” It is interesting to consider again 
the operation of a spark transmitter for radiotelegraphy. The 
current in the initial circuit is discussed in Chap. IV, Sec. 17. 
But the effect of the coupled antenna circuit was neglected. 
The solution for current in the initial circuit was of the form 
shown in Fig. 53a: a damped sinusoid. We may now consider 
the form when the antenna circuit is effective; when the two 
circuits are correctly tuned, the result may be a wave of the 
form of Fig. 53 c or i, in the primary circuit, with a current such 
as d or j in the antenna. Complete transfer of energy from the 
primary circuit to the secondary circuit is highly desirable in 
the radio transmitter, for only energy in the antenna can be 
useful. 

Operation of the transmitter is improved if energy is trans¬ 
ferred to the antenna circuit and is not allowed to return to 
circuit 1. This can be accomplished by opening circuit 1 when 
the amplitude of ii becomes zero. See, for example. Fig. 55a; 
the upper record is current in the secondary, and the lower record 
is current in the primary of two coupled circuits. Energy was 
totally transferred from circuit 1 to circuit 2 in five cycles, and 
at the end of that time the switch in circuit 1 was opened. The 
total energy of the system was thereby trapped in circuit 2, and 
the current t 2 died away exponentially thereafter. 

Contrast this to Fig. 556, for which the primary circuit was 
not opened at the end of the first transfer of energy. It will 
be seen in the oscillogram that the energy was transferred from 
one circuit to the other five times, finally being trapped in circuit 
2 at the end of 25 cycles. Remembering that current in circuit 2 
is useful in radiating telegraph signals, whereas current in 
circuit 1 serves no useful purpose, it is plain that there is great 
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advantage in the procedure that keeps the energy in circuit 2 
with no unnecessary transfers of energy. 

The oscillograms of Fig. 56 are not records of radio-frequency 
oscillations. The frequency of their wave is only about 300 
cycles per sec. But the principle of the ^‘quenched gap'' is 
very clearly shown. In a radio transmitter, the trapping of 






(a) {b) 

Fig. 55,—Current in tuned circuits, illustrating in (a) the effect of interrupting 
ii, as by a “quenched gap.” In (5) the interruption occurs at a later time. 
{Oscillograms by T. A. Rogers, UniversUy of California.) 

energy in the antenna circuit is accomplished by quenching the 
spark in circuit 1 at the proper instant; current in circuit 1 is 
thereby interrupted as effectively as if a switch in the circuit 
were opened. Figure 25 in Chap. IV shows how the spark 
operates as a switch, and, if the gap is properly designed, it will 
be automatically quenched as the amplitude of current through 
it—that is, amplitude of i \—becomes small. 

As a matter of fact, all types of spark transmitters for radio¬ 
telegraphy are obsolete since the introduction of vacuum tubes. 
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Problems 

1. A two-section filter for the keying circuit of a radiotelegraph trans¬ 
mitter is shown in the figure. This network provides better filtering than 
the one-section filter described in Prob. 8 of Chap. V. Network parameters 
are as follows: 

Li = 1 / 2=2 henrys. 

Oi = C 2 = 1 Mf. 

Ri = R 2 = 100 ohms, 
r = 5000 ohms. 

Assuming Ri and Ri to be zero and r to be infinite, compute the voltage 

across Si and r as a function of time after 
L 2 R 2 L, R, closing >S 2 . 

2. Taking into account the actual 
resistances of the filter network of Prob. 
1 and with S 2 closed, find a good approxi¬ 
mation of voltage across r after Si is 
closed. 

3. Two circuits, each containing induc¬ 
tance and capacitance, but not resistance, would each individually have the 
same natural frequency. They are inductively coupled, and the charged 
condenser of one is suddenly allowed to discharge, the other circuit being 
until that instant at rest. Prove that the charge on the condenser in each 
circuit can be expressed as a function of time that is simply the product of a 
sine term and a cosine term. Show that this is nearly, but not quite, the 
condition to satisfy Eq. (483). 



S2 S, 


Prob. 1. 
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!• Flux. When the nature of inductance was considered in 
Sec. 3 of the first chapter, it was defined as a factor of propor¬ 
tionality between rate-of-change of current and induced voltage. 
In making use of inductance, it has been tacitly assumed that a 
constant factor of proportionality existed; it now becomes 
necessary to consider the behavior of networks in which the 
proportionality is not constant, inductance, therefore, being a 
variable quantity. When inductance is variable, its relationship 
to current is best expressed in terms of flux. 

Magnetic flux is a physical concept that may be used as a 
mental steppingstone between rate-of-change of current and 
induced voltage; it may be considered that current produces flux 
and rate-of-change of flux induces voltage. This concept is 
particularly helpful when there is iron present and magnetic 
saturation results, for in such a ca.se it is usual to consider that 
induced voltage is still proportional to the rate-of-change of 
flux, but that flux is no longer proportional to current. Written 
symbolically, with flux denoted by </>, and with N the number 
of times the flux links the circuit, the induced voltage is 



(486) 


If there is no iron in the neighborhood of the circuit in which 
current flows, and no ferromagnetic alloy, flux is proportional 
to current; if iron is present in the magnetic field, and particu¬ 
larly if the iron becomes magnetically saturated, flux is not 
proportional to current but may be described as a function of 
current: 

N4> = f{i) (487) 

The relation expressed by this equation is most commonly and 
most satisfactorily represented by the magnetization curve, as 
in Fig. 56. Inductance of a circuit in which N<l> flux linkages 
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are produced by current i may now be expressed as 

(488) 


In the equations that involve flux linkages, there may or may 
not be numerical coefficients, depending on the electric and 
magnetic units employed. If voltage, current, and inductance 
are in volts, amperes, and henrys, the flux may be expressed in 
webers, and there will be no need for numerical quantities other 
than the number of turns of the circuit. If, however, the flux 
is expressed in maxwells it is necessary to include also the factor 
10"“® (this being the ratio of one maxwell to one weber). 

Equation (488) is not a new definition of 
inductance, for even variable inductance is 
adequately defined by Eq. (1): 

It is permissible, however, to accept Eq. (488) 
Current as the definition of flux and, by combining it 
Fig. 56. j^q derive Eq. (486): 




- N 


d4> ^ 
di dt 



(489) 


The fundamental magnetization curve is a plot of magnetic- 
flux density as a function of magnetic intensity: B as a function 
of H. With a given circuit, however, a similar curve will repre¬ 
sent flux linkages as a function of current, and this is a more 
useful relation for purposes of the present discussion. For it 
may be seen from Kep (488) that the slope of a curve of flux 
linkages as a function of current is inductance. When flux is 
directly proportional to cairrent, as it is, practically, in th(' 
absence of ferromagnetic matc'rial, the magnetization curv(* is 
a straight line through the origin. In such a case the slope is 
constant, and the inductance is constant. When iron is present 
and the magnetization curve has the typical shape shown in 
Fig. 56, the inductance may be found (as a function of current) 
by measuring the slope at each point of the curve. 

2. Voltage Equations with Variable Inductance. When induc¬ 
tance varies as a function of current the analytical methods of 
Chap. I cannot be applied. The voltage equation of a circuit 
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with variable inductance is obviously not a differential equation 
with constant coefficients, and no other kind of differential 
equation has yet been considered. Analytical solutions for 
currents in such circuits are sometimes possible, and as the first 
step it is necessary to find an analytical expression to describe 
the magnetization curve. There are many combinations of 
functions which may be fitted to an experimentally determined 
magnetization curve. The most common and, because of its 
simplicity, the best, is known as Frohlich’s equation: 

N„ = (490) 

This equation^ was originally supposed to be rational, but is now 
generally used as an empirical expression in which a and b are 
selected to give good agreement between the equation and an 
experimentally determined magnetization curve. By means of 
Frohlich\s equation, flux may be eliminated from Eq. (489), 
leaving induced voltage expressed in terms of current and time. 

In the simplest circuit, of resistance and inductance only, 
with constant voltage suddenly applied, a solution can be 
obtained by separation of the variables as in Sec. 6 of Chap. I. 
The voltage equation for such a circuit is 

Ri + Lpi = E 


By means of Eq. (488), inductance may be expressed in terms 
of flux linkages: 


di dt 

(491) 

or 


+ 

II 

(492) 

By simple transposition 


11 


^ The fundamental form of Frohlich^s equation is 

^ “ 6 -h/f 



but N4» IS proportional t ;0 B and i to H. 
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and by integration 



Performance of the integration indicated in Eq. (493) would 
complete the solution for current as a function of time. To make 
this integration possible it is necessary either to express in 
terms of i or i in terms of <t>. Frohlich’s equation (490) gives 
the necessary relation, and the analytical solution is accom¬ 
plished by substituting Frohlich^s equation in (493) and inte¬ 
grating. The mathematics encountered in the solution is 
slightly involved. 

3. Graphical Solution. The integration indicated in Eq. (493) 
may be done graphically, and this is often the better means of 
solution. The graphical solution makes direct use of the 
magnetization curve, and Frohlich's equation is not needed. 
The essential steps in the graphical solution are as follows. 

First, plot the magnetization curve as determined experi¬ 
mentally. The standard method of plotting the magnetization 
curve is based on measurements with a ballistic galvanometer. 
Simultaneous oscillographic records of current and voltage also 
contain the necessary data for plotting the magnetization curve, 
and the convenience of the oscillographic method will usually 
outweigh the disadvantage of lesser accuracy. The cathode-ray 
oscillograph is particularly adapted to presenting the magnetiza¬ 
tion curve directly on its screen, by means of a special circuit.^ 
The magnetization curve of the field circuit of a motor or gener¬ 
ator is readily plotted from measurements of field current and 
induced voltage at constant speed, provided the necessary infor¬ 
mation is available for converting induced voltage to flux. 
However it is obtained, the curve may be plotted as in Fig. 56. 

If the magnetization curve is a loop, due to hysteresis, the 
problem can still be solved if the proper loop is followed in the 
proper direction. It must be known whether the current during 
the transient period will be increasing or decreasing, and the 
initial condition of magnetization of the core must also be known. 
If the core is soft iron and has an air gap, it is usually possible 
to neglect hysteresis. 

^ See, for example, Johnson, J. B., A Braun Tube Hysteresigraph, Bell 
System Tech. Jour., 8, 286, 1029. 
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For graphical integration, it is somewhat more convenient to 
plot the curve as in Fig. 57a, with the axes interchanged from 
their usual positions. 

Second, a curve. Fig. 576, of l/(E — Ri) is plotted. Select in a a 
value of flux linkages, such as N<t>i, and locate on the magnetiza¬ 
tion curve the corresponding value of current ii. Project 
downward as the abcissa of Fig. 576 and compute i/{E — Rii) 
to be the corresponding ordinate. Compute enough points in 
this manner to make it possible to draw the curve of Fig. 576. 



N0, N^z 0 

Flo. 57. 


The ordinates will become large without limit as the steady-state 
condition is approached and Ri approaches E^ but the practical 
computation can be carried as near to the steady state as is 
desired. Equation (493) shows that area under this curve is 
proportional to time. 

Third, determine the area under the curve between the vertical 
axis and This area is crosshatched in Fig. 576. This 

area is a measure of time and is plotted in Fig. 57c as the ordinate 

corresponding to N<t>i. Area under the curve as far as N<l >2 is U. 
When enough such points have been plotted, the curve of < as a 
function of ^ can be drawn. It should be recognized that 1 sec. 
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of time is represented in Fig. 57b by the area of a rectangle 1 
weber wide and 1 reciprocal volt high; this relation provides the 
time scale for Fig. 57c. The integration has now been accom¬ 
plished, and flux is known as a function of time. 

Finally, to find current as a function of time, the values of flux 
are referred back to the magnetization curve. The value 
for instance, is projected up to Fig. 57a, and the corresponding 
current ii is carried over to Fig. 57d. But ti is the time at which 
flux linkages are N<t>i] it is therefore the time at which current 
is ii. So ti is the abcissa and ii the ordinate of a point on the 
current (mrve in Fig. 57d. 

This curve is the solution of the problem. It may be deter¬ 
mined without great difficulty and with as much accuracy as 
the data in any case may warrant. Although the graphical 
method is illustrated here by a single example only, it may be 
used for the solution of any voltage equation in which the vari¬ 
ables—time and current—can be separated for integration. The 
necessity for separation of the variables is seen in Eq. (493), 
for only with time on one side of the equation and current on 
the other side can a solution be obtained by integration. 

4. Other Variable Parameters. Inductance is not the only 
quantity that may vary. Certain crystalline materials, su(;h as 
carborundum, galena, and others, have the unusual propt'rty of 
high electrical resistance when current density is low and low 
resistance when current d(‘nsity is high. Electric discharge in 
gas shows a similar variation of resistance between electrodes, 
and some porous materials also have lowered n\sistanc(' to higli 
current densities. The ability to pass large current with rela¬ 
tively small increase of voltage makes such materials useful in 
lightning arresters. The transient behaviour of circuits con¬ 
taining elements of variable re.sistance is therefore of great 
importance. If the circuit consists of inductance and resistance 
only, or of capacitance and resistance only, the method of 
graphical integration is readily available. 

It is not usual for capacitance to vary as a known function 
of current, but if it should, and if current and time could be 
separated in the voltage equation, a graphical solution would 
be readily possible. 

It is necessary to distinguish between variation of parameters 
that is related in a definite manner to current, such as the change 
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of inductance with iron and the change of resistance of lightning- 
arrester material, and variation that is controlled by some other 
factor. An example of the latter sort of variation is the change 
of inductance of a magnetically operated mechanism, as the 
armature of the magnet moves and shortens the air gap. The 
time required to close a solenoid-operated oil switch is influenced 
by this sort of change. Another example is the variation of 
resistance of an electric-light filament with temperature. It is 
evident that it is not possible to take changes of this kind into 
account in the graphical solution, for their amounts are not 
known without that time relation whose determination is the 
object of the solution. 

The most important kind of variation that is precluded from 
the problem is change of applied voltage as a function of time. 
With alternating voltage, for instance, it is not possible to solve 
by separation of the variables. In Fig. 576, the ordinate 
l/(e — Hi) cannot be found if the voltage varies with time, for 
to find e it is necessary to know time and to find Ri it is necessary 
to know^ current, and it is not possil)le to know both. 

The arrangement of curves for gra])hical solution can be varied 
to suit th(' problem. There are many ways of grouping the 
variables and of plotting the curves, and certain attacks are 
specially advantageous in special cases. But all are fundamen¬ 
tally the same; separation of the variables, followed by graphical 
integration, is the basis of each, and the details can best be 
arranged in accordan(*e with the conditions of specific problems. 

6. An Example of Graphical Solution. The magnetization 
curve of a certain 55-kva. alternating-current generator is showm 
in Fig. 58, field current being plotted as a function of field flux 
linkages. (To determine this curve a temporary exploring coil 
was threaded through the air gap of the machine. The exploring 
coil had four turns, and 16.3 volts was induced in it at 40 amp. 
field current. An oscillograph showed the air-gap flux to be 
practically sinusoidal. From the induced voltage, the rate-of^ 
change of flux, and hence the maximum flux, is easily computed. 
The field winding has 440 turns, which, multiplied by flux, gives 
linkages. This method is not exact, as it neglects leakage flux 
from the field and neglects various other minor factors, but for 
many purposes it is satisfactory.) The resistance of the field 
circuit is 3.03 ohms, and the machine is equipped with a field- 
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discharge resistor of 7.00 ohms. The connection is as in Fig. 76, 
page 26, so that when the field switch is opened the energy of 
the field is absorbed by the total resistance of 10.03 ohms. 

The field switch is opened to the discharge position when the 
field current is 40 amp. Plot the diminishing field current as a 
function of time. 

Solution: First, the magnetization curve that corresponds to 
Fig. 57a is given as one of the curves of Fig. 58 {i vs. N<l>). 



Fig. 58. 

Second, a curve of 1/Ri is plotted; this takes the place of the 
curve of 1 /{E — Ri) of Fig. 576, for in this special problem there 
is no applied voltage and E is zero. The voltage equation for 
the field-discharge circuit is 

iei + L^ = 0 (6) 

which leads to 

(494) 

SO that integration of l/Ri, with proper attention to sign, gives 
time. The following illustration will serve to show the means 
of locating points on the l/Ri curve: when current is 20 amp. 
the flux linkages are 9.0; resistance is 10.0 ohms, so l/Ri is 
0.0050; a point on the curve, at 9.0 flux linkages and 0.0050 
reciprocal volts is thereby located. When enough such points 
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are found the curve is drawn through them. This curve is 
superimposed on the magnetization curve in Pig. 58, using the 
same horizontal scale of flux linkages. 

Third, the integration of Eq. (494) is done graphically by 
measuring area under the curve. Integration begins at the 
initial point, which corresponds to 40 amp. field current and 
13.5 flux linkages, and, since it proceeds from right to left, the 
integral is negative, and time, from Eq. (494), is positive. The 
area under the curve between the limits (of flux linkages) of 
13.5 and 9.0 is crosshatched in the figure and represents time 
required for flux linkages to diminish from 13.5 to 9.0. A 
rectangular area is shown in the upper part of the figure for 
comparison; it is 2 units (flux linkages) wide and 0.005 units 
(reciprocal volts) high, so its area is 0.01 sec. Since the cross- 
hatched area under the curve is six-tenths greater than this, it 
represents 0.016 sec., and the first point on a time curve is deter¬ 
mined. When enough such areas are measured and the corre¬ 
sponding times plotted, there results the curve of time versus 
flux linkages, which is also superimposed upon the other curves 
of Fig. 58. 

Finally, the curve of current as a function of time is plotted. 
Since the time versus flux linkages curve shows that when time 
is 0.016 sec. there are 9.0 flux linkages, and since the magnetiza¬ 
tion curve shows that when there are 9.0 flux linkages there is 
a current of 20 amp., it follows that when time is 0.016 sec. the 
current is 20 amp. This gives a point on the curve of current 
versus time, and enough such points are found to determine the 
curve. Note that for convenience this latter curve is drawn with 
a liorizontal time scale, whereas flux linkages are plotted against 
a vertical time scale; the only purpose of the horizontal time 
scale is to bring the current curve into its usual orientation. 

As would be expected from the behavior of the saturated 
iron in the circuit, current falls very rapidly at first, while current 
is large and inductance low. As inductance becomes greater, 
the current diminishes much more gradually. After the straight 
part of the magnetization curve is reached, the current dimin¬ 
ishes according to a simple exponential law, for inductance has 
become constant. 

6. Point-by-point Solution. When all other attacks fail, 
there is available the point-by-point method of solution. In 
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Chap. I for the inductive circuit, and in Chap. II for the capaci¬ 
tive circuit, we considered in a qualitative way how a circuit 
must behave from moment to moment as current changes. 
Figures 2 and 9 were used for illustration. It will be recalled 
that in Fig. 2 the current at time <2 was found from conditions 
at the slightly earlier moment h; and current at ts, in turn, was 
found from conditions at < 2 , and so on. By continuing thus, in 
finite steps, the current-time relation can be progressively 
developed. 

It is mentioned in those early chapters that the use of intervals 
of time from h to U and from ^2 to h in steps of finite length is 
inexact, but that the solution becomes precise if the steps are 
infinitesimal. To handle infinitesimal variations, the use of 
calculus is introduced, and differential equations are developed. 

Now, however, it is found that in many cases the differential 
equations cannot be solved. Several situations that do not 
admit of exact solution have arisen in the present chapter. So, 
to avoid mathematical difficulties, let us return to the use of 
finite intervals. A methodical procedure may be developed, 
which will yield quantitative values of current as a function of 
time. 

Let us attempt a point-by-point solution of a circuit of induc¬ 
tance and resistance, with constant voltage suddenly applied. 
The circuit equation is 


This may be written 


Ri + Lpi = E 



(495) 

(496) 


At the initial instant, when time is zero, current is zero, and 
pi = E/L. This initial derivative is correct for an instant only. 
But let us assume that it remains correct during a period of time 
that is short, yet of finite duration. Then at the end of the 
period there will be current equal to the product of the initial 
derivative and the incremental time. If, in a specific circuit, 
72 = 10 ohms, L = 1 henry, and E = 100 volts, the initial 
derivative will be 100 amp. per sec. Assuming that this rate of 
increase continues during 0.02 sec., the current at the end of 
that interval will be 2.0 amp. 
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A second increment of time is now considered. At the begin¬ 
ning of this second time interval the current is 2.0 amp., so the 
resistance drop is 20 volts, and the voltage across the inductance 
is 80. The rate of change of current is therefore 80, and during 
0.02 sec. there is an increase of current of 1.6 amp. (assuming the 
same rate of change to continue during the interval). This, 
added to the current at the beginning of the second interval, 
gives 3.6 amp. as the current at the end of the second interval. 
Tabulation of results, as the solution progresses, is practically 
necessary, and the following table is a convenient one for the 
problem under consideration. 


(1) 

< 

(2) 

t 

(3) 

At 

(4) 

L 

(5) 

E -Ri 

(6) 

pi ~ 

E—Ri 

(7) 

At = 

A< • pi 

(8) 

t' = 

i + At 

0 

0 

0.02 

1.0 

100 

100 

2 0 

2.0 

0.02 

2.0 

0.02 

1.0 

80 

80 

1.6 

3.6 

0.04 

3.6 

0.02 

1.0 

64 

64 

1.28 

4.9 

0.06 

4.9 

0.02 

1.0 

51 

51 

1.02 

5.9 

0.08 

5.9 

1 







The first column, gives the time at the beginning of each 
increment; the second column gives the corresponding current. 
The third column gives the length of the increment of time. The 
fourth column, L, is for the inductance of the circuit. The fifth 
column is computed from known values of E and 72, together 
with the value of i from column 2. For the sixth column, pi is 
computed from the two preceding columns, and for the seventh 
column the increment of current is found by assuming the 
derivative of current to remain constant during the interval. 
Finally, the current at the end of the interval, i', is found by 
adding the increment of current to i. Since the current at the 
end of one interval is the current at the beginning of the next, 
of one tabular row becomes i of the next row. 

In our problem, when time is zero, i is zero. We have selected 
0.02 as the length of At L is given as 1.0, and the initial induc¬ 
tance voltage, current derivative, current increment, and final 
current are entered in their respective columns. In the second 
row, time is 0.02 sec. Current, from the last column of the 
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previous row, is 2 amp. The same increment of time is used 
again. E — Ri is now 80. The derivative is therefore 80, the 
increment of current is 1.6, and the current at the end of the 
interval is 3.6. During the next interval the current increases 
1.28 amp. to 4.88, and so on. The solution is continued in this 
way, step by step, until the significant part of the transient cur¬ 
rent has been determined. The result is in the first two columns 
of the tabulation, which give current as a function of time. 

The accuracy of the point-by-point solution is evidently 
dependent upon the length of the increment of time employed. 
Some error is inherent in the method, but the error may be 
reduced to a negligible amount by taking sufficiently short steps 
from point to point. The length of step to be used is a matter 
for careful judgment, for if steps are too short the labor is greatly 
increased, whereas if steps are too long the error is too great to 
be neglected. As a guide in selecting the best increment of time 
it should be remembered that error arises from assuming constant 
rate-of-change of current during a finite time; the best increment 
of time is the longest interval for which this assumption is sub¬ 
stantially true. When the rate-of-change of current is changing 
rapidly, and the curve of current is sharply bent, the steps must 
be short, but the gently sloping parts of the current curve may 
be covered rapidly with increments of time that are relatively 
few and long. 

There is no limit to the adaptability of the point-by-point 
method. It makes possible a solution for current in any network. 
Any or all of the parameters may vary. The voltage may change 
in any manner. Mechanical motion of the circuits, as in gen¬ 
erators, or of the magnetic parts, as in relays, may be taken 
into account. There is but one restriction: whatever takes place 
must be related to the network’s behavior in a known quanti¬ 
tative manner. 

If inductance changes, it must be a known function of current, 
of time, or of some other quantity that, in turn, is related to 
current or time. In the above tabulation, a column was included 
for inductance, to be used if inductance were not constant. 
Since, in the numerical example for which the table w^as used, 
inductance was constant, there was no need for such a column. 
But if inductance had varied, its value at the beginning of each 
increment of time would have been entered in that column. 
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It would have been necessary, therefore, to know the value of 
inductance that corresponded to each particular time or to each 
particular value of current. It is quite common for inductance 
to vary as a function of current, as it does when iron in the 
magnetic system becomes saturated, and in such a case its value 
for use in the point-by-point tabulation may be taken from the 
magnetization curve. 

If resistance varies as a known function of current, its value 
for use in computation should be determined at each step. 
Sometimes, however, resistance varies in a manner that is very 
difficult to take into account. The resistance of the filament of 
an electric light, for instance, varies with temperature. The 
temperature is due to the current, but can be related to it only 
by proper consideration of thermal capacity and radiation of heat. 

7. An Example of Point-by-point Solution. An alternating- 
current generator is described in Sec. 5 of this chapter, with the 
object of determining the rate of dis¬ 
charge of its field circuit after open¬ 
ing the field switch. We will now 
repeat the determination of field cur¬ 
rent as a function of time, using the 
point-by-point method of solution. 

The magnetization curve of the 
generator appears in Fig. 58, and the 
solution is facilitated by plotting a 
curve of inductance. Inductance is 
the derivative of the magnetization curve with respect to current, 
and it is plotted in Fig. 59. 

Solution: When the voltage equation of the field-discharge 
circuit is adapted to the point-by-point method of solution, it 
becomes 



A tabulation shown on page 252 is now prepared to include the 
necessary computations, organized on the basis of assumed con¬ 
stant rate-of-change of current during short but finite periods. 

It will be seen that the size of the time increment is changed 
several times during the course of the solution; the best size is 
determined partly by judgment and partly by trial. If pi, in 
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the sixth column, changes very greatly from one step to the 
next, it is an indication that there will be appreciable error in 
the result, for the basic assumption of the method is that there 
is negligible change in pi during any one period. In this par¬ 
ticular solution the accuracy could be improved by taking more 
steps of length 0.002 sec. But it is not reasonable to attempt a 
greater accuracy in the result than existed in the original data, 
and that consideration must limit the effort to be expended on 
computation. 


( 1 ) 

( 2 ) 

( 3 ) 

w 

( 5 ) 

( 6 ) 

( 7 ) 

( 8 ) 

t 

i 

A( 

L 

Ri 

1 •§. 
II 

At = 

At • pi 

i' « 
i -h Ai 

0 

40,0 

0.001 

0.118 

400 

-3380 

- 3.4 

36.6 

0.001 

36.6 

0.001 

0.14 

366 

-2610 

- 2.6 

34.0 

0.002 

34.0 

0.001 

0.17 

340 

-2000 

- 2.0 

32.0 

0.003 

32.0 

0.001 

0.19 

320 

-1680 

-17 

30.3 

0.004 

30.3 

0.001 

0.21 

303 

-1440 

- 1.4 

28.9 

0.005 

28.9 

0.002 

0.22 

289 

-1310 

- 2.6 

26.3 

0.007 

26.3 

0.002 

0.25 

263 

-1050 

- 2.1 

24.2 

0.009 

24.2 

0.002 

0.28 

242 

- 865 

- 1.7 

22.5 

0.011 

22.5 

0.004 

0.31 

225 

- 725 

- 2.9 

19.6 

0.015 

19.6 

0.005 

0.36 

196 

- 545 

- 2.7 

16.9 

0.020 

16.9 

0.005 

0.41 

169 

- 413 

- 2.1 

14.8 

0.025 

14.8 

0.005 

0.44 

148 

- 336 

- 1.7 

13.1 

0.030 

13.1 

0.010 

0.46 

131 

- 285 

- 2.8 

10.3 

0.040 

10.3 

0.010 

0.475 

103 

- 217 

- 2.2 

8.1 

0.050 

8.1 

0.010 

0.475 

81 

- 170 

- 1.7 

6.4 

0.060 

6.4 

0.010 

0 475 

64 

- 135 

- 1.3 

5.1 

0.070 

5.1 

0.010 

0.475 

51 

- 107 

- 1.1 

4.0 

0.080 

4.0 








Data from the first two columns of the tabulation are used 
to plot current as a function of time in Fig. 60. The solution 
of the same problem by graphical integration is included in 
Fig. 60 for comparison. The graphical solution, if accurately 
done, will give a result that is exact, rather than approximate, 
so the divergence between the two curves may be considered as 
the error of the point-by-point method. 
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8. A Revised Point-by->point Method. The accuracy of thef 
point-by-point solution can be increased by determining a sort 
of average value of pi, instead of assuming that its initial value 
continues throughout each interval. The value of pi at the 
beginning of each time interval is obtained as before, and it is 
multiplied by the increment of time to obtain an approximate 
increment of current. An approximate value of i' is thereby 
found, which is used to compute a new value of pi. The new 
value of pi may be considered to be the derivative of current 
at the end of the interval, 
whereas the former value of pi 
was the derivative of current at 
the beginning of the interval. 

By taking an average of these 
two derivatives a value is 
obtained that is more nearly 
correct, over the entire interval, 
than either derivative alone, 
and the increment of current 
during the interval is recom¬ 
puted by using the average 
derivative. Each successive step is performed in this manner. 
The accuracy is far greater than wth the simple point-by-point 
method, for the approximation of constant derivative of current 
during an interval has been partially corrected. 

Let us illustrate the use of the revised method by solving 
again for current in a circuit which consists of 1 henry inductance 
in series with 10 ohms resistance, to which 100 volts is suddenly 
applied. This same circuit is considered in Sec. 6 of this chapter, 
and the solutions may be compared. The tabulation must be 
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4.62 

53 8 


1.21 

4 49 


4 49 
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5.48 
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changed to accommodate the revised method, as shown on page 
263, adding columns for the first approximate values of current 
derivative and current increment. 

The use of this table needs little explanation. The first six 
columns correspond to the previous table, and values of Ai and 
i' as first approximation are computed as befej-e. For “Final 
pzV' use i' from column six in the equation pi = (£ — Ri)/L, 
and average with “Iiiit. pi” to obtain “Aver, pi” The last two 
columns are then computed by multiplying the average derivative 
of time by the increment of time, and adding the initial current i. 

The much greater accuracy obtained by use of the revised 
method is shown in the following table. 


Time 

Exact value 
of current 

Revised 
pt.-by-pt. 
method with 
* 0.02 

Revised 
pt.-by-pt. 
method with 
M = 0.04 

Simple 
pt.-by-pt. 
method with 
M = 0.02 

0 

0 

0 

0 

0 

0.02 

1.81 

! 1.80 


2.0 

0.04 

3.30 

3.28 

3.2 

3.6 

0.06 

4.51 

4.49 


4.9 

0.08 

5.51 

5.48 

5.4 

1 _ 

5.9 


The exact value of current, for the table, is computed from 
Eq. (19) of Chap. I. It will be seen that the error of the revised 
method is less than one-tenth the error of the simple method 
when the same time incrememt is used. In another column of 
the table, there appear values computed by the revised point-by- 
point method with time increments of double length; this column 
is of interest because the labor of computation is about the same 
as when using the simple method with shorter steps, and the 
accuracy is considerably greater. 

9. Solution for Oscillatory Current. Circuits that contain 
condensers are also amenable to the point-by-point solution. 
The tabulation must be extended to include columns for charge 
on the condenser. Charge is determined at each point as the 
integral of current, and condenser voltage is found by dividing 
charge by capacitance. 

As an illustration, consider a circuit of inductance, resistance, 
and capacitance. The voltage equation is 
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Lpi -|- Ri 4" ~ ^ 

Charge on the condenser, g, is the integral of current: 



The derivative of current is obtained from Eq. (147) as 



(147) 


(497) 


Let the suddenly applied voltage E be 100 volts, inductance 
1 henry, resistance 1 ohm, and capacitance 0.1 farad. A con¬ 
venient tabular form for the computation is shown below, and 
the first rows of computed values have been entered. 


(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 

(10) 

t 

i 

9 

At 

pi 

t> II 

i' = 
i + Ai 

Aver. 

i 

Aq = 
(Av. i)At 

9' = 
q+Aq 

0 

0 

0 

0.2 

100 

20 

20 

10 

2.0 

2.0 

0.2 

20 

2.0 

0.2 

60 

12 

32 

26 

6.2 

7.2 

0.4 

32 

7.2 

0.2 

- 4 

- 1 

31 

32 

6.3 

13.5 

0.6 

31 

13.5 

0.2 

- 66 

-13 

18 

24 

4.9 

18.4 

0.8 

18 

18.4 

0.2 

-102 

-20 

- 2 

8 

1.6 

20.0 

1.0 

- 2 

20.0 

0.2 

-102 

-20 

-22 

-12 

-2.4 

17.6 

1.2 

-22 

1 

1 17.6 

1 




1 

1 i 




It must be emphasized at once that the increments of time 
in this computation are much too great. The error is excessive. 
Figure 61 shows the results of the computation plotted as a 
function of time, and it is evident that the assumption of constant 
derivative of current throughout each increment of time is in 
no way justified by the facts. The sharp corners on the current 
curve are a sign of trouble. It happens that current in this 
circuit of constant parameters can be determined exactly by 
solution of the differential equation, and the current so obtained 
is plotted in Fig. 61 as a dash-line. The point-by-point method 
with such extravagantly long steps is in error at the current 
crest by more than 20 per cent. This is no reflection on the 
point-by-point method, however, for with 20 times as many 
steps (with increments of time reduced to 0.01 sec.) the accuracy 
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is good; it is, rather, a warning against the use of unrestrained 
increments of time. 

Computation is based on Eq. (497); a derivative of current 
is computed and is then used to determine increments of current 
and charge. Let us consider specifically the step from 0.2 to 
0.4 sec. This corresponds to the second row of the tabulation. 
The first column is for the time at the beginning of the interval, 
0.2. Curremt and charge at this instant are copied from i' and q' 
of the previous row, and appear in the second and third columns. 
In the fourth column is the increment of time, and the fifth 

column contains the derivative of 
Current Current as computed from Eq. 

1^1 (497). Assuming this derivative to 

Eg continue through 0.2 sec., the incre- 

.£ c * ° ment of current is determined to be 

gp [ \ 12 amp. Since current at the begin- 

jo-io interval was 20 amp., 

^ current at the end of the interval is 
**^^0 0.2 0.4 0.6 0.8 1.0 Sec. 32 amp., and this value occupies the 

seventh column. The charge accu- 
mulated on the condenser during 
this interval is the integral of current; graphically, it is the area 
under the current curve during the interval and is indicated by 
cross-hatching in Fig. 61. The area of this trapezoidal figure is 
found by multiplying the base by the average altitude, which, 
in this case, means the time increment by the average current. 
For this purpose the average of i, 20 amp., at the beginning of the 
interval, and t', 32 amp., at the end of the interval, is entered as 
‘‘Aver, i’’ in the eighth column; it is 26 amp. When multiplied 
by the time increment, it gives the increment of charge, 5.2, as in 
the ninth column, and charge at the end of the interval is found 
by adding to it the charge at the beginning of the interval. That 
value of final charge, 7.2, and the final current, 32, are then trans¬ 
ferred to the next row of the tabulation. In this manner the 
computation may be continued indefinitely. 

The chief error in the computation is due to the fact that 
charge on the condenser is not taken into account as it gradually 
accumulates but is taken all in one lump at the end of each step. 
Only at the end of the time interval is a new derivative of current 
determined. The result is that charge is not taken into account 


Time 
Fio. 61 . 
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until some time after it has actually appeared on the condenser; 
there is a time lag between the appearance of charge and its 
effect on the computed action of the circuit. The same fallacious 
lag is in the computed condenser voltage. In the computation, 
therefore, the condenser voltage is not in quadrature with the 
current, as it properly should be; instead, there is a computed 
component of condenser voltage in phase with the current that 
is in reality nonexistent but which affects the computations as 
if it were a source of energy. The point-by-point computation 
will yield a damped sine wave that is damped less than it ought 
to be. In an extreme case the computation may even lead to a 
cumulative oscillation that increases with time, instead of dying 
away. In the computation for Fig. 61 the effect of the spurious 
component of condenser voltage is just great enough to balance 
the true damping of the circuit’s resistance, and the point-by- 
point solution with time increments of 0.2 sec. gives an oscillatory 
current that is practically undamped. 

10. Mechanical Solution. Like other errors of the point-by- 
point solution, this error is greatly reduced by use of shorter 
steps. The ideal computation would require an unlimited num¬ 
ber of steps, each of infinitesimal length. Only in this way could 
changes in current and charge be immediately reflected in the 
computation. But this ideal can never be attained in the point- 
by-point method. 

Machines have been devised for the solution of differential 
equations and operate on the same fundamental principle as the 
point-by-point method—that is, they develop a solution gradu¬ 
ally, as does the point-by-point method, determining the result 
at each instant by means of the accumulated, integrated, results 
of previous instants. They employ mechanical integration. 
In the ‘^Differential Analyzer”^ for example, a series of inte¬ 
grating machines is interconnected, and it can be so arranged 
that input is continuously responsive to output. The Analyzer 
is superior, therefore, in this respect, to point-by-point solution, 
for in the latter the input (that is, rate of change of current) is 
responsive to output (that is, current and charge) only at the 
end of each finite increment of time. 

^ For a discussion of the Differential Analyzer see V. Bush, J. Franklin 
Inst, 212, 447-488, 1931. 
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But despite the inherent inaccuracy of the point-by-point 
solution, it is an extremely valuable tool in the solution of non¬ 
linear circuits and, furthermore, of all nonlinear physical systems. 
The error can always be reduced to an insignificant amount, 
although at the expense of increasing the arithmetical labor of 
the solution. When other expedients have failed, it is well to 
remember the point-by-point solution, for its range of application 
is very wide. 

Problems 

1. Compute the starting current in a magnetic relay, a magnetic holding 
coil, or some similar device. Assume that sinusoidal alternating voltage is 



\ A A A 

(o) 

Oscillogram 7. —Starting current in a coil with an iron core when alternating 
voltage is applied. Record a shows transient current and voltage; record b, page 
259, shows steady-state current and voltage with abnormally high applied 
voltage. For use with Prob. 1 of Chap. VIII. 


applied when the voltage is instantaneously zero and that the amplitude of 
the voltage is sufficient to produce marked saturation of the magpietic 
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circuit. Determine experimentally the magnetization curve of the magnetic 
circuit of the relay and the resistance of its winding. 

Record an oscillogram of current under the same conditions, and compare 
the experimentally determined curve of current with a curve of computed 
results. 

The magnetic device used must be selected with certain conditions in 
mind. Its iron core must be laminated, and there must be no metallic path 
about all or any part of the core. This is necessary to prevent flow of 
current in paths that would constitute additional circuits in the network 



( 6 ) 

Oscillogram 7.—For descriptive legend see page 258. 

being tested. The problem is greatly simplified if hysteresis is negligible; 
for this reason it is better to use a device with an air gap in the magnetic 
circuit than one (such as a transformer) with an unbroken iron core. The 
winding must be such that it is possible to saturate the magnetic circuit. 

Should it be inconvenient to do the necessary laboratory work, the follow¬ 
ing example may be used. The holding coil of a standard commercial 
motor-starting compensator was tested, with the armature of the holding 
coil in the fully closed position. The shadingring, designed to prevent 
chattering, was removed. 

To obtain the magnetization curve, oscillogram 7& was recorded; this has 
two curves. The upper curve is current through the coil, the lower curve is 
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the sinusoidal applied voltage. The applied voltage had an effective 
(r.m.s.) value of 342 volts. To avoid confusing the record, no line was 
recorded on the photograph for calibration of the current wave, but by 
measurement on the ground-glass screen of the oscillograph it was found 
that the crests of the current wave were 1.90 amp. 

The transient record is reproduced as oscillogram 7a. Transient current 
is the upper curve; it has the same vertical scale as current in oscillogram 7b. 
Applied voltage appears as the lower curve. The effective (r.m.s.) value of 
applied voltage was 207 volts (rated voltage is 220) and steady current 
through the coil at this voltage was 0.222 amp. The resistance of the coil 
was 24.1 ohms. Frequency of applied voltage was 60 cycles per sec. A 
special arrangement of relays was used to close the switch at the correct 
instant for the transient record. 

The solution must not be expected to show the accurate agreement with 
experimental results that was obtained in other chapters, unless it is carried 
out with meticulous care. In case of large discrepancy, explain where it 
arises and how it could be avoided. 

2. The network here shown was used for testing the behaviour of a 
lightning-arrester material (Thyrite).^ The capacitance Ci, of the impulse 

generator, was given an initial charge of known volt¬ 
age. Breakdown of the gap G permitted the capac¬ 
itor to discharge through the network, and through 
the test specimen S. Cathode-ray oscillograms of 
voltage across the specimen and of current through 
it were obtained. It is known that the specimen 
does not have constant resistance and that its current and voltage are related 
by the equation e — Ki^j the constant K being about 700. Write the 
voltage equations of the two circuits. How could one solve for current and 
voltage in the test specimen ? 

3. Consider initial current and initial rate-of-change of current in the 
network of Prob. 2. Remembering that the specimen is a perfect insulator 
when there is no current through it, will there be any initial voltage across 
it? Any initial current through it? Any initial rate of change of current 
through it? 

4. If there were appreciable hysteresis in the magnetic device used in 
Prob. 1, as there would be in a transformer, what additional data would be 
needed in the solution of the problem? 

5. Explain the effect of both saturation and hysteresis in producing a 
large initial surge of current when voltage is suddenly applied to a 
transformer. 

6. The crankshaft of a Diesel engine, equipped with a vibration damper, 
is represented in the diagram. The large flywheel A is considered to have 
infinite moment of inertia. The small flywheel B represents the relatively 
small moment of inertia of the crankshaft and moving engine parts. The 

» Nuttall, a. K., D. R. Hartree, and A. Porter, The Response of a 
Non-linear Electric Circuit to an Impulse, Proc. Cambridge Phil. Soc., 32, 
part 2, 304, 1936. 
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elastance of the shaft S between A and B is the elastance of the actual 
crankshaft. Driving force of the pistons, exerted on the crankshaft at B, 
has a sinusoidal component that produces torsional vibration of the fly¬ 
wheels B and C and the shaft S. If the frequency of the input torque is 
near the natural frequency of vibration, stress in the shaft is dangerous. 
C is the damper; it is not rigidly keyed to the 
shaft, but is held by friction; the friction is capable 
of exerting a certain torque on the damper flywheel, 
but if that torque is exceeded the flywheel slips on 
the shaft. This occurs if vibration becomes exces¬ 
sive. When the damper is slipping, its torque is 
constant, independent of velocity of slip. Elas¬ 
tance of the shaft S' is negligible. ^ 

Write the differential equation of motion of the 
system when the damper is not slipping, and find an electric circuit with an 
analogous differential equation. Write the differential equation that applies 
while the damper is slipping. Define the properties of an electric network 
that would be analogous. Is such an analogous system practicable? 

7. Plot motion of the damper described in Prob. 6. Assume any desired 
starting conditions, and plot until the steady operation of the damper, 
including slipping, is determined. 



1 Skilling, H. H., An Electric Analog of Friction, Trans. A.I.E.E., 50, 
1155, September, 1931. 
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TRAVELING WAVES 

1. Transmission Lines. When an electric circuit or network 
is contained within the walls of a single room, it is often possible 
to neglect the inductance and capacitance of interconnecting 
wires. There is a magnetic field around every such wire, and an 
electric field between such wires, but the inductance and capaci¬ 
tance are small. The distributed inductance and capacitance 
of the wires will have little effect on the current-time relationships 
of the network, for they are overshadowed by the lumped induc¬ 
tance of coils and the lumped capacitance of condensers. How¬ 
ever, if connecting lines are relatively long, their distributed 
parameters must be taken into account.^ 

Because the importance of distributed parameters is relative, 
it is only by consideration of the entire network that one can 
know whether or not the distributed inductance and capacitance 
are negligible. At the higher frequencies of radio communication 
a few feet of wire will constitute a very long transmission line, 
while on the other hand the transient phenomena of large electric 
generators are substantially unaffected by many miles of con¬ 
nected line. 

Sometimes it is necessary to consider the inductance of a 
transmission line even though, for the phenomena being con¬ 
sidered, the capacitance is negligible. In such a case, the induc¬ 
tance may be treated as if it were a lumped inductance, for the 
same current flows through all of it. This is also true of the 
distributed resistance of a transmission line. It is only when 
the distributed capacitance of a line by-passes an appreciable 
part of the entering current that the peculiar phenomena of 
traveling waves appear. 

2. An Approximate Network. Let us consider that the induc¬ 
tance and capacitance of a transmission line, instead of being 

' Specifically, if the length of line is an appreciable fraction of the wave¬ 
length of the electric oscillations, the parameters of the line must be con¬ 
sidered to be distributed. 
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truly distributed, are gathered into small but finite lumps as in 
Fig. 62o. Resistance will, for the present, be neglected. A 
battery voltage E is suddenly applied to the sending end of the 
line by closing the switch. Current immediately begins to flow 
through inductance Li into condenser Ci. As Ci becomes 
charged, so that there will be voltage across it, current starts to 
flow through Li into C*. Ci becomes charged, and current then 
flows through L» into Cz, and this action continues on down the 
line. First Ci is charged to voltage E, then Ci is charged to 
voltage E, then C 3 is charged to voltage E, and so on. There 
is a voltage wave traveling along the line; it starts at the sending 
end and travels at a certain velocity, and all of the line that it 
has reached is charged to voltage E, while the line beyond the 
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front of the wave is yet uncharged. This is shown graphically 
in Fig. 626, in which voltage is plotted as a function of distance 
along the line. The wave has traveled to the point Xi, so that 
the line to the left of Xi is charged to voltage S, and the front 
of the w^ave is continuing toward the right as indicated by the 
arrow. 

The voltage wave is accompanied by a current wave. While 
Cl is being charged, current flows through Li. When Ci becomes 
charged, current starts to flow through L 2 , and the current to 
L 2 is supplied through Li. Then current is extended into Ls 
and continues to flow through L\ and L 2 . A current wave pro¬ 
gresses along the line in this way, coincident with the voltage 
wave. Each is necessary to the other. In fact, the current 
and voltage are not separate waves; they are merely different 
aspects of the same wave of energy. They are analogous, in a 
water wave, to the height of the wave and to the motion of the 
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water. To consider a voltage wave without current would be 
as meaningless as to consider a water wave without water. 

For easier visualization of the action of distributed parameters, 
this discussion has been based on a mental picture of a line in 
which inductance and capacitance are collected into small but 
finite lumps. But the discussion has been simplified by neg¬ 
lecting certain effects that are inseparable from lumped param¬ 
eters. When voltage is applied to the artificial line of Fig. 62a, 
current will begin to flow in Li, but gradually and not instan¬ 
taneously. Cl will charge gradually, and current will begin in 
L 2 as soon as there is any voltage across Ci, not waiting for Ci 
to reach voltage E. Moreover, the voltage of Ci will not rise 
abruptly to E and then continue at that value thereafter; 
instead, it will rise in a finite time and will increase to a value 
greater than J?, finally approaching JP as a limit. But all these 
differences from ideal behavior are due to ‘‘lumpinessof the 
line, and become of less magnitude as the number of lumps is 
increased and the size of the individual lumps is decreased; and 
in the limiting case of the actual transmission line with truly 
distributed parameters, the differences disappear. 

3. Proportionality of Current to Voltage. When a wave of 
electric energy travels along a line, the subsidiary waves of 
voltage and current travel along together at the same velocity, 
and they are related in magnitude by a factor of proportionality 
that is characteristic of the transmission line. Current must be 
great enough to charge the line capacitance to the voltage E as 
rapidly as the wave travels. If the capacitance of the line per 
unit length (per mile) is c, the charge required to raise the 
voltage on unit length (1 mile) of line is cE, If the wave is 
traveling along the line with a velocity v (miles per second), it 
is necessary to charge v (miles) of line every second, requiring a 
charge in 1 sec. equal to cEv. This charge is supplied by cur¬ 
rent flowing into the line at a uniform rate, and to supply charge 
cEv in 1 sec. requires a current 

I = cEv (498) 

From this the proportionality between voltage and current is 
obtained as either 

f = 
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To complete the solution it is necessary to find v, the velocity of 
propagation of the wave. 

4. Velocity. As the traveling wave of Fig. 62 proceeds along 
the line, energy is imparted to the electric and magnetic fields 
of the line, and we can find the speed of the wave from the rate 
at which the line is supplied with energy. When the wave has 
progressed a distance x (miles) along the line it has charged a 
total capacitance equal to cx. The electrostatic energy in this 
section of line is then ^cxE^. At the same time, current in this 
section of line has become I. If I is the inductance per unit 
length (per mile), the total inductance that carries current is 
Ixy and the magnetic energy of the section of line is ^IxP. Since 
the battery at the sending end is the only source of energy, we 
may equate the energy that has left the battery to the energy 
stored in the line. If the time required for the wave to travel 
the distance x (miles) is t (seconds), so that the wave has been 
traveling at a velocity v = x/t (miles per second), the energy 
which has left the battery is EIU Equated to the stored energy, 
this gives 

Elt = ^cxE^ + hlxl^ (500) 

Dividing each side by 

El = hcvE^ + hlvl^ (501) 


Solution for velocity gives 

2EI 
" cE^ + 
2 


^ 


(502) 


Voltage and current are now eliminated by substituting Eq. (499) 
in the denominator of (502): 


2 _ 

- + lev 

V 


(603) 


Finally, solving for velocity. 




or 


(504) 
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Equation (604) shows that velocity is determined by the induc¬ 
tance and capacitance of the line and is independent of the 
magnitude of the wave being transmitted. The plus or minus 
option of the square root in the equation corresponds to the two 
possible directions of travel along the line, the speed of propaga¬ 
tion being the same in either direction. 

On an ordinary overhead transmission line, the speed of 
propagation is very slightly less than the speed of light. Light 
is an electromagnetic wave (of extremely high frequency) whose 
electric and magnetic fields are not restricted by wires. Energy 
travels along a transmission line as an electromagnetic wave, 
also, but with electric and magnetic fields restricted by the 
metallic conductors. On an overhead line the restriction is not 
great and the velocity is nearly the velocity of light. 

Let us compute the velocity along a wire. For greatest 
simplicity we will assume that the return conductor is a hollow 
metal cylinder surrounding the wire and concentric with it, like 
the sheath of a single-phase cable. The capacitance between 
wire and cylinder is 

0.03883 —^\l0-« 
logfj 

farads per mile; r is radius of the wire, R is the inner radius of the 
surrounding cylinder, and k is the dielectric constant (relative to 
vacuum) of the region between the wire and cylinder. The 
inductance is 

I = ^0.7411 log j + 0.08047ai)i0-’ 

henrys per mile; m is the magnetic permeability of the wire. The 
formula for inductance consists of two parts: the first term 
gives inductance due to the magnetic field outside of the wire, 
and the second term gives inductance due to the magnetic field 
within the wire. 

Let us now assume that the surrounding cylinder is large 
beyond all limit. The second term of the inductance formula is 
then negligible, and only the logarithmic term remains. Velocity 
is found from Eq. (504); with the above assumption 

-. = 186 , 400 - 4 = 

V(0.7411) (0.03883)* • lO"* y/k 



V 
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If Aj = 1, as in vacuum, the velocity is v = 186,400 miles per 
second, which is also the velocity of light in vacuum. 

The same velocity will be found for a wave on an ordinary 
parallel-wire transmission line if the magnetic fields within the 
wires are neglected and if the wires are far apart compared to 
their radii. In fact, under most conditions of practical opera¬ 
tion, the velocity of propagation of waves on open-wire lines is 
practically the velocity of light in vacuum. 

It should be noticed that any change from the ideal condition 
(which corresponds to a velocity equal to that of light) will reduce 
the speed of propagation. Under no circumstances can a wave 
travel faster than light. If, for example, the complete expres¬ 
sion for inductance is used, there will be some additional induc¬ 
tance due to the field within the conductors; an increase of 
inductance will give a larger value to the denominator of Eq. (504), 
and velocity will be reduced. For the same reason, if the wire 
has a magnetic permeability greater than unity, the velocity will 
be reduced. If the dielectric material between conductors has a 
dielectric constant greater than vacuum, the capacitance will be 
increased, and velocity will be reduced. This latter condition is 
met, in practice, in a cable with solid or liquid dielectric, in which 
the wave velocity may be only a fraction of the velocity of light. 

6. Characteristic Impedance. Equation (499) expresses the 
ratio of voltage to current in terms of velocity of propagation 
of the wave; and since the velocity of the wave is characteristic of 
the line, and independent of the wave form, so also is the ratio of 
E to /. In fact, this ratio is called the characteristic impedance 
or surge impedance of the line, denoted by Zo, and when v is 
eliminated from Eq. (499) by means of Eq. (504) it becomes 

= ^ = (505) 

When voltage is applied to the end of a long transmission line, 
the current is proportional to the voltage, so the line acts just as 
if it were a resistance in the circuit. This is assuming that there 
is no loss and that the line is so long that the wave continues on 
indefinitely without reaching the other end of the line or encoun¬ 
tering any other obstruction. 

6. Energy. One further property of the transmission line is of 
interest: the electric energy of the wave is equal to its magnetic 
energy. By squaring Eq. (505) we find that 
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IP = cE^ (506) 

But the magnetic energy in unit length of line is ilP, and the 
electric energy in the same length is ^cE^, so the two forms of 
energy are equal. 

7. The Differential Equations. It is not safe to proceed any 
further on the insecure foundation of reasoning from the ‘‘lumpy ” 
line of Fig. 62. The conclusions that have been reached, how¬ 
ever, are correct, and they may be rigorously derived from the 
differential equations of the transmission line. To obtain the 
f..A X.H differential equations, consider a sec¬ 

tion of line, as in Fig. 63, so short 
that current i does not vary appre¬ 
ciably from one end of the section to 
the other. The length of the section 
is Lx, If I and r are inductance and 
resistance of the line per unit length, I • Ax and r • Ax are the 
inductance and resistance of the short section.^ Due to this 
inductance and resistance there is a drop of voltage through 
the section of line; as current travels from left to right, the voltage 
that must be added to ei to get Sz is 

-ri Ax - I —• Ax (507) 

The first term of this expression is resistance drop, and the 
second term—the product of inductance and rate of change of 
current—is voltage drop due to inductance as the current 
changes with time. It should be noted that current in the line 
may vary, at a given instant, from place to place and also, at a 
given point, from time to time. For this reason, current is 
mathematically a function of both place and time and is written 
in functional notation as f(x, t). Because current is a function 

1 Consideration of a short section of line as an independent unit, unaffected 
by current or voltage in the rest of the line through mutual electric or 
magnetic fields, requires justification. It would seem reasonable that 
voltage and current in one section of the line would induce voltage in 
another section. That such is not the case can be shown by assuming that 
each line section produces a magnetic and electric field surrounding that 
section only; the resulting field distribution is then compared to MaxwelFs 
equations, and it is found to be correct provided there is no energy loss along 
the line. For most practical lines it is a very close approximation. 
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of two variables, the derivative with respect to time, in Eq. 
(507), is a partial derivative. 

Let us call the change of voltage through the short section of 
line Ae. Then 

Ae = —ri • Ax — i ^ • A® (508) 

ot 


Divide each side of this equation by the length of the section, 
Ax, to get the change of voltage in the section per unit length: 


Ax 


-rt 


, di 


(509) 


Finally, let the length of the section of line become shorter and 
shorter; as the length becomes infinitesimal, Eq. (509) becomes 


dx 


— ri 


j di 


(510) 


There is also a change of current from one end of the section 
to the other. It is so small a change that it could be neglected 
while finding the change of voltage, for in Eq. (510) it would lead 
only to infinitesimals of the second and higher orders. But 
since there is capacitance between one line and the other and 
also, perhaps, some leakage current from one wire to the other, 
there will be a small difference between ii and 12 (of Fig. 63). 
If c is the capacitance per unit length of the line, and g is the 
conductance from wire to wire per unit length of line, the amount 
of current that will be shunted across the section of length Ax 
will be composed of two parts: the leakage current will be 
ge • Ax and the charging current to the capacitance of the line^ 

will be c ~ • Ax. The amount of current that must be added 
di 

to ii to get U is therefore 


Ai = — ge • Ax — 



(511) 


Dividing through by the length of the section, Ax, and letting 
the length of the section become infinitesimal, 


di de 


(512) 


^ The form of this expression may be compared to the similar relation 
between current and rate of change of voltage in Eq. (316). 
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Equations (510) and (512) are the differential equations of the 
transmission line. 

The simultaneous solution of these equations is possible^ but 
not easy. However, if energy loss along the line is neglected, 
so that r and g are both zero, the solution is perfectly simple. 
Then the equations become 

— — —i^ 

and 

di _ de 
Tx~ 

By differentiating Eq. (513) again, with respect to x, 

S - = -'l(l) 

The order of differentiation is immaterial in the second partial 
derivative. It is now possible to substitute Eq. (514) for 
di 

^ in (515). This gives a second-order differential equation 
ox 

in which e is the only variable: 


(513) 

(514) 


d^e _ j d^e 


(516) 


In an exactly parallel manner, e may be eliminated from Eq. (514) 
to give an equation in i only: 


dH __ j dH 


(517) 


The solutions of these Eqs. (516) and (517) must now be con- 


sidered. 

In functional notation they are, respectively, 



II 

1 

(518) 

and 


i(x, t) = i{x — vt) 

(519) 

in which 


1 

V = -—7= 

y/lc 

(520) 


Equation (518) can be expressed in words as follows: any 
expression for voltage will satisfy the transmission-line equation 
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(616), provided that where time and distance appear in the 
expression they appear together as the quantity (x — vt). 
Physically this means that any voltage distribution is possible 
on a transmission line, but that the voltage must be a traveling 
wave. For Eq. (518) is the equation of a wave that travels with 
velocity v. 

8. Equations of Traveling Waves. To show that Eq. (518) 
describes a traveling wave, consider an example. Since any 
sort of function may be chosen for the example, let us select one 
that is mathematically simple and yet physically possible: let 
us consider the traveling wave 

e(x, t) = —(x — (621) 

This satisfies Eq. (518) because wherever x or v appears, x and v 
are together as (x — vt). 

Since Eq. (521) is a traveling wave it will be interesting to 
see how it looks at different instants of time. First, let time 
equal zero, and substitute zero for t in Eq. (521). The result 
is a mathematical snapshot of the wave at that instant: 

— xc* 

This expression, which tells how voltage is distributed along 
the transmission line at the particular instant, is plotted in 
Fig, 64o. (In plotting, only the positive part of the curve is 
drawn, for in this way it can represent most readily a physical 
wave.) 

A short period of time is allowed to pass, and another snapshot 
of voltage distribution is taken. The elapsed time is enough 
to make vt = 1, and this value is substituted in Eq. (521) to give 

- (x - l)€*'l 

The curve of this distribution is plotted in Fig. 645; it is similar 
to the curve of Fig. 64a, but moved one unit of distance to the 
right. In other words, during the elapsed time, the voltage 
wave has traveled one unit toward the right. It is evident 
from the mathematical expression that, at the later instant, 
X must be everywhere greater by one to give the same value to 
the function. 

Figure 646 also shows the wave when vt = 2, the wave having 
traveled two units, and when vt ^ S after travel of three units. 
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Each of the curves of Fig. 646 is found by selecting a value 
of time and plotting the function; this corresponds to examining 
the space-distribution of voltage at a given instant. We may 
also examine the time-distribution of voltage at a given point. 
For example, to find how voltage varies at the point x = 0, 



-X 



0 I 2 


3 


+ x 


e(x-vt)=-(x-vt) 


fb) 


e(x-vt) 



0 9 ^ Time 


(c) 

Fig. 64. 


substitute that value of x in Eq. (521). The resulting expression 
is 

vU~^^ 

This is voltage, as a function of time, at that particular point 
on the line. The same method will give voltage at point x = 1, 
and at point x = 2, as 

~(1 - and -(2 - 

respectively. Curves of voltage at these three points are plotted 
in Fig. 64c. It will be seen that the only difference between 
them is a time delay equal to the time required for the wave to 
travel; where the distance is one unit, the time required is l/v, 
and where the distance is two umts the time lag is 2/v, 
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The time curves of Fig. 64c have the same general shape as 
the space curves of Fig. 646, but turned about. Similarity of 
shape between space curves and time curves results whenever a 
wave travels with constant velocity and without attenuation or 
distortion. 

An expression that describes a stationary distribution of 
voltage on a line can be changed into an expression for a traveling 
wave of the same shape by substituting (x — vt) for x. That 
is, it is changed from a function e{x) to a function e{x — vt)y 
and the wave then travels with velocity v. This may be illus¬ 
trated by the function of Fig. 64a; when {x — vt) is substituted 
for X in the expression —xt^ it becomes the traveling wave 
formula of Eq. (521). When the same substitution is made 
in the expression — (x — the result is also a traveling 

wave, but it is a traveling wave that is already displaced one 
unit at zero time and that is always one unit ahead of the wave 
of Eq. (521). 

A similar sort of substitution will change a time function into 
a traveling wave. The time function, which tells how voltage 
varies at a specified point, is changed into an expression for a 

traveling wave by substituting (-0 for t. This rule can 

be illustrated by making the substitution in the time function 
and the result is again the traveling wave expression of 
Eq. (521). 

So, by these rules, a function of either time or distance can 
be made to travel. The resulting waves travel with constant 
velocity v, and they are not attenuated or distorted as they 
travel. 

9. A Traveling-wave Solution of the Differential Equations. It 

has been stated that e(x — vt) is a solution of the transmission¬ 
line Eq. (516). To prove this, we differentiate the voltage 
e{Xy t) = e{x — vt) with respect to x, and regardless of the form 
of the function the result is^ 

I. ^(x - «) - - ") m 

A second differentiation with respect to x gives 

^ See discussion of differentiation of composite functions in any calculus 
book. 
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The voltage is next differentiated twice with respect to t, giving 
first 

^ - |«(a: - «) - - rt) (624) 

and second 

w ~ di r ^ 

Comparison of the right-hand members of Eqs. (523) and (525) 
shows that 

dx^ dt^ 

This is Eq. (516), which is shown therefore to be satisfied by 
any function e{x — vt). 

The physical meaning of the statement that any function of 
{x — vt) is a solution of the transmission-line equation is that 
the line will propagate, as a traveling wave, any voltage that is 
applied to its terminals. The form of the wave is determined 
by the form of the applied voltage, whereas the manner of propa¬ 
gation is determined by the line itself. This is another case in 
which the solution of a differential equation cannot be completed 
until the boundary conditions are defined; the boundary in this 
case is the end of the line, and the condition that must be known 
is the applied voltage. When a battery voltage is applied to 
the line, as in Fig. 62, the traveling wave is the flat-topped wave 
that is shown in the figure. No other wave could satisfy both 
the differential equations and the boundary condition, /or no 
other simple traveling wave would have a constant voltage at 
the sending end where the battery is connected. 

When a varying voltage is applied to the transmission line, 
the form of the traveling wave is similar to the form of the 
terminal voltage. The wave on the line is a record of past values 
of terminal voltage. It is helpful to picture, in analogy, a pencil 
that marks upon a sheet of paper; the pencil does not move, but 
the paper slides beneath the pencil point. The paper is a long 
sheet that moves at constant speed from left to right, and a long 
straight line is traced upon it by the stationary pencil. Now, 
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as the paper moves sidewise, allow the pencil to move up and 
down, thus marking a wave upon the sheet. The resulting pencil 
mark is a traveling wave, and the position of the pencil is anal¬ 
ogous to applied voltage. This analogy is subject, of course, to 
the same limitations and assumptions as are the differential 
equations (513) and (514). 

An example of a wave produced by varying terminal voltage is 
shown in Fig. 64. Consider that a transmission line begins at 
the origin in Fig. 646 and extends toward the right. A pulse of 
voltage described by vt€~^^ is applied at the terminal of the line, 
and the traveling wave of Eq. (521) is propagated along the line. 
The applied voltage as a function of time is shown in Fig. 64c by 
the curve at x = 0. The traveling wave is shown in Fig. 646. 
Only that part of the wave to the right of the origin has any phys¬ 
ical existence, however, for the transmission line extends only to 
the right, and it is at the origin that the wave is produced. 

10. The Complete Solution of the Differential Equations. A 
function of (x — vt) is not the only solution of the differential 
Eq. (516), That equation is also satisfied by any function of 
(x + vt), so that 

e(x, t) = e(x + vt) 

is also a solution. Proof of this is exactly parallel to the proof 
that leads to Eqs. (523) and (525). Physically, e(x + vt) 
describes a voltage wave that travels toward the left, just as 
e(x — vt) describes a voltage wave that travels toward the right. 

Finally, the complete solution of Eq. (516) is the sum of the 
two partial solutions: 

e(x, t) = ei(x — vt) + C 2 (x + vt) (526) 

In this expression, Ci and C 2 may be any two functions, either the 
same or different. The physical meaning of the complete solu¬ 
tion is simply that a transmission line can carry traveling waves 
in either direction, or in both directions at the same time. 

11. The Solution for Current. Equation (517) is a differential 
equation in terms of current, distance, and time. Its solution is 
obviously of the same form as the solution of the voltage equation 
(516); it is satisfied by any traveling wave of current t(x — vt), 
or t(x + vt), or in general by any combination of traveling waves 
of current such that 
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i(Xy t) = ii(x — vt) + t 2 {x + vt) (527) 

The velocity v is the same as the velocity of the voltage wave: 


1 

a/Zc 


(520) 


It has been shown physically, and it will be seen mathema¬ 
tically, that the voltage and current waves are not by any means 
independent of each other. Voltage and current are, indeed, 
everywhere proportional. This fact may be shown from either 
Eq. (513) or (514). Let us use Eq. (514), integrating both sides. 
Integration of the left-hand member gives current: 


(528) 

We see from Eq. (524) that the right-hand member of (528) 
equals 

From Eq. (522) the total derivative of voltage with respect to 
(x — vt) equals the partial derivative with respect to x, so 


Finally, therefore, 

? = 1 = 11 

i cv \c 


(530) 


This result, which shows that there is a constant ratio of voltage 
to current at all points along the line, is the same that was 
obtained in Eq. (505). It is less restricted, however, for it 
applies to a wave of any shape as well as to a flat-topped wave, 
and it tells us that as a voltage wave of any shape travels along 
the line it is accompanied by a current wave of the same shape. 
Since Eq. (530) applies at any point along the line, it applies at 
the sending-end terminal, so, for any form of applied voltage, the 
current entering the line is at each instant proportional to the 
voltage. Indeed, if only the terminals are exposed, it is impos¬ 
sible to tell whether they are terminals of a transmission line 
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endof 
I line 


of unlimited length, or of a simple resistance of magnitude 

ViU. 

12. Reflection of Waves at Open End of Line. The discussion 
so far has been limited to waves traveling without loss of energy 
along a perfectly uniform and unlimited transmission line. At 
the speed of light, however, it will not take long for a wave to 
reach the distant end of any actual 

line. Nearly 200 miles is traversed_ 

in 0.001 sec. When awave 

arrives at the end of the line its Cv Cw Cx Cy Cz ; 

orderly progress is interrupted. (a) ^Jndof 

Figure 65 shows the action of a - ^. . -j Une 

wave on arriving at the open- j 

circuited end of a line—a smooth 

line, if the inductances and capaci- ( b) 

tances shown are considered to be - - - 1 

infinitesimal. Figure 656 shows _I_ 

the flat-topped wave approaching -. ..... ..I 

the end of the line. The two parts 

of the energy wave, voltage and £ ^ 

current, are progressing together; _| 

Ly is carrying current but Lz is not, - 1 -- 

and Cy is charged to voltage E but ^ ^ ^ 

Ct is not. There is voltage, how- 2 E 

ever, across Cy, so current will -£_- 

immediately begin to flow through J 

L„ and since L* will carry as much . 1 

current as Ly, the charge on Cy will (e) 

increase no further. The voltage Fjo 55 . 

of Cy will therefore become and 

remain E. Current entering Lt will flow into the capacitance 
C«, charging it to voltage E. 

The energy wave, at this instant, has reached the end of the 
line, as shown in Fig. 65c. All capacitance is now charged to 
voltage L, and all inductance is now carrying current /. But 
the procedure by which the wave has progressed along the line 
can not be continued here: L, is carrying current to C„ and there 
is no inductance beyond C» to act as an outlet for current as €» 
becomes charged. The result is that C, becomes overcharged, 
for L, cannot stop carrying current until its magnetic energy is 
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exhausted. Lg will continue to drive current into C,, and, 
because of its magnetic energy, the current cannot be stopped 
until the voltage of Cg has been raised to double its normal value, 
or 2E. When the voltage across the last element of capacitance 
is 2Ej current will stop flowing in the last element of inductance. 
This condition is illustrated in Fig. 65d; the voltage of Cg is 
now 2Ey and current in Lg has dropped to zero. 

When Lg has ceased to carry current, all current carried by 
Ly is driven into Cy. This doubles the voltage of Cyy and cur¬ 
rent in Ly is forced to stop. At the same time, voltage is equalized 
at the two ends of Lx, and the overcharge on Cg cannot escape. 
When this has happened conditions are as shown in Fig. 65c: 
voltage is 2E across Cy and C*, and current is zero in Ly and Lg, 
This procedure continues progressively along the line; from right 
to left the voltage becomes doubled and the current drops to 
zero. 

It appears that when the original traveling wave reached the 
open end of the line, something of the nature of reflection took 
place. A traveling wave was reflected from the end and started 
to progress in the opposite direction. The reflected wave is 
shown by dash lines in Fig. 65e. It is a wave of voltage traveling 
toward the left, of magnitude which adds to the previously 
existing voltage. It makes the total voltage, as far as the 
reflected wave has progressed, 2E. It is accompanied by a 
reflected wave of current that travels in the same direction at the 
same speed, but the reflected current wave is a negative wave, 
—and where it is added to the current of the original wave the 
total current becomes zero. 

The front of the current wave as shown in Fig. 65c is progress¬ 
ing toward the left. It should be specially emphasized that this 
does not imply any reversal of flow of current. The current 
was originally flowing from the battery toward the open end of the 
line, and it still does so, after reflection, in that part of the line 
which continues to carry current. It is only the propagation 
of the wave front, and not the actual total current, that reverses 
direction when the wave is reflected. Current flows from left 
to right as the wave travels outward to charge the capacitance 
of the line to voltage E, and it continues to flow from left to right 
as the reflected wave returns, doubling the charge on the line as 
the voltage is raised to 2E, 
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The possibility of a reflected wave was included in the matbe* 
matical solution of the line differential equations, although it 
may not have been recognized as such. The reflected wave 
travels from right to left, and therefore is a function of {x + vt) 
as in the last term of Eq. (526). Its velocity —v corresponds to 
the negative option of the square root of Eq. (520). But when 


velocity is negative in Eq. (530), and 


-is used instead of 

\/lc 


1 

VTc 


the sign of the ratio of voltage to current is also changed; 


a reflected wave, traveling from right to left, has 


e 

i 



(531) 


The physical meaning of a negative current is a current flowing 
from right to left, whereas a positive current flows from left to 
right by definition. If positive voltage is being built up by 
positive charge on a transmission-line wire, and it is being sup¬ 
plied by current flowing from the left, that will be a positive 
current. If the same charge is supplied by current from the 
right, the current will be negative. That is why a positive 
voltage wave traveling from the left is accompanied by a positive 
current, whereas the same wave traveling from the right requires 
a negative current. 

When a traveling wave arrives at the end of a transmission 
line, it has reached another boundary, and the polarity and 
magnitude of the refl(‘cted wave are determined by boundary 
conditions. When the wave of Fig. 65 reached the open end of 
its line the boundary condition that determined the nature of the 
reflection was that, at the open end, there could be no current. 
At that point it must always be true that 

i = 0 (532) 

From this fact we may find the reflected wave. 

Equation (527) describes the current at all points on the line, 
including a point just at the open end where the current is zero. 
If the length of the line is D, and voltage and current are given 
the subscript r at the open end of the line (the receiving end), 
the current 


ir == ii(I? — vi) “h “b v() = 0 


(533) 
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Equation (633) is a function of time alone, for it describes the 
current at only one point: that is, at the receiving end of the line. 
It is made up of two parts; the first is due to the incident wave 
and the second to the reflected wave. Since the two terms must 
always add to zero, 

i^iP + vt) = — ti(Z> — vt) (534) 

The two waves, in other words, must be equal and opposite at 
the terminating point of the line. The function must there¬ 
fore describe the same shape of wave as the function ii, but it 
must be of negative polarity, it must travel in the opposite direc¬ 
tion, and it must leave the receiving end of the line at the instant 
of arrival of the incident wave.^ 

^ Although u and ii describe waves of the same shape, they are not the 
same function for two reasons: first, the wave is turned around and headed 
in the other direction, and second, it does not start at the sending end of the 
line when time is zero, but at the receiving end when time is D/v. The 
wave 1 * 2 , however, is the same function of the quantity [2D — (a; + vt)] 
that ii is of the quantity (x — vt). Substitution of the former quantity 
for the latter in the expression for the incident wave gives the reflected 
wave—a wave that travels from right to left [for it is a function of (x -f vt)]^ 
that may be thought of as having originated at a point as far beyond the 
receiving end of the line as the receiving end is beyond the sending end 
(at X == 2D). The reflected wave is, of course, negative. 

Analytically, the reflected wave must satisfy both Eqs. (632) and (527). 
The total current on the line is 

i(x, t) — ii(x — vt) *f i 2 (x + vt) (527) 

If, and only if, i 2 is the function 

i 2 (x, t) = ~fi(2D ~ (x + vt)) (536) 

can both Eqs. (527) and (532) be satisfied. This satisfies (527) because it is 
a function of (x + vt)^ and it satisfies (532) because, when D is substituted 
for X, (527) becomes 

i(t) - ii{D — vt) — ti(2D — D -- vt) =0 

Equation (536) is therefore the reflected wave. 

This means, for example, that if the incident wave is of the form 

ii = — (x — 

the reflected wave must be 

« 4-[2D - (x + 

This is shown in Fig. 66. If, as another example, the incident wave is 

ii sin (x — vt) 

the reflected wave is 

it - — sin [2D — (x -}- vOl 



SBC. 131 


TRAVELING WAVES 


281 


The voltage of the reflected wave is related to the current 
of the reflected wave by Eq. (531); since the current of the 
reflected wave is opposite to the current of the incident wave, 
the voltage of the reflected wave is equal to the voltage of the 
incident wave. Total line voltage is the sum of the two waves, 
as in Eq. (626). 

So, by mathematical reasoning, the results of Fig. 65 are 
substantiated and are generalized to apply to waves of any shape. 
Figure 66 shows the result of reflection of a wave that is not 
flat. The wave of Fig. 64 is approaching the end of the line in 


Lv Lyv Lx Ly Ljj 



-—" (C) 

Fig. 66. Fio. 67. 


Fig. 66a. A short time later, as shown in Fig. 666, the front 
part of the wave has been reflected. The voltage wave is 
reflected as if it had been folded back on itself, and total voltage 
is the sum of the two waves; voltage at the end is always twice 
the voltage of either wave alone. ^ The current wave is reflected 
with reversal of sign, and the current at the end is always (as 
it must be) zero. 

13. Reflection at Short-circuit. If the end of the line had 
been short-circuited instead of open, the action would have been 
entirely different. Figure 67a is a diagrammatic representation 

' It is convenient, if inelegant, to say that the wave turns about and 
crawls over its own back. 
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of a short-circuited line. As a traveling wave approaches the 
end of it, C* becomes charged through L», and then Ly begins to 
carry current to Cy; Cy is charged to a voltage Ej and L, begins 
to carry current. But C» can take no charge ; it is short-circuited. 
Current will flow freely from L» through the short-circuit and 
into the return wire, like water from the open end of a pipe. So 
more and more current flows through L» until the charge on Cy 
becomes exhausted. The current through L, and through the 
short-circuit becomes 21 or twice as great as its normal value, 
and the voltage across Cy falls to zero. Current and voltage 
at this instant are plotted in Fig. 676. A reflected wave reduces 
the voltage from E to zero, and increases current from I to 27, 
as the wave travels from right to left. 

This is evidently a different kind of reflected wave than the 
one reflected from the open end of a line; it is natural that it 
should be, for the boundary condition with a short-circuited line 
is entirely different. The short-circuit allows unlimited current 
at the end of the line, but it does not allow any voltage, so the 
boundary condition is 

Cr = 0 (536) 

Hence, from Eqs. (526) and (536), 

e<i{D + vt) = ~ei(Z) - vt) (537) 

This means that at the terminal point the reflected voltage wave 
will be at all times equal and opposite to the incident voltage 
wave. It will travel from the terminal point toward the sending 
end of the line as a wave with the same shape^ as the incident 
wave. The negative reflected voltage wave will be accompanied 
by a positive reflected current W'ave, in accordance with Eq. (531). 

The total result of reflection at the short-circuited end of the 
line will be elimination of voltage at the end, and doubling of 
current. This effect is shown for a flat-topped wave in Fig. 676, 
and for a rounded wave in Fig. 67c. This type of reflection is, 
in a sense, the inverse of that which occurs at tlie open end of a 
line, and the voltage waves in one case are exactly like the current 
waves in the other. 

14. Reflection from Terminal Resistance. If the transmission 
line is neither open nor short-circuited, but has resistance con- 

* It will have the same functional form as the current of Eq. (535). 
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nected between the receiving-end terminals, the boundary con¬ 
dition at the receiving end will determine the magnitude of the 
reflected wave. The voltage across the terminating resistance 
is Cr and the current through the resistance is tV, so if R is the 
amount of resistance it must always be true that 



(538) 


The amount of the terminating resistance is the factor that 
determines, physically, the size of the reflected wave, and must 
therefore do so mathematically. We know that current and 
voltage are related in the incident wave by 


Cl = (539) 

and in the reflected wave by 

^2 ” — ^0^*2 (540) 


We know further that the total voltage and current are the sums 
of the incident and reflected waves: 


and 


€ — ei + 62 

(541) 

i = ii + ^2. 

(542) 


At the receiving end of the line these total values of voltage 
and current are Cr and tV of Eq. (538), and by substituting in 
that equation we obtain 

Cl + C2 D 


Current is eliminated from this expression by means of Eqs. (539) 
and (540): 

gl + C2 _ 

Cl ^2 
Zq 


and this equation can be solved for the reflected voltage as a 
function of the incident voltage: 


62 = Cl 


R — Zq 
R “h Zq 


(543) 
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Equation (543) relates the voltage of the two waves, at the 
receiving end, at each instant of time. Since it is true at every 
instant, it is true of the functions as a whole, and it tells us that, 
in general, the reflected wave from a terminal resistance will be 
a function of time of the same form as the incident wave, but 
smaller by the factor of proportionality of Eq. (543). 

It tells us, further, that if the terminating resistance is greater 
than the characteristic impedance Zo, the reflected voltage will 
be of the same sign as the incident voltage. The limiting case 
is an open-ended line, for which /2 = qo, making 62 = Ci. If, 
on the other hand the terminating resistance is less than the 
characteristic impedance, the reflected voltage wave will be 
negative, subtracting from the incident wave. A short-circuit 
is the extreme case, with i? = 0, which makes 62 = — Ci. 

There is a very interesting and important intermediate case, 
which appears if J? = Zq. When resistance has this value there 
can be no reflected wave, for 62 = 0, and the only wave on the 
transmission line is the incident wave. 

When a transmission line is open at the receiving end there 
is no consumption of energy at the terminal point, nor is there 
when the line is short-circuited; in both cases, therefore, the 
reflected wave has just as much energy as the incident wave. 
If the reflected wave did not carry energy away from the end 
of the line as rapidly as it is brought by the incident wave, there 
would be an accumulation of unused energy—an impossible 
condition. When the resistance is either more or less than Zo, 
the dissipation of energy in the resistance is less rapid than the 
arrival of energy of the incident wave, so there must be a reflected 
wave of proper magnitude. But if resistance is equal to the 
characteristic impedance, the energy of the wave is used as it 
arrives and there is no excess to produce reflection. 

Because this critical value of resistance, equal to Zo, will pre¬ 
vent reflected wave-trains, and incidentally because complete 
absorption of energy means high efficiency, it is general practice 
in telephone engineering to terminate each line with apparatus 
whose resistance is equal to the characteristic impedance of the 
line. The result is that any wave that comes along the line, 
regardless of its magnitude or length or form, simply disappears 
into the terminal equipment and so passes out of existence so 
far as the line is concerned. 
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The wave of voltage reflected from a resistance load will of 
course be accompanied by a reflected wave of current. Since the 
reflected current is related to the reflected voltage by Eq. (640), 
it will be related to the incident current by 


H 


. R — Z(t 
+ Zo 


(644) 


When resistance is equal to the characteristic impedance of the 
line, there is no reflected current wave, just as there is no reflected 
voltage wave. 

15. Reflection from Terminal 
Inductance. If a transmission 
line is terminated at the receiving 
end with a circuit or network other 
than pure resistance, the differen¬ 
tial equation of the terminating 
equipment must be taken into 
account in computing the reflected 
wave on the line. Consider, as a 
first simple example, a line with 
pure inductance across the receiv¬ 
ing terminals. 

Figure 68o shows such a line. 

A traveling wave arrives at the 
end and is reflected. It is reflected exactly as if the line were 
open at the receiving end, for at the very first instant the induc¬ 
tance can carry no current. The terminal voltage is therefore 
twice the wave voltage, momentarily, and the terminal current 
is zero for an instant. This condition is shown in Fig. 686. 

But there is voltage across the terminal inductance from the 
instant of arrival of the wave, so the inductance will begin to 
carry current. It will carry current more and more freely, as 
time passes, until at last it is practically equivalent to a short- 
circuit and carries steady current with no terminal voltage. 
When the voltage across the inductance has become zero, the 
current through it has become twice the current of the incident 
wave, as in the case of the short-circuited line. This condition 
and the transition period are shown in Kg. 68c. 

As the inductance changes from an element that carries no 
current (and so reflects voltage with a positive sign) to an element 


Transmission line 

(a) 

_E_^ 

I _ 

. . - . - I; 

( b) 







286 


TRANSIENT ELECTRIC CURRENTS [Chap. IX 


that supports no voltage (and so reflects voltage with a negative 
sign), it passes through all intermediate stages and the reflected 
voltage changes gradually. As the reflected voltage changes, 
the terminal voltage across the inductance is reduced, and the 
rate-of-change of voltage is reduced also. The short-circuit 
condition at the terminals is therefore approached asymptotically, 
but never quite reached; it is reasonable to suppose that the 
voltage decreases according to an exponential law, and such is 
indeed the case. 

The mathematical determination of the wave reflected from 
terminal inductance is quite similar to the determination when 
the line is ended in pure resistance. And in the more general 
case, with inductance and resistance in series across the end of 
the line, the method is still similar. In every case the reflected 
wave is found by simultaneous solution of the transmission-line 
equations (539) to (542) with the equation that expresses the 
boundary, or terminal, conditions. When th(^ line is terminated 
in resistance, the boundary condition is expressexl by Eq. (538); 
that is, 

Cr = Rir (545) 

When there is inductance in series with the resistance, the 
boundary condition becomes 

Cr = Rir + Lpir (546) 

Operating characteristics of the transmission line are now 
brought into the computation by substituting in tlq. (546) the 
group of Eqs. (539) to (542); this gives the following equation 
which applies at the receiving end of the line: 

(547) 

Solution for 62 in terms of Cj gives: 

{R + Zo)c2 “t“ Lpe2 = {R — Zo)ei + Lpei (548) 

Equation (548) is a differential equation, and its solution is not 
difficult. The voltage ci, as a function of time, is presumably 
known, for Ci is the incident wave that is arriving from the 
sending end of the line. The right-hand member of Eq. (548) 
may therefore be treated as /(O, a known function of time, and 
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the equation is recognized as a first-order linear differential equa¬ 
tion with constant coefficients. Its general solution is treated in 
Chap. Ill, Eq. (89). 

To investigate the action of the line in a special case, let us 
consider that the incident wave is a flat-topped wave of constant 
voltage E. This is similar to the incident wave of Fig. 68 . E is 
now substituted for ci in the right-hand member of Eq. (548), 
and since E is constant with respect to time, the derivative term 
is zero. The equation therefore becomes 

(JB + Zo)e 2 + Lpe2 = (fi - Zo)E (549) 

This differential equation may be solved by means of the formulas 
established in Chap. Ill, or, since it is relatively quite simple, it 
can be solved by separation of the variables. 

Write ^ for p in Eq. (549) and transpose in order to obtain t 
on one side of the equation and f 2 on the other: 

(R - Zc)E - (ft + Zo)eJ^^ " ^ 

Integration of each member gives 

~ - (^ + 2o)ejl = < + C (551) 

C is a constant of integration in this equation. By changing 
from the logarithmic form to the exponential form, and at the 
same time writing as K the exponential factor that contains the 
constant of integration, Eq. (551) becomes 


R-\-Zo 

{R - Zo)E - {R + Zo)e2 = Kt ^ ’ (552) 

The coefficient K must next be evaluated by means of known 
boundary conditions that relate 62 and L Characteristics of the 
terminating circuit of inductance and resistance must be con¬ 
sidered. At the instant of arrival of the oncoming wave, the 
terminal circuit cannot carry finite current because of its induc¬ 
tance; consequently, the wave is fully reflected, and the voltage 
of the reflected wave (at that instant) is equal to the voltage of 
the incident wave. Symbolically, when 
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/ = 0, i = 0 1 

and therefore / (653) 

62 == E) 


It should be particularly noted that in this discussion we have 
arbitrarily chosen the reference time, < = 0, as the time of arrival 
of the incident wave.at the receiving end of the line. Heretofore 
the reference time has been the instant of closing a switch, or the 
instant of starting a wave from the sending end of a line; all such 
choices are arbitrary, and for every problem the best choice is 
the one that is easiest to use. In the present case, the best 
reference time is the instant of arrival of the incident wave, for 
that is the instant of application of voltage to the terminal circuit 
and the time of origin of the reflected wave. 

Having introduced Eq. (553) into (552), the latter becomes 


— 2^ZqE = K 


(554) 


Finally, this value of K is substituted in Eq. (552), and solution 
for e% gives 


JJ, B — Zo + 2 Zo€ 




(555) 


It must be remembered that in Eq. (555) is not a traveling 
wave. It is voltage, as a function of time, at the receiving end 
of the line. But it generates a traveling wave, which must be a 
function of {x + vt). In accordance with Sec. 8, an expression 
can be derived from h]q. (555) to describe the traveling wave by 

substituting for provided the receiving end of the line 

is selected as the reference point at which a; == 0. 

In general, Eq. (555) describes a wave whose initial height 
is Ej for this value appears when ^ = 0. As in Fig. 68, the 
reflected wave then changes exponentially until, with very large 
values of it approaches the value of Eq. (543). Since Eq. (543) 
describes the reflection with pure resistance at the receiving end, 
it will be seen that in time the effect of the inductance disappears. 

If there were no resistance at the receiving end, but only 
inductance, as in Fig. 68, the result would be found from Eq. 
(655) by letting B = 0. The reflected wave would vary from 
E, initially, to — E, finally, as is shown in that figure. 
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It is interesting to notice that the reflected waves from all 
terminations that have been discussed (open, short-circuit, resist¬ 
ance, and inductance) can be found as special cases of Eq. (555). 

16. Reflection from Terminal Capacitance. If there is a con¬ 
denser connected to the terminals of the line, it acts as a short- 
circuit at the moment of arrival of the incident wave. At this 
instant, the reflected voltage wave is negative, for the terminal 
voltage is momentarily zero, and the current of the incident wave 
is, momentarily, doubled. As the condenser becomes charged, 
the terminal voltage rises. Finally the condenser becomes fully 
charged; it then behaves as an open circuit, for the terminal 
current is zero and the voltage of the incident wave is doubled. 
The curves of Fig. 686 and c illustrate this case perfectly if the 

current curves are taken to illustrate voltage and the volt¬ 
age^’ waves are taken to illustrate current. 

The mathematical solution for the capacitive termination is 
so like the solution for the inductive case that it will not be given. 
It introduces no new ideas. 

There is more practical importance in the case of a line with 
terminal condenser than might appear at first sight, owing to the 
paradox that for lightning waves a transformer acts as a capaci¬ 
tance rather than as an inductance. Lightning voltage arrives 
at a transformer as a traveling wave, and the front of the wave is 
so steep, and rises so suddenly to a maximum, that there is prac¬ 
tically no time for current to start to flow through the large 
inductance of the transformer winding. But there is some small 
capacitance in the transformer from turn to turn, and from wind¬ 
ing to core, and it is largely this capacitance, rather than the 
inductance, that determines the transformer's reaction to 
lightning. 

17. Transmission-line Junctions. There must be some reflec¬ 
tion of energy whenever any irregularity interferes with the 
propagation of a wave. The end of the line is an inevitable 
irregularity, but many others may be encountered also. When 
the dimensions of a transmission line are changed, for instance, 
or two dissimilar lines are joined, there will be reflections as 
waves pass the junction. 

Figure 69a represents the junction of a line with wide spacing 
and a line with narrow spacing; the former has parameters I and 
c, and the latter V and c'. Since these are different, their ratios 
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Zo and Zo' will also be different. Let us assume that a wave of 
energy comes from the left; it enters, that is, on the widely spaced 
line. It has a certain ratio of voltage to current, equal to Zo. 

^ It cannot pass the junction smoothly, 

_I'c' for a wave on the narrowly spaced 

Uc ^ _ line must have a different ratio of 

(a) voltage to current. So when the 

incident wave arrives at the junction 
there are two new waves formed; part 
of the incident energy is propagated 
on toM^ard the right, and part is 
reflected back toward the left. 

Fig. 69 . Solution for the magnitudes of the 

transmitted and reflected waves is 
possible in either of two ways. Voltage and current of the waves 
on one side of the junction point can be equated to voltage and 
current of the wave on the other side, and since ratios of voltage to 
current are known from the characteristic impedances it is not 
difficult to solve for the unknown 
currents and voltages. But use may 
be made of a previous solution by 
considering that, as far as the incident 
wave is concerned, the second section 
of line could be replaced by a resist¬ 
ance equal to Zo'. This is possible 
because the current that enters the 
second line will be proportional at 
every instant to the voltage at the 
junction, just as it would be in a 
resistance. So the magnitude of the 
reflected voltage wave can be found 
from Eq. (543), which was derived 
for a terminal resistance, with Zo' 
replacing R. Reflected current can 
be found in the same way from Eq. 

(644). Transmitted voltage is then 
equal to the sum of the incident and 
reflected waves at the junction point, and transmitted current to 
the sum of the incident and reflected current waves. An example 
is shown in b and c of Fig. 69. 



Fig. 70. 
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When a line divides, as in Fig. 70a, the same methods of 
reasoning can be applied. The two parts of the divided line will 
affect the incident wave as if they were two resistances in parallel 
at the junction, thereby determining the reflected wave. There 
will be two transmitted waves, with the same voltage, but dif¬ 
ferent currents as required by the different characteristic imped¬ 
ances. An example appears in 
Fig. 706 and c. 

Other combinations of appara¬ 
tus can be handled in the same 
manner. Always, the require¬ 
ments of all lines and circuits 
must be satisfied simultaneously. 

18. Repeated Reflections. 

Only one reflection of an incident 
wave has been considered in the 
discussion thus far, but that 
initial reflection is in reality only 
the first of an infinite series. 

The incident wave is reflected on 
arrival at the receiving end of the 
line, and the reflected wave is 
reflected again at the sending 
end. Like a ray of light between 
two mirrors, the electric wave 
goes repeatedly from end to end 
of the line until its energy is 
exhausted. ' ZJ ' 

It will be well to trace one or Second Reflected W«ve 

two typical cases. ^ Let us first 

consider a transmission line, open at the receiving end, to which 
a constant battery voltage E is suddenly applied at the sending 
end. T-he line is shown in Fig. 71a, and the incident wave in 
Fig. 716. At the receiving end the current must always be zero, 
so when the incident wave of current reaches the end of the line 
it must necessarily produce a reflected wave with negative 
current. The wave of negative current, when traveling toward 

^ Traveling waves on lines without loss are thoroughly treated by L. V. 
Bewley, “Traveling Waves on Transmission Systems,” John Wiley & Sons, 
Inc., New York, 1933. 
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the left, must be accompanied by a wave of positive voltage. 
Distribution of voltage and current shortly after reflection are 
shown in Fig. 71c; the solid line shows total voltage and current, 
and the dash line indicates the traveling wave. 

When the first reflected wave arrives at the sending end of 
the line it produces an unstable condition: it charges the line, 
as it travels, to voltage 2E, while the sending end of the line is 
connected to the battery and can have no voltage other than the 
battery voltage E, On arrival of the wave at the sending end, 
the line, charged to 2E, immediately starts to discharge again 
into the battery, and a traveling wave of voltage is sent out 
onto the line. It must be accompanied by a current wave, and 
since it moves with positive velocity the current will be of the 
same sign as the voltage, or —7. Conditions shortly after reflec¬ 
tion at the sending end are shown in Fig. 7Id. For the first 
time, current on the line has become negative, indicating that 
charge is now flowing toward the battery instead of from it. 

This second incident wave soon reaches the receiving end, and 
is again reflected. The second incident wave is a negative wave, 
producing negative current as it passes. But, again, there can 
be no current at the receiving end, so on the arrival of the second 
incident wave with negative current a second reflected wave with 
positive current must start toward the sending end. The posi¬ 
tive current of the second reflected wave must be accompanied 
by a negative voltage wave (because the direction of travel is 
negative), and Fig. 7le shows the components of the second 
reflected wave. As the second reflected wave travels it makes 
both total voltage and total current zero all along the line. 

Just as the first reflected wave produced conditions at the 
sending end of the line incompatible with the boundary condition 
of the connected battery, so the second reflected wave leaves 
the line in a condition that cannot continue to exist. It leaves 
the sending end voltage zero, but the sending end voltage must 
be E, so an incident wave with positive voltage is sent along the 
line. This is the third incident wave. 

The behavior of the wave need be traced no further, for the 
third incident wave is identical with the first incident wave; 
a cycle of operation has been completed, and Fig. 716 can illus¬ 
trate the third incident wave, or the fifth incident wave, or the 
seventh, and so on. If it were true, as has been assumed, that 



Sec. 18 ] 


TRAVELING WAVES 


293 


] 


(«) Shor+ed Line 
E 

I —=1 


I 


(b) Incident Woive 
E 

r" — 


c 


I 


21 




the wave could travel without loss of energy, it would never 
cease to surge up and down the line. 

A line short-circuited at the receiving end reflects waves in a 
different manner. Its action, neglecting energy loss, is shown 
in Fig. 72. Reflected waves are made necessary by the following 
boundary conditions: sending end voltage is always E and receiv¬ 
ing end voltage is always zero. 

The first reflected wave must [j 
have negative voltage and will 
therefore have positive current. 

On reaching the sending end it 
makes necessary a second 
incident wave of positive volt¬ 
age, accompanied by a wave of 
positive current. The voltage 
of the line is cyclic in this simple 
manner: a positive wave goes out 
from the battery, and a negative 
wave returns. The current, 
however, is not cyclic at all, but 
continues to increase without 
limit as each reflection adds to its 
magnitude. 

If there is resistance in the 
short-circuited transmission line 
the current will increase, but not 
without limit. It will approach 
a final value of EIrD, where r is 
resistance per unit length and 
D the length of the line. The 
quantity rD is merely the direct- 
current resistance of the line, and so it obviously limits the current 
in the steady state. When a wave travels along a line with 
resistance, it becomes smaller as it travels. If it is a wave due 
to the sudden application of battery voltage, as in Figs. 71 and 
72, the front of the wave decreases with time according to an 
exponential law; the wave is therefore not flat-topped, but 
sloping, and slightly curved, as in Fig. 736. Reflections of such 
a wave must satisfy the same terminal conditions as before: at 
the short-circuited receiving end, e = 0; at the sending end, 
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e — E, A general indication of the shape of the waves and the 
effect of multiple reflections is given in Fig. 73, although detailed 
discussion must await a more careful consideration of the ejBFect 
of energy loss. 

It will be observed that Fig. 73 differs from Fig. 72 (which 
was drawn for the nondissipative line) primarily in that the travel- 
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(c) After First Reflection 
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(e) Steoidy State 
Fig. 73. 


ing wave diminishes, and after 
several traverses of the line it 
becomes almost negligible. Each 
traverse of the line, moreover, 
brings the current and voltage 
distribution closer to the steady- 
state conditions, as shown in 
Fig. 73e. 

The manner in which the wave 
changes as it travels is, in 
general, quite complicated. But 
there is one special case—the 
so-called ‘^distortionless line^^— 
in which the attenuation of the 
traveling wave is quite simple. 

19. The Distortionless Line. 
If r, Z, Cj and g —the resistance, 
inductance, capacitance, and 
conductance per unit length, 
respectively—are so propor- 
tioned that 



a special case of wave transmission results. On such a line a 
traveling wave from a battery will proceed outward, as in Fig. 
736, diminishing exponentially, and the voltage at a specific 
point will rise to a specific value and will remain at that value 
thereafter—or until the reflected wave returns. This would 
seem to be the natural behavior of a line when our study of the 
nondissipative line is considered, but it must be remembered 
that the nondissipative line is itself a special case that satisfies 
Eq. (556). In general the contrary is true: the voltage and cur¬ 
rent at a point will rise suddenly as the head of a wave passes 
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and will continue to change gradually thereafter as functions of 
time. Figuratively, the energy wave (except in the distortionless 
case) writhes as it crawls. 

When a wave travels out upon a distortionless line from a 
battery of voltage E, the voltage at any point on the line that 
has been reached by the wave is 


e Ee 


r X 

I V 


(657) 




100 200 
Distance. 
(a) 


300 Miles 


It will be seen that this voltage is a function of Xy but not of 
time, indicating that after the arrival of the wave the voltage 
does not change. If battery volt¬ 
age is applied to the sending end 
of a line for 0.001 sec. and is then 
removed, a wave is started out 
along the line. The traveling 
wave is shown in Fig. 74a after the 
front of it has progressed some 250 
miles. In Fig. 746 the applied 
voltage at the sending end, as a 
function of time, is plotted as the 
rectangle marked x = 0. If the 
line is distortionless, so that Eq. 

(557) applies, the voltage at a 
point 100 miles along the line will 
also be rectangular, when plotted 
with respect to time, but less in 

magnitude. It appears in the figure as the curve x = 100. 


x=0 




x=.|00 





x = 200 



IXsjUU 


0.001 
Time, t 
(b> 

Fig. 74. 


0.002 Seconds 


The 


same may be said of the voltage where x equals 200, or 300, or at 
any other point. At points more distant along the line the voltage 
as a function of time is smaller, but it is the same^ function. This 
statement is not limited to waves of battery voltage, but may be 
applied to any sort of wave whatever; it is because of this dis¬ 
tinctive property that the line is called distortionless. 

Another aspect of the absence of distortion is seen in the fact 
that the traveling wave itself (as a function of x) remains the 
same shape as it travels. It is important to notice that a flat- 
topped wave as a function of time (in Fig. 746) is not produced 
by a flat-topped wave as a function of distance, but by a wave 
whose top is an exponential curve (Fig. 74a). As this exponential 
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wave travels it retains the same shape but becomes uniformly 
smaller with time. This, also, is true of all traveling waves on 
distortionless lines. 

An analytical expression for voltage along a line after connec¬ 
tion of a battery to the sending end was given in Eq. (557). It 
is of course accompanied by a current wave 



(558) 


Proof of the correctness of Eqs. (557) and (558) is found on intro¬ 
ducing them into the fundamental transmission-line equations 
(510) and (512). From Eq. (557), 


and from (558), 

and 


dx Iv ^ 



—n = 


Zo 


Simply by definition 


Iv 


- ' Ve - 


When these values are substituted in Eq. (510), which is 


(510) 


it becomes an identity. From Eqs. (557) and (558), 

Zolv* 

0 

— * 

-gEt 

From Eq. (556) for the distortionless line, 
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and by definition 


1 


cv 


When these values are substituted in Eq. (512) it also is reduced 
to an identity; 


a 

dx 



(512) 


Therefore Eqs. (557) and (558) are a solution of the transmission¬ 
line equations. 

When the applied voltage is other than a constant battery 
voltage, it is not possible to have any simple equations like (557) 
and (558) to describe the wave. But the functional equations 


e(x, 0 = € ^€i(x - vt) (559) 

t) = (560) 


contain the information that the wave travels without distortion 
(although it is attenuated exponentially) and that the voltage is 
accompanied by a proportional wave of current. Proof of this 
pair of equations is also found on substituting them in the dif ¬ 
ferential equations of the transmission line. They describe a 
wave traveling toward the right; there is another equally valid 
solution containing a function of (x + vt) instead of (x — vt) 
that describes a wave traveling, on a distortionless line, toward 
the left; and the complete solution of the diflferential equations 
is the sum of these two partial solutions. 

The complete solution is necessary to describe formally both 
incident and reflected waves. It is more practical, however, to 
compute a wave for as much time as may be needed, and then to 
take reflections into account by folding it back on itself in what¬ 
ever way is made necessary by terminal conditions. This is 
permissible on a distortionless line, as it was on a line without 
loss. 

20. The General Transmission Line. If the transmission line 
is not distortionless, its transient behavior is quite intricate. 
The advantages of the distortionless line in telephone communica¬ 
tion were pointed out by Heaviside many years ago. He showed 
that it would give maximum efiiciency of transmission as well 
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as greatest fidelity, and this knowledge has had an important 
influence on the design of telephone lines. Few modern tele¬ 
phone lines, however, and no power lines are distortionless. In 
general r/l is greater than g/c, and on power lines the conduc¬ 
tance between lines is usually negligible. A traveling wave, 
therefore, will usually be distorted as well as attenuated as it 
travels. 

Sometimes the distortion can be neglected. In Fig. 73, curves 
were drawn for a line with resistance but no leakage—a line that 
is consequently not without distortion. They were drawn as if 
the voltage at each point of the line changed only as the head of 
the wave passed that point—an assumption that is contrary to 
fact except on a distortionless line. But in many cases the dis¬ 
tortion is so small that the assump¬ 
tion does not lead to a large degree 
of error, and this is most likely to be 
true if r and g are small compared 
to I and c. 

When there is distortion of a 
traveling wave, its shape, as a func¬ 
tion of distance, is changed as it 
travels. A rectangular wave does not remain rectangular; a wave 
with exponential top, as in Fig. 74a, does not continue in quite 
the same form. The effect of distortion is to take energy from 
the head of the wave and spread it back along the line, adding to 
the rear part of the wave and giving it a Figure 75 shows 

how the wave of Fig. 74, sent out from a battery on a line that is 
not distortionless, will leave energy behind as it travels.^ 

The main wave loses energy, on a line with distortion, not only 
in the resistance and leakance of the line, but also because energy 
is sent back along the line. As spray is driven from the front of 
an ocean wave by an opposing wind, to fall behind the wave or 
be blown back across the water, so energy is driven back from an 
electric wave on a line with distortion. It is only the very front 
of the wave that is diminished in a simple exponential manner 
as it travels, for it is only the front that cannot gain energy at the 

^ Motion pictures have been made by Prof. L. F. Woodruff of the Massa¬ 
chusetts Institute of Technology, showing traveling waves on an artificial 
transmission line. The pictures are based on cathode-ray oscillograms. 
See Woodruff, L. F., Elec, Eng,, 54 , 1046, 1936. 



Distoince, x 
Fig. 75. 
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expense of a preceding portion of the wave. , The front of a wave 
will always (according to the differential equations of the trans¬ 
mission line) travel with exactly the velocity v = l/Vic, regard¬ 
less of loss; it will be diminished in a simple exponential manner 
with time, and the voltage and current at the wave front will 
always be related by the ratio Zo = y/ljc- ^ 

The fact that the front of a wave travels as it does, in the same 
manner as if the line were distortionless, suggests the reason for 
distortion of the rest of the wave. Let us first consider the dis¬ 
tortionless case of Fig. 74a. Select some fixed point on the line, 
which the wave will pass; at the instant of arrival of the wave 
the voltage at that point becomes some value that may be 
designated by e.-, and the current becomes 4 = ex/Zo. Energy 
is consumed at that point of the line in proportion to the resist¬ 
ance r and the leakance g. Current and voltage at the specified 
point would necessarily become less, with the passage of time, if 
the loss w^ere not replenished, current being reduced by resistance 
and voltage by leakance. New energy, however, is supplied 
to the point where the loss occurs, for the wave itself, having an 
exponential top, brings a continuous supply of energy to each 
point that the wave is passing. The wave is, of course, becoming 
smaller as it travels, because it is supplying energy to replace the 
losses in the line. 

Now finally (and this is the distinguishing feature of the dis¬ 
tortionless wave) the current of the traveling wave and the 
voltage of the traveling wave are so proportioned that they 
replenish losses due to leakance and resistance in exactly the 
right relative amounts, and thereby maintain the voltage and 
current at each point constant as the wave passes (see Fig. 746). 
From Eqs. (556) and (560), 

r _ I _ ^ 
g ^ c'^ 

By cross multiplication, 

= ge^ (561) 

K2 = ce2 (502) 

Equation (561) tells us that, on the distortionless line, the resist¬ 
ance loss at a point is equal to the leakance loss at that point; 
whereas from Eq. (562) it may be seen that the new supply of 
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magnetic energy to replace resistance loss is equal to the new 
supply of electric energy that replaces leakance loss. [That the 
new energy will be just adequate to replace the loss is not shown; 
that depends on the shape of the traveling wave, which is not 
taken into account in Eqs. (561) and (562).] 

When the ]ine is not distortionless, Eq. (561) is not true. 
On the ordinary line, therefore, energy is supplied to a point of 
the line by a passing wave in proportions that are different from 
the linens consumption. Either magnetic or electric energy is 
brought in larger amounts than can be used. When this happens, 
the behavior at the point is the same that has already been 
studied at the line terminals: when energy is brought in propor¬ 
tions that cannot be used, some must be reflected. 

So each point on the line, as the wave passes, reflects con¬ 
tinuously a small amount of energy —every point of the line that 
the wave has reached is contributing to the reflection—and the 
effect is distortion of the main wave and the growth of a ‘Hail.^^ 

Derivation of the equations of traveling waves on transmission 
lines that involve distortion is too specialized a procedure to be 
given here, and the resulting equations, whether as integrals, 
infinite series, or Bessel functions, are not very useful unless their 
derivations are understood. Many of the more comprehensive 
books on electromagnetic theory treat the subject quite fully 
and may be used as reference.^ 

21. Factors Not Included in the Differential Equations. It 

was implied in the preceding section that the travel of a wave 
on a transmission line is not in precise accordance with the 
differential equations. This is certainly true, although the dis¬ 
crepancies are very small; too small, in fact, for study by experi¬ 
ment and too complex for mathematical analysis. 

One factor not included in the differential equations is “skin 
effect.^' The equations are derived with an assumption of con¬ 
stant resistance and inductance of the line, regardless of the 
behaviour of the current flowing, and this is not quite the 
physical nature of a transmission line. When current in a wire 
is changing rapidly, whether owing to high frequency or to the 
steep front of a traveling wave, current is concentrated near the 

' References suggested for engineers are V. Bush, ^^Operational Circuit 
Analysis”; L. F. Woodruff, “Electric Power Transmission and Distribution”; 
loe. cU. 
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surface of the wire. This is called skin effect. It is due to 
the greater inductance of current paths near the center of the 
conductor. It has the effect of increasing the effective resistance 
of the wire, and decreasing slightly its inductance. The greater 
the rate-of-change of current, the greater the skin effect. 

The front of a traveling wave therefore encounters, because of 
skin effect, a higher resistance and lower inductance than does 
the tail of the same wave. The result is a minor distortion of 
the wave that has not, as yet, been amenable to mathematical 
treatment. But its nature can be predicted. Sharp comers will 
become rounded on a traveling wave, and steep wave fronts will 
become slightly less steep. Any abrupt changes will tend to be 
smoothed out, and energy loss will increase slightly. 

Other physical facts that are not taken into-account by the dif¬ 
ferential equations are losses in near-by conductors, notably 
ground, and distortion of the electric and magnetic fields near the 
ends of transmission lines and at junctions and comers. Radia¬ 
tion of energy into space is not considered, nor is mutual effect 
between one part of a conductor and another part of the same 
conductor. But, ordinarily, the effects of these phenomena are 
all negligible. It is only in very special cases that the differential 
equations are not adequate.^ 

22. Speed of Wave Travel. It has been stated in this chapter 
that traveling waves have a definite velocity, determined by the 
parameters of the line, equal to 1/V7c* This seems, at first, to 
be at variance with the well-known fact that, in the steady state, 
sinusoidal waves of low frequency appear to travel more slowly 
than sinusoidal waves of high frequency. But the lower speed in 
the steady state is merely apparent, not real, for it is the com¬ 
bined result of true velocity and distortion. If there is no dis¬ 
tortion, r, Qy I, and c being properly related, the velocity of all 
waves is 1/y/Tc. 

When a sinusoidal wave of a steady-state wave-train is dis¬ 
torted as it travels, the distortion takes a very special and 
peculiar form. Energy is removed from the front of the wave, 
and added to the back of the wave, by the distortion, in such a 
way that the distorted wave is still sinusoidal but appears not 

^ See Bbwlbt, L. V., Attenuation and Distortion of Waves, EUe, Eng., 
52 , 876,1933; discussion by J. Slepian, 58 , 472, by C. L. Fortescue, 596, and 
closure by the author, 597. 
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to have progressed as far as a square wave, for example, would 
obviously have done. 

This type of distortion, which does not appear to be distortion 
but does appear to be a change of velocity, can take place only 
in the steady state. Moreover, it can take place only in a sinu¬ 
soidal wave. If the steady-state wave is not sinusoidal, it will be 
distorted in such a way that each sinusoidal component will 
appear to have a different speed. A single traveling wave will 
never appear to have reduced velocity, for it is not subject to 
this type of distortion. 

23. The Cause of Traveling Waves. The flat-topped traveling 
waves of this chapter have been ascribed to the application of a 
battery or some other source of constant potential at one end of 
the transmission line. This is the most satisfactory assumption 
for analysis, but the application of constant potential does not 
often occur in practice. Most traveling waves of practical 
importance are due either to switching operations, or to lightning, 
or to induction from a wave on some nearby circuit. 

On power lines it is most probable that waves due to switching 
will result from the sudden application of sinusoidal voltage 
to a transmission line. The frequency of the applied voltage 
will probably not exceed 60 cycles, however, and, in the time 
required for several reflections of the wave on a line of moderate 
length, the applied voltage will not change greatly. If a line is 
93 miles long, a traveling w^ave will reach the receiving end, be 
reflected, and return to the sending end in 0.001 sec. For com¬ 
parison, a half-cycle of voltage at the rate of 60 cycles per sec. 
occupies more than 0.008 sec. This is so much longer, that for 
many purposes it is a good approximation to assume that the 
applied voltage is constant during the life of the traveling wave. 
The sine wave of voltage changes quite slowly near the instant 
of maximum, and the assumption is then particularly good. 
On very long lines, especially if several reflections are considered, 
it wall be necessary to take into account the actual form of 
the applied voltage and the resulting shape of the traveling 
wave. Three-phase transient disturbances are computed for 
each phase separately, and the resulting currents and voltages 
are then superimposed. 

When a wave is caused by lightning, it may result from a 
direct stroke of lightning to the transmission line, or it may 
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result from the release of bound charge on the line as lightning 
strikes nearby. A direct stroke is of course the most destructive. 
In either case a traveling wave will proceed along the line and 
when it arrives at the end of the line it will be reflected. If 
reflection takes place at a switch, where the line is open, the 
voltage will be doubled by reflection (see Fig. 66); if the line is 
terminated by a transformer or a generator, the voltage will be 
practically doubled, for equipment of this sort is so highly induc¬ 
tive that no current can pass through it during the short duration 
of the lightning wave. In fact, the distributed capacitance of a 
transformer makes it act as a condenser as far as lightning 
surges are concerned. The latter case is one of great practical 
importance, for the doubled voltage at the transformer terminals 
is dangerous and may easily damage the transformer insulation. 
Lightning arresters are widely used at transformers to help pre¬ 
vent such trouble by carrying the lightning wave to ground. As 
another precaution, it is very helpful to have the distributed 
capacitance of the transformer winding so proportioned that 
voltage stress due to the lightning wave is applied with a fair 
degree of equality across the entire insulation of the transformer, 
instead of being concentrated in the insulation of the first few 
turns. Such electrostatic shielding is quite useful in avoiding 
damage from waves so short-lived that it is the capacitance 
rather than the inductance of a transformer that determines its 
internal voltage distribution. 

A traveling wave on a power line will do no damage unless 
its voltage materially exceeds the normal operating voltage of 
the line. On a high-voltage line, a wave that greatly exceeds 
the operating voltage will produce corona about the line as it 
travels, and the resulting loss of energy will very rapidly attenu¬ 
ate the wave. Corona will be produced by the front of the wave, 
and as energy is lost from the wave its front wll slope continually 
less steeply.^ The crest of a traveling wave will be rapidly 
reduced by corona, particularly if the wave is of short duration, 
and any lightning wave will be reduced in a few miles of travel 
to a voltage below the corona-forming voltage of the line. On 
lines which normally operate at low voltage this may still be a 
dangerous value. 

^ See Skilling, H. H., and P. db K. Dtkbs, Distortion of Traveling Waves 
by Corona, EUc. Eng, {Trans. A.l.E.E,), 66, 860, 1037. 
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Problems 

1 . When longitudinal force is applied to the end of a long steel bar a 
compression wave is propagated along the bar. Write the partial differen¬ 
tial equations of motion and solve for the equations of wave propagation, 
in terms of density and elasticity of steel. (Note: To simplify the problem 
and to make the equations analogous to those of the electric transmission 
line, neglect transverse strain. This is equivalent to assuming Poisson^s 
ratio, the factor of lateral contraction, to be zero.) 

2 . A surge due to switching travels along two conductors of a power line. 
Each conductor is 1 in. in diameter, and they are spaced 22 ft. apart. What 
is the velocity of propagation of the surge? Transmission-line parameters 
may be determined from tables, or they may be computed from the formulas 
of Sec. 4 of this chapter. The formulas of Sec. 4 apply to parallel-wire lines 
of practical dimensions if R is interpreted as spacing between lines; capaci¬ 
tance and inductance are given by the formulas in farads and henrys, 
respectively, per mile, to neutral. 

3. A surge due to a suddenly applied voltage travels along two conductors 
of a telephone line. Each conductor is 0.1 in. in diameter, and they are 
spaced 8 in. apart. What is the velocity of propagation of the surge? 

4 . What is the velocity of a surge on a cable in which a J-in. conductor is 
separated from its metallic sheath by 1 in. of insulation? Dielectric constant 
of the insulation is 3.5, and both conductor and sheath are copper. Neglect 
magnetic-flux linkages within the material of the conductor and sheath. 
Repeat, taking into account linkages within the inner conductor on the 
basis of a uniform distribution of current. Which assumption is most 
reasonable? 

5. Referring to Prob. 1, find the velocity of propagation of sound in soft 
steel, and in copper. The following values for density and Young's Modulus 
may be used: 



Soft steel 

Copper 

Density, g. per cm.*. 

7.70 

8.89 

Young's Modulus, dynes per cm.*_ 

20 X lO'i 

10 X 10" 


6. Remembering that the adiabatic elasticity of air is 1.40 times the 
pressure, find the velocity of sound along a speaking tube. Density of air 
is 0.00120 g. per cm.* when the barometric pressure is 76.0 cm. Hg. and 
the temperature is 20®C. 

7 . Each of the lines and the cable of Probs. 2, 3, and 4 are terminated at a 
load with resistance of 500 ohms. Plot voltage and current distribution 
along the line at an instant shortly after the second reflection of a traveling 
wave at the load. The traveling wave originates in a battery connected to 
the sending end of the fine. Neglect loss along the line; use the second 
assumption of Prob, 4, 
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8 . What kind of device at the end of a steel bar would prevent reflection 
of sound waves at the end of the bar? How would a speaking tube be 
terminated to prevent reflection of sound at the end? (Note: This latter 
question is important in loud-speaker design.) 

9. With the conditions of Prob. 7, but with a l-/if condenser replacing 
the resistance load, plot current and voltage at the load as a function of time. 
The lines are each 93 miles long. 

10 . A transmission line is uniformly charged, from end to end, to voltage 
E. Both ends are open. One end is then suddenly short-circuited. Plot 
current at the short-circuited end as a function of time. Plot both voltage 
and current at the mid-point of the line as functions of time. Neglect loss. 

11. A transmission line (uncharged) is open-circuited at both ends. A 
battery of constant voltage E is suddenly connected across the line at a 
point one-third of the length from one end. Plot battery current as a func¬ 
tion of time. Plot voltage at one end of the line as a function of time. 
Neglect loss. 

12. A transmission line is terminated in resistance equal to 2Zo. The 
internal impedance of the battery (connected as in Fig. 72) is also 2Zo. 
Plot current and voltage along the line shortly after the first, second, third, 
and fourth reflections. 

18. A transmission line is terminated in resistance equal to JZo. The 
internal impedance of the battery (connected as in Fig. 72) is 2Zo. Plot 
current and voltage along the line shortly after the first, second, third, and 
fourth reflections. 

14. Plot battery current in Fig. 73 as a function of time. Do the same 
for an open-circuited line with moderate losses. 

16. Repeat Prob. 10, giving approximate curves for current and voltage 
if there is a moderate amount of line loss. Show how the steady state is 
approached. 

16. A transmission line is terminated in a series-resonant circuit of 
inductance and capacitance with a natural period much less than the time 
required for a wave to travel the length of the line. Sketch current and 
voltage along the line at several instants after reflection. A qualitative 
solution is sufficient. 

17. Simulating the result of lightning, charge is placed on one section of a 
transmission line. That section (isolated by a disconnecting switch at each 
end) is uniformly charged to voltage E, and the rest of the line is uncharged. 
Charge is suddenly allowed to flow from the charged section to the rest of the 
line (by simultaiieously closing the disconnecting switches). Plot voltage 
and current at several later instants to show the waves that travel in both 
directions. 



CHAPTER X 


LAPLACE TRANSFORMATION 

1. The Transformation Method. The Laplace transformation 
is an extremely useful mathematical device that turns transients 
problems into steady-state problems. Differential equations are 
transformed into algebraic equations, and the solution then 
requires nothing more than algebraic manipulation rather than 
the operations of calculus. 

Transformation as a method is thoroughly familiar in electric- 
circuit theory, although it is not always called by that name. 

Indeed, the use of vectors and complex 
quantities to describe alternating-current 
phenomena is a simple example of transfor¬ 
mation. In the next few pages we shall 
review complex vectors and Fourier series as 
a means of introducing the Laplace transfor¬ 
mation. Familiar ideas will be expressed in unfamiliar terms. 
We shall be doing an easy job the hard way in Secs. 2 through 
5. The details in these sections are not important; it is the new 
point of view that really matters. 

2. The Vector Transformation. As an example, let us con¬ 
sider the circuit of Fig. 76. The differential equation is 

Ri(t) + i{i) dt = v{t) (563) 

Since this is to be a steady-state problem, the voltage is 

v{t) = Vm COS {(at -f- ^i) 

and the current i{t) = Im cos {<at + ^ 2 ). Equation (563) can 
therefore be written 
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Let us assume voltage is known, and the problem is to find cur¬ 
rent. This requires finding /«» and 62 - The usual method is not 
to struggle with Eq. (564) but to write a new equation in terms of 
“vector'' quantities: 

RI + j«L/ + = V (565) 

V and I in this equation are complex quantities. Having magni¬ 
tude and angle, they may be written as and (another 
equivalent notation is Vm/Bi and Im[^, and with this expansion 
Eq. (565) becomes 

+ jo>L{I (566) 

There are various ways of justifying the change from Eq. (564) 
to Eq. (566). For our present purpose, we wish to look upon it as 
a transformation defined as follows: If a time function of voltage 
or current has the form 


f{i) = Fm cos (wt + e) (567) 

the corresponding complex quantity or “vector" is of the form 


That is. 


F = 

Fm COS {it)t + 6 ) transforms to 


Fm^^ 


(568) 

(569) 


Accepting this definition, it can be shown by differentiation and 
integration (as will be done in detail for the more general case, in 
Sec. 4) that 


and 




-r.Fm cos {(at + 6) 


J 'Fm cos {(at + 0) (it 


transforms to j(aFm^^ 

(570) 

transforms to Fm^^^ 

J(a 


Making this transformation, Eq. (564) yields Eq. (566). 

The next step is to solve Eq. (566), the transformed equation^ 
for the transform of current: 








R+J 


(571) 
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The quantity in the denominator will be called the impedance 
function and be represented by Z: 

Z = R + j(wL - (572) 

Since Z is a complex quantity, it is conveniently written with a 
magnitude and an angle: 

Z = (573) 

where 


IZj 


= and <p = 


tan 


wL - 1/coC 


R 


Equation (571) can now be put in the familiar form: 

V V V 

/ Jdt ^ ^ 

Z |Z|e'*’ \Z\ 


(574) 

(575) 


But is not the current in the circuit. Through long 

experience with steady-state problems we have come to accept 
a complex number, as representing current, but in reality 
the solution is not finished until the actual current is expressed 
as a function of time. The transformation of (569) is applied to 
Eq. (575) in an inverse manner: transforms back to cos (wi + O 2 ) 
and to cos {cct + — <^), giving: 

i{t) = Im cos (ojI + O 2 ) = j-^ cos {cat -i- 6} — (p) (576) 

This process, called inverse iransfonnation, completes the solution. 

To summarize, there are three steps in the solution: 

1. By direct transformation, change the differential equation 
to an algebraic equation. 

2. Solve the algebraic equation. 

3. By inverse transformation, find the desired current. 

The transformation of Pair (569) is limited to time functions 
that are steady and sinusoidal. This is the familiar transforma¬ 
tion used for sine-wave problems. Sometimes, however, it is 
necessary to find the current in a circuit when the applied voltage, 
although periodic, is not merely sinusoidal. In such a problem, 
since v{t) is not sinusoidal, Pair (569) does not apply. 
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3. The Fourier-series Transformation. It is common knowl¬ 
edge that the best procedure, when the voltage is periodic but not 
sinusoidal, is to express the voltage in terms of a Fourier series 
and then to solve for the current in terms of another Fourier 
series. 

Let us formalize this procedure as a transformation. The 
transformation is defined by the pair of equations [analogous to 
Eqs. (567) and (568)]: 

., r2ir/«i 

F{w) = |ij^ /«)*-->“« dt (580) 

+ « 

m = 2 

w/wi ■» — 90 

In Eqs. (580) and (581), aj/wi can be any integer; that is, w = nwi 
where n is an integer. Equation (581) says that a time function 
f{t) is equal to the sum* of an infinite series of exponential terms. 
When 0 ) is given values equal to multiples of a>i (wi is the funda¬ 
mental frequency), using negative as well as positive multiples 
of coi, these values combine in pairs to give sine and cosine 
functions of time. (Examples will V)e given below to show' how' 
this w'orks.) These sine and cosine terms are the fundamental 
and harmonic components of f{t). The direct-current component 
is that for which co = 0. 

The coefficients of the fundamental- and harmonic-frequency 
terms are given by F(a)). This F, like the F of Eq. (568), is com¬ 
plex and expresses both amplitude and phase of the harmonic 
to which it applies. It is wTitten F(o;) to indicate that it has 
different values for the different frequency components of the 
Fourier series. That is, the amplitude and phase of one harmonic 
component are not the same as the amplitude and phase of 
another harmonic component. 

When a known/(0 is introduced into Eq. (580), the correspond¬ 
ing F(w) results. This is the direct transformation^ and F(«) is the 
Fourier-series transform of f{t). 

^ There are certain restrictions on Fourier-series expansion, as is well 
known, but for a time function representing any physical phenomenon, 
such as voltage or current, it is only necessary to note that the series con¬ 
verges to the function except at discontinuities, and at discontinuities to 
the mid-point of the discontinuity. 
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Equation (580) is reasonably familiar. Although it is not 
identical with the most usual form of integral for finding the 
coefficients of the terms of Fourier series, it is essentially the same. 
The time function f{t) is multiplied by an oscillatory term, and 
the product is then integrated. Equation (580) analyzes a com¬ 
plicated wave into its components of different frequencies and, by 
obvious analogy to the spectral analysis of visible light, this equa¬ 
tion is sometimes called the ‘‘prism transformation.” 

Equation (581) synthesizes the components of different fre¬ 
quencies to regain the original time function f{t). The trans¬ 
formations of Eqs. (580) and (581) are called inverse transforma- 



Fig. 77. Fig. 78. 

F(w) = Fm T?- — for ~ - odd integers. 

Jtt (a 0)1 


tions, because if either is applied to a function, and then the other 
to the result, the original function is regained. 

Examples of Transformation, a. Consider the square wave of 
Fig. 77. Its expression as a function of time is given with the 
figure; two equations are required, for the function equals Vm 
through the first half-period and — Vm through the second half¬ 
period. 

To find V(w)y Eq. (580) is used: 


0)1 r ^2ir/«x 

VM = J / ^ dt 


j2ir CO ^ 


This expression gives VM for integer values of Let us 

consider even and odd integer values separately. 

For any even integer value of u/coi, including 0, « 1 

and F(m) consequently equals zero. For any odd integer value, 
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positive or negative, «-»'«''«> >= — 1 and for these frequencies 

F(w) = = . . . -3, -1, +1, +3, • • • (583) 

JT W ft>l 

This is the transform of the square wave, and Fig. 78 is a 
diagram of its ‘^spectrum.'^ The frequencies present are odd 
multiples of the fundamental frequency. The amplitudes dimin¬ 
ish in inverse proportion to the frequencies. Even harmonics 
are not present in the square wave, nor is there a zero-frequency 
component. 



Fig. 79. Fio. 80. 

F(«) = Fm 1I for — = odd integers. 
ir*\ 01 / on 

Using the inverse transformation of Eq. (581) to synthesize the 
time function of the square wave, 


- ''■X" 


y«i< -u -i- 4- 


sin Wit + g sin Zw\i -h 


This expansion of a square wave can be found in any mathe¬ 
matical handbook. 

6. Consider the triangular wave of Fig. 79. Equations to 
describe the wave during each half-period are given with the 
figure. These are substituted into Eq. (580), for /(f), to find 
F(a>). One equation is required for the first half-period and 
another for the second, as in Eq. (582). The result of the 
integration is 

VM - - *>■] 
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For any even integer value of w/wi, F(a>) =0. For all odd 
integer values of w/wi, 




-3, -1, +1, +3, 


This is the transform of the triangular wave, and Fig. 80 is a 
diagram of its ^^spectrum.’^ Again only odd harmonics are 
present; their amplitudes diminish as the squares of their 
frequencies. 

Applying the inverse transformation of Eq. (581), the triangu¬ 
lar time function is given as 


vit) = • • • + + 

= F^^^cos 03it + i cos Soyit + * • • ^ 


This expression, also, is commonly listed in mathematical tables. 


Table 1. Fourier-series Transformation 


' '-1 

Pair 

1 

Time function, f{t) 
(during the interval 
from < = 0 to < == 27r/w) 

Transform, F(w) 

(for integer values of w/wi) 

See 

equation 

No. 

Definition 

1 

00 

m - ^ FMt’-' 

<i) ^ 


580 

581 


j W1 



Transformation of Operations 

2 


jwFiu)) 

589 

3 

fmdt 


592 

Transformation of Functions 

4 

fit) - square wave of unit 
amplitude 


583 

5 

fit) « triangular wave of 
unit amplitude 


586 
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Equations (583) and (586) give the result of transforming two 
specific time functions by the Fourier-series transformation. 
They are entered, for reference, as Pairs 4 and 5 of Table 1. 

4. Transformation of Operations. Certain operations always 
transform to certain other operations, regardless of the function 
to which they are applied. Thus, differentiation of the time 
function transforms to multiplication by ja>. An example of this 
was seen in Eq. (570). 

To show this relation, start with Eq. (581) and differentiate:^ 

Sit) = ( 588 ) 

>) - 

= (589) 

As Eq. (588) relates /(/) to its transform F(a)), so Eq. (589) 
relates ^/(O to its transform jwf (a?). This general relation is 
entered in Table 1, line 2. 

^ We are here skating on thin mathematical ice. Term-by-term differ¬ 
entiation of a finite Fourier series is permissible, but term-by-term differ¬ 
entiation of an infinite Fourier series may yield an infinite series that does 
not converge. It is mathematically Vietter to reach the same conclusion 
from the direct transformation: 

FM = "■/«)(ft (690) 

Integrating by parts, witli /(<) = u and = dv in the standard formula 

- £v<lv. 

or 

jc^FM - +/(0) - (591) 

For a periodic function, /(O) =* /(2ir/wi), and the last two terms may be 
omitted [unless there is a discontinuity of f{t) at ^ 01. Wlien the last 

two terms are omitted, comparison of Eq. (590) with Eq. (591) shows that 

if F(w) is the transform of f{t), jwF{w) is the transform of j/(0. 
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Integration transforms to multiplication by l/ju [as in Eq. 
(570)]. Integrating Eq. (581): 



= J ^ = 



(692) 


This general relation is also entered in Table 1. 

The use of these function-transform pairs and operation- 
transform pairs is best shown by an example. 

6. Solution of a Steady-state Problem. The general method of 
solution of a circuit problem by transformation was shown in 
Sec. 2. The steps are (1) Transform the differential equation of 
the circuit to obtain an equation of the form /(a>) • Z(a>) = F(w). 
(2) Solve for the transform of current /(w) = F(a>)/Z(w). (3) 

Use the inverse transformation to find i{t) from /(w). 


Examples. A square wave of voltage (as in Fig. 77) is applied to a pure 
inductance, as in Fig. 81. Find the steady>state current. 

The differential equation of this simple arrangement is 

L^i(0 « v{t) * the square wave of Fig. 77 (693) 


Apply Pair 2 of Table 1 to the left side of this equation, and Pair 4 to the 
right side, getting 

i«L/(«) - ^ (694) 

yiT w 

The second step is to solve for the current transform /(«): 


IM 


2^Fm _ y Vfn 4/fall Y 

TT Ij 2 IT*\ b) / 


(695) 


The third and final step is to find the current from its transform. From 
Pair 5 of Table 1 we see that the right-hand member of Eq. (595) is a 
constant times the transform of the triangular wave. Taking the inverse 
transform of each side of Eq. (595): 


^(0 “ • (f'be triangular wave of Fig. 79) (596) 

Thus a solution of a steady-state circuit problem is obtained by trans¬ 
formation methods. A check of this result is easily obtained, for Eq. (693) 
can be solved by integration and the result is the triangular wave of Eq. 
(696); in problems that are slightly more complicated, however, solution 
by transformation is the only practicable method. 
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As another example, let resistance be added to the inductance of Fig. 81, 
as in Fig. 82. The voltage remains a square wave. The differential 
equation is then 

Ri(t) + 1^(0 “ »(0 “ the square wave (597) 

Direct transformation yields: 

RI(u) +jtpLI(u) - F« 

JT ($9 

Solving for current: 

7/ N 2 UlVm 
^ wj<a{R H-jwL) 

The final step in the solution is inverse transformation of Eq. (599) to 
find the time function of current, t(t). This cannot be done from our table 
of transform pairs because the function of o> of Eq. (599) is not to be found 
in our table. A much longer table would be needed for practical use. (This 


v(f) 


Fig. 82 . 

same problem is discussed from other points of view in Secs. 10 and 11 of 
Chap. VI.) 

6. The Laplace Transformation. In the previous pages we 
have considered the transformation of periodic functions based 
on the Fourier-series equation: 

(600) 

where T is 2ir/wi, the time of one cycle of the fundamental 
frequency. 

The Laplace transformation is defined by 

F(a) = /(<)*-' dt (601) 

which looks very much like Eq. (600). The most important 
differences are that the upper limit of integration is not T, but «>; 
and «is a continuous variable, whereas, in Eq. (600), u could have 
only those particular values (corresponding to harmonic fre¬ 
quencies) that are integer multiples of m- The purpose of the 



Fio. 81. 



(508) 

( 699 ) 
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next three paragraphs is to show that the Laplace transforma¬ 
tion can be considered to be an extension of the Fourier-series 
transformation. 

1. The Fourier series can describe a function through as long a 
time as is desired, and T in Eq. (600) can be any finite length of 
time. In Eq. (601) the integration is extended to infinity. 

2. The greater the value of T, the lower the fundamental fre¬ 
quency, for T = 2x/a)i. The lower the fundamental frequency, 
the less the difference in frequency between one harmonic and the 
next. If the interval covered by the Fourier series is extended 
without limit, and T approaches infinity, the fundamental fre¬ 
quency approaches zero. The harmonic frequencies then 
approach each other so closely that they tend to merge into a con¬ 
tinuous function of frequency. In Eq. (601), s is a continuous 
function of frequency.^ 

3. The constant 03i/2ir which appears in Eq. (600) is omitted 
from Eq. (601). It has been moved and will reappear as ds/27r 
in Eq. (603). This move is not significant, but is made for 
convenience. 

Certain mathematical conditions must be mentioned at this 
point. It should be explicitly stated that the Laplace trans¬ 
formation is to be applied only to functions of time that are zero 
until ^ = 0. That is the time at which integration begins in Eq. 
(601), and the integral cannot take into account anything that 
happens before that time. 

^ This s is an algebraic variable. It is not an operator. Any other letter 
could be used instead of s. Some authors use p instead of 8, others use X. 
In this book, p has been used as an operator, which must not be confused 
with the algebraic variable s even though s and p appear in similar expres¬ 
sions, such as Z(s) and Z{p). We have used X as an algebraic variable in 
earlier chapters, and could continue to use it here, but we will instead choose 
to use s as being the more customary symbol for the Laplace transformation 
variable. 

The question naturally arises, what kind of a quantity is s? It is dimen¬ 
sionally the same as frequency. It is complex and is often (although some¬ 
what inaccurately) spoken of as “complex frequency.” In Sec. 21, s will 
be expanded into real and imaginary components, 8 *= <r +iw. Compare 
Eqs. (185), on page 96, wherein Xi and X 2 are specific values of s that make 
Z(8) =» 0. In time functions, 8 appears in terms of the form c**, which 
corresponds to an oscillation, the frequency of which is determined by w, 
the imaginary part of 8. The meaning of 8 will be discussed more fully 
in Secs. 91 to 94. 
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Although comparison of Eq. (601) with Eq. (600) suggests that 
8 should be imaginary, this is not necessarily true. (Imaginary s 
would give the Fourier-integral transformation.) For the Laplace 
transformation, s may have any complex value for which the 
integral of Eq. (601) is finite.^ 

7. The Inverse Laplace Transformation. Equation (601) is 
the direct Laplace transformation, analogous to Eq. (600). The 
inverse Fourier-series transformation [Eq. (581)] is 

Sit) = (602) 

— 00 

and the analogous inverse Laplace transformation is 

1 Tc+i 00 

The integral of Eq. (603) is analogous to the summation of Eq. 
(602); it will be recalled that integration is, by definition, the 
limit of a summation. The quantity c is a real constant [it is a 
particular value of <r, and may arbitrarily be assigned any value 
that is permissible for <t in Eq. (601)]. It is not necessary to dis¬ 
cuss the meaning of Eq. (603) until later, for, as a matter of fact, 
we do not need to use it. Our work can all be done with the 
equation for the direct transformation. 

8. Laplace Function-transform Pairs. Before the Laplace 
transformation method can be useful for the solution of problems, 
a table of transform pairs is needed. This, Table 2, will be very 
like Table 1, but of course the pairs will be different for they are 

^ The restriction that must be placed on s to make the integral finite is 
dependent on the nature of the function f{t). For usual functions of 
it is sufficient to say that the real component of s must be positive. 

l^et <r be the real part of «. If a is positive, is very small for large 
values of t. On the other hand, if <r is negative, c~** increases exceedingly 
rapidly with increasing t. In the latter case, the integral of Eq. (601) 
would be infinite, and hence useless, unless f{t) should be a function that 
grows small with increasing t even more rapidly than grows large. For 
any /(f), there is a limit on what <r may be. This is discussed in Sec. 26. 
For the present, it is enoiigh to specify that c is to be positive, and we can 
then apply Eq. (601) to any f{t) that diminishes with time, or that is con¬ 
stant, or periodic, or that increases with time less rapidly than does an 
exponential function. 
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Table 2. Laplace Transformation 



Time function, /(<) 


See 

Pair 

[for positive time, /(f) is given 
below; for negative time. 

Laplace transform, F(s) 

equa¬ 

tion 


m - 01 


No. 


Definition 


A 


els 

F(s) - 

601 

603 

Transformation of Operations 


if/(t) 

transforms to 

F(8), then 


B 

am 

transforms to 

aF(s) 


C 

M) +Mt) 

transforms to 

F,(s) + F,(s) 


D 


transforms to 

sF(a) - /(O) 

622 

E 


transforms to 


624 

F 


transforms to 

F(s-a) 

692 


Transformation of Functions 


1 

2 

3 

4 


7(0 

m 

m 

m 


5 


m 


1 (unit step of Fig. 83) 
t 

i(l - «-«<) 

a 

dory" - •“"> 


6 


m 




7 

8 
9 

10 

11 


m 

m 

m 

m 

m 


- sin (d 

ta 

COS (ot 


ic"®* sin <d 

<a 


c~®* COS id 


F(S) 

F{b) 

F(s) 

F{s) 

F{s) 

F(8) 

F{s) 

F{b) 

F(b) 

F(b) 

F{b) 


1 

8 

J. 

«* 

1 

8 a 

_ J_ 

«(« -f or) 

_ 1 _ 

(« - Xi)(« - X2) 
1 

(« + or)* 

1 

8 — W 
1 

«* -f 
8 

+ W* 

1 

(S + «)« + «* 
s + a 

(« + «)*+«* 


604 

605 

606 
608 
698 
610 
613 
612 
616 
618 
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Table 2. Laplace Transformation. — (Continued) 





See 

Pair 

Time function, f(t) 

Laplace transform, F(«) 

equa¬ 

tion 




No. 


Transformation of Functions— (Continued) 



based on Eq. (601) instead of Eq. (600). In preparing such a 
table, let us begin by selecting a number of time functions that 
might reasonably be useful to represent voltages or currents and 
find their transforms as functions, not of w, but of s. The varia¬ 
ble 8 is related to frequency, as will be discussed later. 

Pair 1. A time function as simple as any is the unit step 
function, or switch-closing function,^' of Fig. 83. To find its 
transform, it is substituted into Eq. (601). Since its value is 1 
for the entire range of time between the upper and lower limits of 
the integral, Eq. (601) becomes merely 

1 (604) 

This provides the transform pair numbered 1 in Table 2. 

Pair 2. Another simple time function is that of Fig. 84. 
Through the entire range of the integration, f(t) = t, bo 
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Fm . I d , - - [^.-]; - i. (605) 

This gives Pair 2 of the table. 

Pair 3. Many transient phenomena are exponential, and it is 
probable that the transform of the discontinuous exponential 


f(t) 

1 

f>0 

f(f)=I 


f(t) 

r 

f<0 

f(fhO 



t<0 

f(f)=0 

t>0 



t 


t 


Fig 83 . Fig. 84 . 


function of Fig. 85 will be useful. Substituting into the trans¬ 
formation formula: 


F{b) 


- Jo 

=r 


dt 


dt = .-f— 

,s a 


(600) 


This is Pair 3 of Table 2. (a is positive real.) 


I 

t<0 

f(f)=0 

V. t>0 

1 

t<0 

m)=o 



1 T 1 

Fig. 86. 

t 

Fig. 86. 


Pairs 4 and 5. It is not necessary to integrate to find the 
transform of the rising time function of Fig. 86. This time func¬ 
tion is the sum of two functions for which transforms have 
already been found: 

f(t) = 1 - (607) 

It is well known from integral calculus that the integral of the 
sum of two functions is the sum of the integrals of the functions, 
and from this it follows that the transform of the sum of two time 
functions is the sum of the transforms of the functions taken 
individually. This is written symbolically as Pair C of Table 2. 
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Using Pairs 1 and 3 as the transforms of the two terms of Eq. 
(607): 


Fis) 


1 _ l_ ^ a 

8 8 + a s(s + «) 


(608) 


This is Pair 4, except that the constant is transposed, for con¬ 
venience, in the table. (Use Pair B of Table 2 to transpose.) 
Pair 5 is found similarly; its derivation is now obvious. 




Pair 6. The surge of Fig. 87 is the response of a critically 
damped circuit. Its transform, Pair 6 of the table, is found by 
integration. 


Since 
we write 


Kt) = for ^ > 0 


F{8) = H /€ 

_ _ I (•''* + + 


dt 


(609) 


I 


(610) 


Pairs 7 and 8. The transform of the discontinuous sine 
function of Fig. 88 can readily be found by integration. How¬ 
ever, it can also he treated as a sum of known terms, and this 
proves to be the easier way: 


fit) = sin oot = — €“^"0 

_ « 


(611) 


(612) 


This gives Pair 8, but it cannot be considered to be established 
without a little further study of the process. Pair 3 was used in 
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its derivation. Now Pair 3 was derived for an exponential with 
a positive real value of the coefficient a, and we have used it in 
Eq. (612) for exponentials having positive and negative imaginary 
values of the coefficient. Is this permissible? 

It can be shown that it is permissible. Find the transform of a 
function f(t) = This function is to be given no physical 
interpretation, and jv can have any value, real, imaginary, or 
complex. The transform is 

F(s) = f dt=\ dt (613) 

Jo Jo 

The integral will have a value if the real part of s is greater than 
the real part of w. This is more apparent if we write the real and 
imaginary parts oi w — s separately. 

If w — 8 = Re (w — s) + j Im (w — s), 

F(s) = j (014) 

The exponential with an imaginary exponent is cyclic and does 

not affect the existence of the 
integral, so we may conclude 
that if Re (ii; — $) is negative, 
the integral has a finite value, 
whereas if it is positive, the 
integral does not. Transform 
Pair 7 is therefore established 
if (7 > Re w. Since we have 
stipulated that <r is to be positive. Pair 7 is valid for imaginary 
values of Wj for which Re lo = 0, and Eq. (612) is justified. 

Pair 9. Having justified the use of imaginary exponents by 
deriving Pair 7, the transform of the discontinuous cosine func¬ 
tion can also be found as the sum of exponential functions: 

fit) * cos 0, fit) = 0 if < < 0 

= (615) 

+ rh) - 

This is Pair 9. 

Pairs 10 and 11. The damped sine appears in many tran¬ 
sients problems (Fig. 89). Its transform is most readily found by 
considering its exponential components: 



Fig. 89. 
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m 


F(^) 


sin ut 


2j 

a+y«)< 

2r 


i/_L__._= 

2j\8 + a — jo) 8 + a + jo)/ 


(« + a)* + 


(617) 

(618) 


This gives transform Pair 10. The transform of the discontinu¬ 
ous damped cosine is obtained similarly, and is given in Pair 11. 

9. Operation-transform Pairs. Considering the analogy be¬ 
tween the Fourier-series transformation and the Laplace trans¬ 
formation, it is not surprising that multiplication of the Laplace 
transform by 1/s corresponds to integration of the time function, 
much as multiplication by l/jw corresponded to integration of 
the Fourier series. Similarly, multiplication of the Laplace 
transform by s is equivalent to differentiation of the time func¬ 
tion, provided initial conditions are properly taken into account. 

The relation between differentiation of the time function and 
multiplication by s is given as Pair D of Table 2 and may be 
proved as follows. Since 


F{8) 




/(0€-‘ dt 


sF(s) = « r dt = \ f(t)8€^*^ dt 

Jo Jo 


(619) 

(620) 


Using the formula for integration by parts, Judv = tiv — Jv du^ 


d 

lei f(t) = wands€"*‘ dt = dv. Thenr = —e"**, anddu — ^(0 dt 

These are substituted into the integral of Eq. (620), with 0 and « 
the limits of integration, giving 


sFis) = - *-m]‘ + jj (621) 


Substituting the limits for < in the first term gives 0 + /(O), using 
the symbol/(O) to designate the value of f{t) when < = 0. Hence 

$F{a) - m = “ [^(0 ]t-‘ dt (622) 

Comparison of this equation with Eq. (619) establishes Pair D. 
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The term /(O) is a constant. It is the initial value^ of the time 
function, at < = 0. For cos o)tj for example, it is 1. For sin w/, 
it is 0. For the step function of Fig. 83, or the discontinuous 
exponential of Fig. 85, it is 1. 

In physical problems, /(O) in this transform pair helps provide 
for the effect of initial conditions. This will be seen in examples 
of the next section. 

Pair E of the table, relating integration to multiplication by 
1/s, is obtained in a similar manner. Multiplying each side of 
Eq. (619) by 1/s: 

\f(8) = (623) 

Use the formula for integration by parts, letting = u and 

o 

f{t) dt = dv. With integration from 0 to oc, the product uv in 
the formula vanishes, leaving 

= J/ [ JV«) di (624) 

1 r 

By comparison with Eq, (619), -F(s) and / j{i) dt are the trans- 

s Jo 

form pair we are seeking. 

Pair C in the table has already been explained. In Pair B, a is 
any constant. The proof, using the definition of F{s) in Pair A, 
is obvious, for fit) and F(s) may be multiplied by the same con¬ 
stant. Both of these pairs are simple, but extremely important. 

10. Examples of Circuit Problems. We are now prepared to 
solve by Laplace transformation a great variety of problems that 
relate to networks with constant lumped parameters. 

Example 1. Equation (6), page 15, relates to a circuit of inductance 
and resistance. There is no applied voltage, but an initial current to is 
allowed to die gradually away. The differential equation is 

Bi(t) + L^(0 = 0 (625) 


1 Because of the way the lower limit is approached in Eq. (620), our/(0) 
is the value approached by f(t) as zero time is approached from the positive 
side (not from the negative side). This distinction is important for func¬ 
tions that are discontinuous at < = 0. 
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This can be transformed, using pairs of Table 2, to 
RI{8) + L[bI{b) - t(0)] = 0 

Solving for current, 


m 


Lt(0) __ to 


Lb “f" J? s H“ {R/L) 
Inverse transformation then gives the current: 


t(t) — io€ ^ 


(626) 

(627) 


(628) 


The direct transformation uses transform Pairs B and D (with i and I 
written for / and F to indicate that the function is current), and Pair 3 
gives the inverse transformation. Note that the initial current is auto¬ 
matically taken into account. 

Example 2. Equation (3), page 20, is for an inductive circuit with battery 
voltage suddenly applied; there is no initial current: 

Ri(t) + L~i{t) = E i(0) = 0 (629) 


Transforming as before, using Pair 1 for the transform of the constant 
voltage E^ 


RI(s) + L[s/(s) - t-(O)] = - 
s 


I(s) = 


E 


1 


L s(s -j- R/L) 

By inverse transformation, using Pair 4 from the table. 


F 

m = |(1 - e 


(630) 

(631) 

(632) 


which agrees with Eq. (26), page 21. 

Example 3. Equation (50), page 37, is for a circuit of condenser and 
resistance to which a battery voltage is suddenly applied: 


Ri{ji) “h ^(0 dt ^ E 

(633) 

Transform, using Pairs B, E, and 1: 



(634) 

1( ^ ^ ^1 

s{R + l/sC) ~ Rs + 1/RC 

(635) 


Inverse transformation with Pair 3 gives 

m - 


which is the same as Eq. (54) obtained in Chap. II, 


(636) 
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Example 4. Initial charge on a condenser is taken into account if the 
circuit equation is written fully and correctly. Thus, Eq. 75 (page 47) is 
for a condenser with initial charge which is to be discharged through 
another condenser and a resistance. There is no applied voltage: 


By direct transformatioq, using Pairs 1, E, and B, 



(638) 

Solving, 


'<•>- gC..ia 

(639) 

where, for convenience, we let 


1 Cl C2 

“ “ E C1C2 

(640) 

By inverse transformation: 



(641) 


This is in agreement with Eq. (82) of Chap. II. 

Example 6. When battery voltage is suddenly applied to a circuit con¬ 
taining all three parameters—^resistance, inductance, and capacitance—^and 
initially at rest, the circuit equation is Eq. (103), page 77: 

Rm + dt-E (642) 

By direct transformation: 

Rm + L[s/(s) - i(0)l + “ 7 (643) 



Here we encounter a somewhat new situation, for nothing quite like this 
function of e appears in Table 2. However, there are two transforms that 
seem related, in Pairs 5 and 10, and possibly the present function can be 
changed to match one of those. The denominator of Eq. (644) is a quadratic 
expression in «; it can be factored and written in the form (« — Xi)(s — X2), 
where Xi and Xs are the two roots of the quadratic [Xi and Xs, that is, are 
the two values of e that make -{- 8(R/L) + l/LC ■■ 0]. By the usual 
formula: 


Xi 


R .^iR* 1 ^ R ./s* r 

"2L + \4E5 ~LC -2L~ yisr* - W 


(645) 
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Written in factored form, Eq. (644) is 


827 


m 


E 1 

L (a - Xi)(« - X*) 


(646) 


Since this differs from the transform of Pair 5 of Table 2 only by a constant, 
that pair can be used in making the inverse transformation to obtain the 
desired current as a function of time. Then 


m 


L Xi X 2 


E 

VB* - 4L/C 


(.X,< _ 


(647) 


This agrees with the classic solution given in Eqs. (148) and (149) of Chap. 
IV, as, of course, it must. It describes a surge of current. 

The trigonometric form of solution is often more convenient if a circuit 
has so little resistance that the current is oscillatory. For an oscillatory 
solution, Pair 10 of the table looks more promising. Equation (644) can 
be made to resemble the transform of Pair 10 by completing the square'* 
in the denominator: 


/(«) 




^ 4L*^LC 


3L 

4L* 


1 


(•*&)'HA 


__ 

LC 4LV 


(648) 


If we let a «» R/2L and w* = l/LC — R^/4L*t we can use Pair 10 to give 
the current: 

E 

Of) * (649) 

and this agrees with Eq. (190) of Chap. IV. 

Finally, there is the possibility that the denominator of Eq. (644) is a 
perfect square; this is true if /?*/4L* « l/LC. Either of the above mathe¬ 
matical forms then reduces to 



With this function of «, Pair 6 is clearly applicable, and inverse transforma¬ 
tion gives: 

»(<) - (651) 

This will be recognized as current in a critically damped circuit, and it is in 
agreement with Eq. (160) of Chap. IV. 

11. The Excitation Function and the Impedance Function. 

The transform of the differential equation of a circuit always con¬ 
tains a factor that is related to the circuit impedance. Five 
examples have just been given. Let us, for each, examine the 
transform of the left-hand side of the circuit equation. 
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For Example 1, 

it 

is < 

1 

+ 

Lm. 

For Example 2, 

it 

is 

the same, but ^ 

(0) is zero. 

For Example 3, 

it 

is 

« + ^]m. 


For Example 4, 

it 

is 



For Example 5, 

it 

is 

7? + sL + 

|/w. 


The ordinary alternating-current steady-state impedance of the 
circuit of Examples 1 and 2 is R + jmL. 

For Example 3, it is 

For Example 4, it is E + l/jojCi + l/ja>C 2 . 

For Example 5, it is K + jwL + 1/jcoC. 

The quantity in brackets in each of the transforms listed above 
is identical with the circuit impedance if s is substituted for jw. 
Not only is this true for these specific examples, but it can be seen 
from the nature of operation-transform pairs that it will be true 
for every network. (This statement is based on the similarity of 
the Laplace transformation and the vector transformation of 
Sec. 2.) This gives an easy way of writing the Laplace transform 
of the equation of a circuit or network without requiring that the 
differential equation be written at all. 

Let us call the impedance of a circuit Z. The familiar steady- 
state impedance is a function of jw, and may be written Z(ja>). 
The Laplace transform of any circuit equation contains an expres¬ 
sion that differs from Z(jco) only in having joo removed and s sul)- 
stituted. This expression will be called Z{s). As seen above, 
each transform contains a product Z{s) • 7(s). 

In Examples 1 and 4, as listed above, there are other terms 
besides Z{s) • I{s); these other terms have to do witli initial condi¬ 
tions. When we solve for /(s), as we have done in every problem, 
these terms, representing initial conditions, are transposed to the 
other side of the equation. Thus, a formal statement of the 
transform of any circuit equation is 

Z(s) • I(s) = F(s) + terms accounting for initial energy (652) 


If, for convenience, we write W to mean 
initial energy,’* we have 


I{s) = 


V(s) + W 
Z{s) 


^Herms accounting for 


(663) 
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where 

TF = 2^.t(0)- 2 — 

coils condensers ^ 

In case there is initially no current in any coil and no charge on 
any condenser, W is zero. But for each coil in the circuit that is 
initially carrying current, there is a term (in W) of the form Li(0); 
and for each condenser with initial charge, there is a term of the 
form —i;(0)/s, wherein 2 ;( 0 ) is the initial voltage across the 
condenser. 

The numerator of Eq. (653), containing terms to account for 
initial energy as well as the transform of the applied voltage, is 
called the excitation function of the circuit. 

The important thing about Eq. (653) is that it can usually be 
written by inspection of the circuit, without any necessity for 
previously writing the differential equation of the circuit. From 
the known applied voltage, the voltage transform F(s) can be 
found (from a table, or otherwise). The terms of W can be 
written from the initial conditions. Z(s) is found from the 
ordinary impedance of the circuit. Thus, Eq. (653) can be the 
starting point in solving most problems. This will be made 
clearer by a few examples. 

Before proceeding with examples, it will be well to comment on 
the algebraic sign of the terms, components of IF, which account 
for initial stored energy. Terms of the form Li{0) are positive if 
the initial current is positive; this is reasonable, for such an initial 
current adds to the current produced by a positive applied voltage. 
On the other hand, terms accounting for initial charge on a con¬ 
denser have a negative sign. Positive charge is defined as the 
charge placed on a condenser by a positive current; this produces 
a voltage across the condenser that opposes a positive applied 
voltage. If r(0) is the initial voltage across a condenser, and it 
opposes the applied voltage, the corresponding term in IF is 
—2;(0)/s. 

Example 1. The voltage-regulator circuit (Chap. I, Sec. 12) consists 
of resistance and inductance in series, the applied voltage being E, A 
contactor in the circuit operates at time < = 0; current at this instant is 
i(0) = iof and for all times later than t ^ 0 the resistance in the circuit is 
R and the inductance is L. Find current. 

Refer to Eq. (653). In the numerator, F(5), the transform of the 
constant applied voltage E, is, by Pair 1 of Table 2, E/s. The only term 
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arising from initial energy in the circuit is Lio. For the denominator, the 
impedance of the circuit is 72 -f j<aL. Hence we write 


‘ -R+lL 

This is easily manipulated into recognizable functions of 

Pairs 3 and 4 of Table 2 give the desired time function: 

m - |(i - - (». - |)r^ +1 m) 


The solution is thus completed. It may be compared with the classical 
solution on page 24 for the same voltage-regulator problem. 

Example 2. In the network of Fig. 90 (the keying circuit of a radiotele¬ 
graph transmitter), the switch S is closed until steady current flows. Switch 

S is then opened. Find current in the 
circuit after S is opened. 

Refer to Eq. (653). In the numerator 
we have V (s) ** E/b^ the transform of the 
constant applied voltage. To this will be 
added a term Li(0) because of the initial 
current in the coil, and inspection of the cir¬ 
cuit shows that i{0) « E/(R + r). Also, a 
term — *;(0)/« will be included to account 
for initial energy in the condenser. In this circuit, t;(0), the initial voltage 
across the condenser, is n’(0). 

In the denominator of Eq. (653), write the impedance of the circuit: 
Z(p) ** sL -b R 4- I/bC. This gives 


L K 


Fig. 90. 


Hs) 


E/b 4- Li(0) — v(0)/« 


sL + E + I/bC 

Rearrangement of the right-hand member gives recognizable terms: 

/W = ^- .£. ( 01 

wherein 


(667) 


(« + a)* +««■•■ + a)* + «• 


K 

2L 


and 


J±Z3L 

^LC 4L* 


Pairs 10 and 11 yield the required current as a function of time: 

i(t) - gin ut + i(0)e-“' cos U (669) 


Since f;(0) and t(0) are known, this completes the solution. (This example 
is part of Prob. 8, page 184.) 
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12. Driving-point and Transfer Impedances. A network that 
is made up of several circuits has associated with it several 
impedance functions. If voltage is applied in circuit 1 of any 
network, the ratio of the applied voltage, which we shall call V i, 
to the current in circuit 1, called /i, is the driving-point impedance 
Zii. The ratio of this voltage applied in circuit 1 to the current 
it causes in Circuit 2 is the transfer impedance Zu. 

Let us first restrict ourselves to consideration of networks in 
which there is excitation in only one circuit. That is, voltage is 
applied in only one circuit (which we shall call circuit 1), and 
while there may be initial stored energy in the coils or condensers 
of circuit 1, there is no initial stored energy in any of the elements 
of any of the other circuits. 

For a network thus excited in circuit 1 only, the current trans¬ 
form of circuit 1 is 


his) 


V^(8) + W, 


Zu{s) 


(660) 


This is a generalization of Eq. (653); like Eq. (653), it can be set 
up by inspection of the network, making use of familiar steady- 
state impedance relations. 

To find current in circuit 2 of the same network, we use the 
transfer impedance function: 


his) 


Viis) -b Wi 


Znis) 


(661) 


This also can be written by inspection. 

In general, for a network excited only in circuit m, the current 
transform of circuit n is 


Inis) = 


Vmjs) + 
Zmnis) 


(662) 


An example will show how the method is used. 


Example, In the circuit of Fig. 91 (which is 
131), there is no initial current. Find current in 
circuit 1 after the switch is closed. 

For this network, 


n fl \ rw E\% + i?2 4“ i<oL2 

ZiaiJUf) - Zii- ^ - - - 

Kit 


the same as Fig. 30, page 



(664) 


Fio. 91. 



332 


TRANSIENT ELECTRIC CURRENTS 


[Chap. X 


Using Eq. (660), 


his) « 


E/s +0 


sLi 4“ H" 


Ri2iR2 4 " SL 2 ) 

Ri2 4“ R 2 4“ sZ/2 


(665) 


The first step of the solution is to put this equation into more familiar 
form in order to find its inverse transform: 


his) - f 


s 4“ R 22 /L 2 


•■+•(§+ 


lJ 


R\\R22 


( 666 ) 


4- 


LiLa 


The function of s of Eq. (666) is still not one for which the transform is 
known, but at least it is reasonably simple. The parenthesis in the denom¬ 
inator is a quadratic form which can be factored. If we call the roots of the 
quadratic Xi and X 2 , and write a for H 22 /L 2 in the numerator, we obtain 


j f _ E s4-a 

“ Lisis - \i)is - X2) 


(667) 


[Xi and X 2 are given in terms of circuit constants in Eq. (231).] 
Referring to Eq. (661), the current transform for circuit 2 is 


h is) = 


E/s 


E/s 


Znis) 


H\2 4" R 2 4“ SL 2 


ZvM 


Rv 


ER 12 
L,L 




R\\R22 — R\2^ 


4- 


L]Tj2 


( 668 ) 


This is similar to the current transform for circuit 1, but simpler. The 
denominator is the same, so Xi and X 2 have the same values in Eq. (669) 
as in Eq. (667): 


7 ro'k — ER12 _ 

^ L,L2 »(« - 


J. _ 

Xi)(s — X2) 


(669) 


To complete the solution for currents in circAiit 1 and circuit 2, Eqs. (667 ) 
and (669) must be changed to time functions by inverse transformation. 
Since our previous work has not yielded any functions of s of similar form, 
it is necessary to explore new methods. An extremely powerful means is the 
method of partial fractions. Let us investigate this general method, and 
then return to the final steps of solution of this problem. 

13. Partial-fraction Expansion. 

Example 1. The function of 5 in Eq. (669) is the product of three simple 
factors. If these appeared as a sum, instead of a product, each could be 
transformed separately, and Pair C of Table 2 would apply. There is no 
easy way to handle a product, however, even though each factor of the 
product could be transformed without trouble if it stood alone. 
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Fortunately, the method of partial fractions permits us to change the 
product to a sum. Let us assume that it is possible to expand the product 
into a sum as follows: 


s{s - Xi)(« - X 2 ) 



(670) 


If this latter form were possible, and B, and C were constants, the trans> 
form of each term could easily be found. Let us explore the possibility of 
evaluating A, 5, and C. 

If Eq. (670) is true, it must be possible to put the three terms of the right- 
hand member over a common denominator and, by equating numerators, 
write 

1 = A(s — Xi)(s — X 2 ) + Bsis — X 2 ) + C«(s — Xi) (67l) 


This is written as an identity, for we want it to be true for all values of «. 
If it is true for all values of s, it is true for s = 0. If we substitute 5=0 
into Eq. (671), the second and third terms of the right-hand member are 
zero, and there results 


A 


1 

X1X2 


(672) 


This is the only value of A that will satisfy Eq. (671) when 5=0; hence 
it is the only possible value for A if Eq. (671) is to be an identity. 

We also want Eq. (671) to be true if s = Xi. Letting 5 = Xi, the first 
and tliird terms become zero, and there results 


B = 


1 

X,(Xi - X,) 


This is the necessary value of B, 

Similarly, letting s = X 2 , there results 


C = 


1 

X2(X2 — Xl) 


(673) 


(674) 


Collecting these expressions in Eq. (670): 


F(s) = 


1 1 
X 1 X 2 5 


1 


1 




Xl(Xi — X 2 ) 5 — Xl X 2 (X 2 Xl) 5 X 2 


(675) 


The inverse transformation is now performed by using Pairs 1 and 7 of 
Table 2, giving 


m 



Xi(Xi - X 2 ) 


+ 


X2(X2 - Xl) 


(676) 


Equations (670) and (676) provide Pair 12 of the table. (Merely to save 
space, the symbols “/(O = ” and “F(s) = ” are omitted from this rather 
lengthy pair in the table, and from succeeding pairs also, but the meaning is 
the same as for the first 11 pairs in which these symbols are included.) 
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Example 2. The function of « in Eq. (667), the current transform for 
circuit 1 in the foregoing example, can be expanded into partial fractions in 
a similar manner. It is written 

F(s) - ^ - - + —^ ^ (677) 

s(« — Xi)(« •— X*) 8 « — Xi « — Xj 

Equating numerators: 

A(8 - \i)(s - X 2 ) + Bsis ~ X 2 ) -h Csis - X,) = « -f a (678) 


Letting s assume successively the three root values of 0, Xi, and X 2 , we find: 


A 


a 

^2 


B s « 

Xi(Xi - X,) 


X2 "i~ g 
X2(X2 - Xi) 


(679) 


1 _j_ Xi + g 


1 _j_ “ 


1 


Hence, in Eq. (677), 

” X^ « ' \i(x, - Xj)8 - Xi ' Xj(Xj - X,) s - Xj 
and, transforming, 

m 




X 1 X 2 Xi(Xi — X 2 ) X 2 (X 2 — Xi) 

This result is put in storage in Table 2 as Pair 13. 


(680) 

(681) 


Application, Returning, now, to the example of circuit anal¬ 
ysis in the preceding section, we can find the current in circuit 1, 
by applying Pair 13 to Eq. (667). Indeed, that completes 
the solution for current, a, Xi, and X 2 being known. 

In the same way, the use of Pair 12 with Eq. (669) gives 1 * 2(0 • 

The results here obtained by Laplace analysis may be compared 
with the classic solution of the same problem in Chap. V. A 
little algebraic manipulation shows that the steady-state currents 
are the same as in Eqs. (235) and (236), and the transient coeffi¬ 
cients can be compared with Eqs. (246) and (252). There is no 
question that the Laplace method, after it has once been mas¬ 
tered, will give answers to such problems more quickly and easily 
than will the classic method. 

14. Partial-fraction Expansion: General. The method of 
expansion into partial fractions has been illustrated by examples; 
it can be generalized as follows. If Pi(5)/P2(«) is a proper frac¬ 
tion in which P 2 (s) is a polynomial of nth degree in s, the fraction 
can be expanded in the form 


PM _ A B C . . . , N 

^ 2 ( 5 ) s — Xi« — X2"^5 — Xs*^ — Xn 


( 682 ) 
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wherein Xi, X 2 , . . . , Xn are the n roots of Pt{B) « 0, provided 
these roots are all different. Then (by equating numerators): 


A _ PjM _ 

(Xl ~ X2)(Xi - Xs) • • • (Xl - Xn) 

R — ^ 1(^2) . 

(X 2 - Xi)(X 2 - Xs) • • • (X 2 - \n)' • 


(683) 

(684) 


wherein Pi(Xi) is the result of writing Xi for 8 in Pi(s). Note that 
Pi(Xi) is a number, whereas Pi(s) is a polynomial. 

If two or more of the roots of P^{8) = 0 are identical, the form 
of expansion is slightly changed. If X 2 = Xi, omit from Eq. (682) 
the term B/(s — X 2 ) and write B/{8 — Xi)* in its place. If it is 
also true that X 3 = X 2 = Xi, omit C/(s -* Xa) also, substituting 
C/{8 — Xl)*. The numerators B, C, etc., are evaluated by 
equating numerators, the derivatives (with respect to s) of the 
numerators, and, if necessary, higher derivatives also. 

Any college algebra book will give a more comprehensive dis¬ 
cussion of the expansion of proper fractions into partial fractions. 
A variety of methods and forms of expansion are available. 
Circuit analysis will hardly ever lead to a function of s that is an 
improper fraction. If this should happen, however, the numera¬ 
tor of the improper fraction would be divided by the denominator 
to give a polynomial in 5 and a proper-fraction remainder. 

Examples of partial-fraction expansion are given in the pre¬ 
ceding Sec. 13. 

16. Derivation by Integration. Any ordinary network-analy¬ 
sis problem can be handled by partial-fraction expansion, but 
there are sometimes easier ways to find the time function corre¬ 
sponding to a new function of s. In Eq. (669), for instance, we 
are called on to find the transform of 1 / 5(5 — Xi)(5 — X 2 ). Let 
us suppose this is a new function and its transform is yet to be 
found. 

In considering means of handling this new form, we find in our 
table the somewhat similar function 1/(5 — Xi)(5 — X 2 ), which 
differs from the new function only by a factor I/ 5 . This suggests 
making use of Pair E of Table 2. 

From Pair 5 we know that if 


1 

(« - X,)(« - X,) 


F{b) = 
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m = ~ 6^*0 ( 685 ) 

Ai — A2 

Pair E says that we can multiply F{s) by l/s if we integrate /(/). 
That is, the inverse transform of l/s{s — Xi)(s — X 2 ) is 

f/«) dt = f dt 

Jo Ai — A 2 J 0 

- - »] 

Jl^ gXjf 

X 1 X 2 Xi(Xi — X 2 ) X2(X2 — Xi) ^ ^ 


Thus we have derived Pair 12 by integration, a very simple step, 

16. Derivation by Differentiation. It seems that it should be 
possible to derive new pairs by differentiation, as has just been 
done by integration. This can indeed be done, but with one 
important qualification. 

If f{t) is the inverse transform of F{s), then the derivative of 
f{t) is the inverse transform of sF{s)y provided /(O) = 0. It is 
evident from Pair D of the table that this is so. Expressed in 
other words, a time function can be differentiated, and its trans¬ 
form correspondingly multiplied by s, if the time function is zero 
at time zero. 

As an example, let us apply Pair D to Pair 8. The time func¬ 
tion of Pair 8 is transformed by differentiation to give: 



= cos bit 


(687) 


The function of s must correspondingly be multiplied by s; 


/-J_) = 

\s" + w7 s* + w* 


( 688 ) 


Since sin ut is zero when < = 0, it follows that /(O) in Pair D is 
zero. Pair 9 for the cosine is thereby derived from Pair 8 for the 
sine. 

If a time function is not zero w’hen t = 0, Pair D can still be 
applied, but the term /(O) of Pair D must then be included in the 
result. The time function cos wt of Pair 9, for example, can be 
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differentiated to obtain a new pair, but the new transform will 
contain the term/(0) = cos 0 = 1 (see Prob. 17). 

In differentiating to produce new transform pairs, it is not 
always easy to know whether/(O) = 0. Consider the time func¬ 
tion of Pair 13, for instance. It is often more convenient to 
inspect the transform than the time function. If multiplication 
by s results in a proper fraction (if, that is, the degree of s in the 
numerator does not become as high as the degree in the denomina¬ 
tor), /(O) = 0, and such multiplication by s corresponds to simple 
differentiation of the time function. 

Thus, Pair 3 can be obtained from Pair 4 by differentiating the 
time function and multiplying F(s) by s, for l/(s + a) is a proper 
fraction. Multiplication of Pair 3 by s, however, gives an 
improper fraction, so for this operation/(O) is not zero (see Prob. 
18). The value of /(O) is actually = 1, as illustrated in Fig. 85. 

17. Translation. Another simple means of deriving new pairs 
is based on the following simple theorem. If F(s) is the transform 
of /(<), then F(s — a) is the transform of The quantity a 

can be real, imaginary, or complex. 

To prove this theorem, we start with the definition of the 
Laplace transformation: 

F{s) = /(/)*-' di (689) 

The function that occurs in the theorem is obtained by writing 

J * ao ^80 

(it = I dt (690) 

0 Jo 

Let s + a = s', from which s = s' — a. Equation (690) can 
then be written 

F{s' - a) = (It (691) 

In Eq. (691), s' is a complex quantity that can take any value for 
which the integral has meaning. The same can be said of s, but s 
does not appear in Eq. (691). Hence we need not distinguish 
between s' and s, and the prime can be dropped: 

F(s ~ [«“'/(<)]«■*' dt 


( 692 ) 
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As F(«) in Eq. (689) is the transform of /(/), so F(8 — a) in Eq. 
(692) is the transform of Thus the theorem is proved, and 

the result is preserved as Pair F of Table 2. 

This change of variable is called translation because F(s — a) 
is a function similar to jF(«), but produced by values of s that are 
greater by a. Let values of s, real and complex, be represented 
by points in a plane, as in Fig. 92a; the value of s at any point in 
the plane gives a certain value to F(s), and s at another point at 
a distance +a gives the same value to F{s — a). 

The change of a function from F{s) to F(s — a) amounts to 
translation of the function F through a distance a. If F{s) has 
poles (that is, if the function becomes infinite) at certain values of 
5, the function F(s — a) has poles at values of s that are greater 

by a. As an example, the function F(s) = ^ has a pole at 

s = w; if s — a is substituted for s, we obtain the function 

F($ — a) =- - - j which has a pole at s = a + ly. 

The theorem states that translation of the function of s through 
a corresponds to multiplying the time function by This 
principle can be used to change known transform pairs into new 
forms, as in the following example. 

Example, Assume that the only function-transform pair available is 
Pair 1, which says that if /(f) « 1, F(s) * l/». It is desired to find the* 
time function that is the inverse transform of l/(« — Xi)(« — X 2 ). 

The function 1/s has only one pole, and that one at the origin where 
8 « 0, as indicated in Fig. 92a. We are interested in a function with two 
poles, one at s « Xi and one at 8 » X 2 , and no pole at 8 » 0, as in Fig. 92d. 
The first step is to move the one pole of l/s away from the origin by using 
the translation theorem just developed. Since 

/(f) = 1 transforms to F{s) * 1/8 (693) 

it follows from the theorem, or from Pair F, that 

c®* transforms to —-— (694) 

8 a 

This function has a pole at 8 * a. Figure 92& shows the pole, after trans¬ 
lation, for a case in which a is real and negative. 

Next, Pair E of Table 2 is used to produce a second pole. Applying 
Pair E to Eq. (694): 

J^«®*(if ■■ ^(1 — transforms to — ^ 
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This function, as in Fig. 92c, has a pole at the origin as well as a pole at 
s ■« Of. We do not want a pole at the origin, but we do want a pole at Xi, 
so we translate through \i. Applpng again Pair F of Table 2, since 

— -(1 — €*0 transforms to —r (696) 

it follows that 

1 

- (1 - €«*) transforms to 7 -t-tt ---r (697) 

a ~ Xi)(« - Xi ~ a) 

If we let Xi -f a “ X 2 , this may be written 

_ .X..) transforms to (, _ _ x,) (698) 

The two poles of this function, Xi and X 2 , are shown in Fig. 92d. Thus, pro¬ 
ducing poles by integration and shifting them by translation, we have 
arrived at the transform pair that was required. 


I magi 

nary 


s=^, 

S* 0 ^ 

L ^ 

Real s»oc 

s®ot 

5=0 


s plane 


•A|+» 


(a) (b) ( 0 ) 

Pole of-J- Pole of—^ Poles of-7—: 

s s-a s(s-(x) 

Fig. 92. 

This is an illustration of a general method of procedure. Using 
integration, differentiation, and translation (Pairs D, E, and F), 
one can derive any of the pairs of Table 2 or, indeed, any pair for 
which F{s) is a rational function. For each particular problem 
under consideration, it must be decided whether this method or 
the method of splitting into partial fractions is the more promising. 
Sometimes one will be easier, sometimes the other. 

18. Response to Alternating Voltage. Although the examples 
of foregoing sections have considered only constant applied 
voltages, the transform method is perhaps even more advanta¬ 
geous for other forms of voltage. 

Example 1 . Alternating voltage is suddenly applied to a circuit of 
resistance and inductance. Find the current. 

The circuit impedance function is Z( 8 ) « -f eL, Let the applied volt¬ 
age be v(t) = E sin uit. Its transform (by Pair 8 ) is F( 8 ) » u)E/(s^ -f w*). 


id) 


Poles of; 


I 


(S-A,)(S-X2) 
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Assume that there is no initial current in the circuit; then, using Eq. (653), 
u)E/{8^ -f- c>)*) E u 


m 


(699) 


R sL L (s 4" R/L){8^ + «*) 

Here is an unfamiliar function of s; its inverse transform must be found 
before the solution can be completed. There are several possible ways 
of proceeding, but Eq. (699) looks enough like Pair 8 of Table 2 to be 
encouraging. From Pair 8, 


S* + 0)* 


transforms to sin (d 


(700) 


This function of s has a pair of poles at s = ±ja>; the function of Eq. (699) 
also has a pair of poles at ±jw, but it has another pole besides. Its third 
pole is at s « —RjL^ which may for convenience be called —a. 

We wish to get a pole at —a into the pair of Eq. (700). Since poles are 
conveniently produced at the origin, let us proceed as in Fig. 93. Starting 
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Fia. 93. 

with the function of Eq. (700), which has the poles shown in Fig. 93a, trans¬ 
late the function (to the right in the s plane if a is real and positive) by 
writing « — a for s. Then produce a new pole at the origin by multiplying 
by 1/s. Finally translate the function back again (to the left in the s plane) 
by writing « + a for s. The result will be the required function of Eq. (699). 

The corresponding operations on the time function are as follows: We 
start with Eq. (700). To translate, apply Pair F of Table 2, giving 


(s — a)® 4- w® 


transforms to sin ut 


(701) 


(This has, indeed, already been obtained as Pair 10 of Table 2.) Next, 
apply Pair E: 

^ transforms to (702) 

-*[ 1 + sin orf - cos «<) ] 


«[(« — Of)® -f a*] 

Now apply Pair F again 


Of® < 


(« -h a)(«* -h a,®) 


Of* 4- 




4— sin (at — cos (at) 

(a J 

( 703 ) 


transforms to 
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This completes the solution of the example, for we can now write the inverse 
transform of Eq. (699) as 

+ J; sin urf - cos «<) (704) 

[This is a special case of Fig. 43 and Eq. (381) of Chap. VI.] Equation 
(703) gives us Pair 15 for the table. 

Example 2 . A pulse of voltage, described by v{t) = EU~'^^ is applied 
to a circuit of resistance and inductance in series. This is not a periodic 
voltage; it is a single surge of the ‘^artificial lightning" type used for high- 
voltage testing of insulation (see Fig. 50 and Sec. 9 of Chap. VI). 

The current is found by writing /(s) = F( 8 )/Z(s), there being no initial 
stored energy. The transform of the applied voltage is given by Pair 6 of 
Table 2: F(«) — E/{s + 7 )*. The circuit impedance function is 

Z{s) * 72 + «L 

Hence the transform of current is 


Ks) 


E 

Us + 7)*(s + R/L) 


(705) 


The time function, the inverse transform of Eq. (705), can be found by the 
method used in the previous example, employing translation and integra¬ 
tion, or it can be found by expansion into partial fractions. It is often 
necessary to decide which of these two methods to use. In this example, 
they are about equally promising, so let us split into partial fractions for 
the purpose of illustrating that method. 

The function of s of Eq. (705) has one second-order pole (corresponding 
to a double root of the denominator) and one first-order pole. Following 
the rule of Sec. 14, let us expand it in the form: 

1 ^ B 

(« + 7)*(« 4 - a) 5 -h 7 (s 4 - t)* + a ^ 

Clearing of fractions: 

^(5 + y){s -h a) 4- B(s 4- a) 4- C(s 4- 7 )* = 1 (707) 


There are several ways of solving for A, B, and C. The most direct, if 
not the quickest, is as follows. First collect terms: 

8*(A 4 - C) + «[i4(7 4 - a) 4- B 4 - 2 C 7 ] 4- {Aya 4- Ba 4- C 7 *) = 1 (708) 

This is written as an identity to emphasize that the left member must equal 
the right member for all values of «, which is possible only if the coefficients 
of like powers of s are equal. Hence 


A 4- C * 0 
A(7 4- a) 4* B 4- 207 » 0 
A 7 a 4" Ba 4“ O 7 * = 1 


(709) 

(710) 

(711) 
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These three equations can now be solved simultaneously for 4, and C. 
The solution is simple if determinants are used, and gives 


A - - 


(a - 7 )* 


B 


Of — 7 


(at - 7 )* 


(712) 


The transform of each term of the right-hand member of Eq. (706) is 
easily found. Performing this transformation, and at the same time insert¬ 
ing the values of A, B, and C: 


f(t) ** - 


(a - 7 )* 




a — 7 


-h 


(a - 7 )* 


(713) 


Finally, then, using this transform of Eq. (706), we have as the solution 
of our problem, the current in the circuit, 


m 


L(a — 7 ) 


3:—^[(a — 7)fe y* — € y* € 


(714) 


Noting that a = B/L, this is seen to be the same as Eq. (426), page 210, 
another solution of the same problem. 


19. Superposition of Voltages. If voltage is applied in more 
than one circuit of a network, the principle of superposition is 
used. First assume that one voltage source is active and all 
others inactive. The inactive voltage sources are considered to 
carry current but not to supply voltage; in other words, the other 
batteries or generators are replaced by short-circuits. Determine 
the current produced in each branch of the network. In a similar 
manner, find the current produced in each branch by each of the 
voltage sources in turn acting alone. Finally, add the individual 
currents to obtain the total current. 

If there is initial energy stored in coils or condensers, the terms 
representing energy storage in these elements are to be treated 
like the terms representing voltage sources. Thus, in Eq. (662), 
voltage is applied in circuit m, and there is initial energy storage 
in circuit m only. Terms representing initial stored energy 
(terms represented by Wm) are added to the transform of the 
applied voltage in Eq. (662). If there were initial stored energy 
in circuit k also, superposition would be used; the inverse trans¬ 
form of Eq. (662) would give the current in circuit n, owing to 
excitation in circuit m, and to this would be added another com¬ 
ponent of current in circuit n, determined by assuming Vm and 
Wm both zero and taking into account only the initial energy in 
circuit k and the applied voltage, if any, in circuit k. 
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Formal expression of this method is obtained by writing 
differential equations for each circuit and transforming them to 
obtain 


Zll{s)U{ 8 ) + «12(S)/2W + • • • = FiW + TFi 
Z2l{8)Ii{8) + Z22{8)h(8) + . • • = F2W + W 2 (715) 


These are simultaneous algebraic equations, and there are as 
many equations as there are circuits in the network; «u, 222 , etc., 
are the self-impedance functions^ of circuits 1, 2, etc., and 212 , 2i8, 
etc., are the mutual impedance functions between circuits 1 and 2, 
circuits 1 and 3, etc. 

Solution of this family of equations gives /i(s) or any of the 
other currents in terms of the applied voltages and impedances. 
Thus, 

^ {Vl + tFQMin - (F 2 + W 2 )M 2 n + >> > 
wherein D is the determinant of the set of equations: 


Zii 

Z 12 

213 

Z 21 

Z 22 

223 

Zzi 

ZZ2 

Zzz 


(717) 


and Mmn is the minor of the mth row and the nth column. 

This generalized solution may appear a little formidable, but if 
Eq. (716) is studied a term at a time it will be seen to be a state¬ 
ment of the superposition principle. The. first term gives the 
component of current in circuit n resulting from excitation in 
circuit 1; the second term gives the component from excitation in 
circuit 2, etc. After each has been determined independently, 
the components are added to give total current in circuit n. 

* It should be emphasized that Zn of Eq. (660) is not the same as Zu of 
Eq. (715). Zii is the driving-point impedance of the network, whereas zn 
is the self-impedance of circuit 1 alone—the impedance that would be meas¬ 
ured if all other circuits were open. Also, Zis, the transfer impedance, 
must not be confused with Zu, the mutual impedance. Zn, Zis, etc., can 
be expressed in terms of Zn, 2i», etc. From Eq. (716), Zm, D/Afmand 
other driving-point and transfer impedances are found correspondingly. 
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20. The Inverse Transformation. In the preceding sections, 
Laplace transformation has served as a tool to solve differential 
equations. The direct transformation has been used to change a 
differential equation into an algebraic equation, and algebraic 
methods have then yielded an expression that is the transform of 
the desired solution. In the foregoing problems, in which we 
have been solving for current, we have first obtained an expression 
for 7(s). Inverse transformation is then necessary to give the 
desired i{t). 

We have not used any straightforward means of finding i{t) 
from I(s)j but rather we have hunted through our table of 
Laplace transforms to see if we could find a suitable pair already 
derived. If a pair is found with the correct function of s, the 
time function of the pair gives the solution of the problem. It is 
to be noted that the table is prepared by performing the direct 
transformation on a variety of time functions, with the hope that 
the functions of s thus obtained will match those that arise in the 
solution of problems. We have not used Eq. (603) for performing 
the inverse transformation, but instead we have accomplished the 
inverse transformation by retracing the direct transformation. 

The straightforward means of performing the inverse trans¬ 
formation, given in Eq. (603), is* 

m = ds (718) 

It is not really necessary to discuss this inverse transformation 
(and the rest of the chapter can be omitted by those who care to 
do so), but its consideration introduces a number of new ideas 
that are not only interesting but also turn out to be extremely 
powerful in advanced methods of analysis. 

It will be helpful in discussing Eq. (718) to consider: 

1. The variable s. 

2. The function 

3. The path of integration and the limits. 

4. The function/^(s). 

^ Proof that this is indeed the inverse transformation may be found in 
treatises on the Laplace transformation. It is merely suggested here by 
showing that Eq. (603) is analogous to the inverse operation of Fourier-series 
analysis. 
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21. The Variable s. As in our previous work, $ is a complex 
variable with a meaning akin to frequency. Being complex, it 
will have a real and an imaginary component, and we may write 
8 — tr + j(a] (T and co are thus defined as the components of s. 

Figure 94a shows the s plane. The real and imaginary com¬ 
ponents of s, (T and co, are measured along the horizontal and 
vertical axes. Any complex value of s is represented by a point 
in this plane. 

22. The Function The nature of €** depends on whether s 
is real, imaginary, or complex. If s is real, co = 0, and the point 
representing s lies on the horizontal axis of Fig. 94a. With real s, 
^9t = ^<rt. ^j^jg jg ^ exponential time function, with a rate of 



Fig. 94. (a) Value of «, and {b) the corresponding curve of e**. 


growth or decay that is determined by a. In Fig. 94a, s is repre¬ 
sented by a point on the axis to the left of the origin; the corre¬ 
sponding time function, shown in Fig. 946, grows smaller with 
time. If s lay to the right of the origin, the time function would 
increase with time. 

If s is imaginary, it is represented by a point on the vertical axis, 
and the corresponding time function is complex. In our work, 
imaginary values of s appear in pairs; if one is +j<j) the other is 
—jo). If s has such a pair of imaginary values, c*' has a pair of 
values that add to give a real oscillation: c'"* + = 2 cos o)L 

A pair of imaginary values for s is shown in Fig. 95a, and the cor¬ 
responding cosine time function in Fig. 956. 

When s is complex, the complex values appear in conjugate 
pairs. Let one value of s be si = o-i + joji; the other value of the 
pair will be S 2 = ai — jwi. One value corresponds to a point in 
the upper half of the complex s plane and the other to its mirror- 
image in the lower half of the plane. Such a pair is shown in Fig. 
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96a. The corresponding values for €** add to give an oscillation 
that is either increasing or decreasing with time: 

= cos o)it 

A pair of points in the left half of the plane {a negative) corre¬ 
sponds to a decreasing (damped) oscillation. A pair in the right 



(a) (b) 

Fig. 95 . (a) A pair of values of «, and (b) a curve of -f 



Fia. 96. (a) A pair of values of 8 , and (6) a curve of €*»* -j- €"»*. 


half of the plane (a positive), as in Fig. 96, corresponds to an 
increasing oscillation. The distance of the pair to the left or 
right of the vertical axis indicates the amount of damping. The 
distance of each of the pair above and below the horizontal axis is 
proportional to the frequency of the oscillation. It is for this 
reason that the s plane is sometimes called the complex-frequency 
plane. 

23. The Integral. The integral of Eq. (718) represents a sum¬ 
mation of oscillations. The values to be given to s in the course 
of the integration lie along the dash line of Fig. 97. The real part 
of s is held constant (<r = c) during the integration, while the 
value of 0 ) is varied from — « to + oo. 
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Integration includes all negative values of co as well as all posi¬ 
tive values. These can be considered in pairs. The integration 
therefore includes values of s in conjugate pairs. Since the 
integration sums pairs of the form with conjugate values of s, 
and since such pairs comprise oscillations, the integration is, as 
stated above, a summation of oscillations. 

The path of integration is a vertical straight line as in Fig. 97. 
The value of c, the displacement of the path of integration from 
the vertical axis, can be any desired quantity, 
with the following provision. There are 
certain values of s that make F{s) infinite; 
these, the poles of F(s), are fixed points in 
the complex s plane. The path of integra¬ 
tion must lie to the right of all poles of F{s). 

Unless this restriction is placed upon c, Eq. 

(718) is not the inverse Laplace transforma¬ 
tion. The necessity for this restriction will Fig. 97 . 

be explained in Sec, 26. 

24. The Function F{h). For each conjugate pair of values of s, 
is an oscillation. For a given value of s, F{8) is merely a 
number; it is, in general, complex, and it gives the value of F(s)€*' 
at zero time. We may say of the oscillation: 

1. The imaginary part of s determines its frequency. 

2. The real part of s determines its rate of increase (or decay). 

3. The magnitude of F{s) gives its amplitude at zero time. 

4. The angle of F{s) gives its phase at zero time. 

5. The oscillation extends through all time, negative and 
positive. 

The integral of Eq. (718), then, sums an infinity of such oscilla¬ 
tions of different frequencies to obtain a time function /(i). As 
the various harmonic terms of a Fourier series have different 
amplitudes and phases, so the different oscillatory components of 
the Laplace integral have different amplitudes and phases. 

Clearly, the value of the integral of Eq. (718) depends on the 
nature of the function F(s). * It is a remarkable fact that the 
value of the integral can be determined from information about 
F{s) at the poles, those singular points at which F{s) becomes 
infinite, and at those points only. All that one must know about 
F{s) elsewhere is that it is an analytic function (meaning that it 
possesses a unique derivative at every point). The functions of s 
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arising in circuit analysis are rational functions, and all rational 
functions satisfy this requirement. 

In Fig. 93, and throughout Sec. 17, we gave particular attention 
to the poles of the complex functions. This was sufficient 
because, as we shall now see, all the information that we need 
about a function is comprised in its behavior at the poles. If we 
know where in the s plane the poles are located, and how the 
function approaches infinity at these poles, we have all the infor¬ 
mation needed to evaluate the integral of Eq. (718). 

In explanation, it is necessary to introduce certain relations 
concerned with integration in the complex plane. 

1. Ordinary integration is a special case of integration in the 
complex plane in which the path of integration is along the axis of 


Imag. 

Imoig. 

K Imag. 

X 


a b 




Real 

Recil 

Real 




X 


Fia. 98. Fig. 99. Fio. 100. 

reals. Thus, integration from a to 6 means that the variable of 
integration is to be given successively all real values from a to 6, 
and the path of integration is that shown in Fig. 98. It is 
obvious that integration from a to 6 and back to a again, retracing 
the path of integration to the starting point, will give zero as the 
result of the integration. This is true regardless of the function 
being integrated. 

2. If integration is from any point a to any other point h in the 
complex plane, the values that are to be assumed successively by 
the variable may be specified by showing the path of integration, 
as in Fig. 99. Here, also, integration from a to 6 and back to a 
again, retracing the same path, gives zero for the integral of any 
function. 

3. If integration follows one path from atob but returns from 
5 to a along a different path, as in Fig. 100, the integral around the 
closed path is still zero provided the function being integrated does 
not become infinite at any point on or within the closed path of 
integration. Thus, the function being integrated may have poles 
(indicated by x in Fig. 100) anywhere outside the loop, and the 



Sec. 26 ] LAPLACE TRANSFORM AT JON 349 

integral is zero—but if there were a pole within the path of 
integration, the integral around that path would not be zero. 

4. If there is a pole within the closed path of integration, the 
value of the integral about the closed path is found as follows. 
Let us say the function being integrated is F{8) and it has a pole 
at s = Si. If the pole is a first-order pole, the product (s — Si)F(s) 
is not infinite but finite at s = Si. (This is the meaning of a 
jirsi-order pole.) When one such first-order pole is enclosed 
within the path of integration, as shown in Fig. 101, and integra¬ 
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tion is performed by following the path in a counterclockwise 
direction, the result of the integration is 

’ ds = 27 rj[lim {s - Si)F{s)] (719) 


(The quantity in brackets is called the “residue^' at the pole.) 

5. If more than one pole is enclosed within the path of integra¬ 
tion, the integral is 2Trj times the sum of the residues at the several 
poles. 

6. The residues at multiple-order poles arc readily evaluated, 
but the method need not be given here. 

26. Contour Integration. We are now prepared to evaluate 
the integral of Eq. (718), the inverse Laplace transformation, in 
specific examples. 

Example 1. F{s) is l/(s + a); hixdf{t). By Eq. (718), 


m 


1 €** 
2Tj Jc -J CO s H- a 


(720) 


This integrand has one pole, at s « —a, as shown in Fig. 102. The path 
of integration is also shown in the figure. 

It is difficult to integrate along this path of integration (or at least it would 
be with a more complicated integrand), but it is easy with the following 
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artifice. The path of integration can be closed by a half-circle to the left, 
as suggested in Fig. 103; the half-circle must be infinitely large. The closed 
path, shown by the dash line, will surround the pole at —a, and we find 
the value of the integral around the closed path by using Eq. (719): 


=* 2rjj lim 

L»-4 —fl 


(« + a); 


The integral required, however, is the integral along the vertical straight 
line only and not the integral along the entire closed path. Fortunately, 
the integral along the infinite half-circle can be shown to be zero provided t 
in Eq. (721) is positive: if t is positive^ and the real part of s has a very large 



Fig. 103. A path of integration Fio. 104. A path of integration that 

that can be used for positive time. can be used for negative time. 


negative value, is vanishingly small, and thus the integrand is zero in 
Eq. (721) for all of the infinite half-circle that lies far to the left. It can 
be shown that the two ends of the half-circle, one infinitely far up and the 
other infinitely far down, also contribute nothing to the integral. This 
leaves us with the useful conclusion that the inU^gral along the vertical line 
is the same as the integral along the entire closed path, and hence is 2Trjfr^K 

Having now evaluated the integral of Eq. (720) for positive values of f, 
it follows that 

m * (t > 0) (722) 

It remains to find f(t) for negative time. 

The path of integration shown in Fig. 103 is useless for negative values 
of time, for if t is negative and the real part of s is also negative, is very 
large and the integral along the semicircle to the left, as in Fig. 103, is cer¬ 
tainly not negligible. However, when t is negative^ e** is extremely small if 
the real part of « is large and positive^ and this suggests that we abandon 
the path of integration shown in Fig. 103 and try that of Fig. 104. Closing 
the path of integration thus, with an infinite half-circle to the rights where 
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<r is large and positive, it can be shown that thg half-circle contributes 
nothing to the integral for any negative value of time. Finally, since the 
path of integration of Fig. 104 surrounds no poles, the integral around the 
closed path is zero. Since the integral along the half-circlc is zero for all 
negative values of time, the integral along the vertical straight line is also 
zero for negative time. This gives, in Eq. (720), 


m «0 (f < 0) 


(723) 


The problem is now complete. The inverse Laplace transformation 
(integrating by the method of residues) has given f(t) for both negative time 
and positive time, as Eqs. (722) and (723). The result is, happily, the 
same as that given in Pair 3 of Table 2. 

Example 2. F(«) ~ l/«; find f{t). This function of s has one pole at 

« ■« 0, the origin. By Eqs. (718) and (719) 


f(t) ** lim 8^ - lirn = 1 

a —*0 8 M -*0 


(724) 


for all positive time. As before, since the path of integration of Fig. 104 
encloses no poles, f(t) *= 0 for negative time. This agrees with Pair 1 of 
Table 2. 

Example 3. F(s) » g/(si ^*): find /(/). This function has two poles, 
for it may be written 


F(8) 


s 


_ « 

(« 4- j/3)(s - j^) 


(725) 


Contour integration following the path of Fig. 103 encloses a pole at s = — j/3 
and a pole at s « The integral is 2irj times the sum of the residues, 

so by Eqs. (718) and (719) 


m 


lim (s - j^) 


_ 

(« +J/3)7« 


M 


4- lim (s 4->3) 

* - jfi 


(» + - jP) 


a*-— j- 

^0 (-?7/9) 


cos (it 


(726) 


This is the inverse transformation of Pair 9 of Table 2. 


These three examples are perhaps enough to show the method 
which can be applied without difficulty to find f{t) from F{s) in 
other pairs of Table 2. 

Integration in the complex plane is useful as a method, but it is 
even more valuable as a concept. Among the conclusions of 
major significance are the following: 

1. If F{s) has a first-order pole at the origin, it transforms to an 
f(i) that is constant for positive lime and zero for negative time— 
a step function, as in Fig. 83. 
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2. If F{s) has a firgt-order pole on the real axis, as in Fig. 105a, 
f{t) is a simple exponential function for positive time and zero for 
negative time, as in Fig. 85. If the pole is left of the origin, the 
exponential function/(^ decreases with time; if the pole is to the 
right of the origin, f{t) is increasing.^ 

3. If F{s) has a pair of poles on the imaginary axis, at and 
—as in Fig. 1056, f{t) is a sinusoidal function (an undamped 
oscillation) for positive time and is zero for negative time, as in 
Fig. 88. 

4. If F(s) has a conjugate complex pair of poles at a + and 
(T — jo)j as in Fig. 105c, f{t) is the product of a sinusoidal function 


CO 

COj 

: X 



a 

- ^ - 

q 

X 

cr 


(a) (b) (c) 

Fig. 105. Poles of F(«). See Figs. 85, 88, and 89 for corresponding time func¬ 
tions, fit ). 


and an exponential function for positive time, and zero for nega¬ 
tive time (see Fig. 89). If the poles are in the left-half plane, /(/) 
is a decreasing (or damped) oscillation; if the poles are in the 
right-half plane, f{t) is increasing with time. 

5. If F(s) has a number of poles or pairs of poles, f{t) is the sum 
of the corresponding time functions. 

26. Extension of F{s). The function F{s) is defined by Eq. 
(601). This equation is an infinite integral and, as was stated in 
Sec. 6, it has no meaning unless a, the real part of s, is sufficiently 
large and positive. It is now possible to make a more definite 
statement (which, however, we shall not attempt to prove). 
F{s) is defined by I]q. (601) for every value of s that lies farther 
to the right in the complex plane than does any pole of F{s). 
Equation (601) cannot be evaluated to find F(s) for any value of .v 

^ It was seen in Sec. 22 that if s is real, the function €** is a continuous ex¬ 
ponential function of time as in Fig. 946. It is here stated that if F(«) has a 

1 Tc « 

pole at Si, and «i is real, the function ^ I F(«)e«^ ds is a discontinuous 

ZttJ Jc—j «o 

exponential function of time as in Pig. 85. These two facts must not be con¬ 
fused with each other. 
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that lies to the left of a pole of F(s). In all the region to the left 
of such a pole, F(fi) is, as yet, undefined. 

How, then, could we undertake to integrate an expression con¬ 
taining F{s) along the closed path of Fig. 103, a path which 
extends into the left-hand region where F{s) is undefined? The 
justification follows: 

1. F{s) is analytic in the right-hand region. 

2. F{s) is undefined in the left-hand region. 

3. We wish to integrate in the left-hand region. 

4. We can integrate only if F{s) is an analytic function. 

5. We therefore define F{s) in the left-hand region as an 
analytic function. 

6. There is only one function that is analytic in the left-hand 
region, and that is, at the same time, a continuation of the known 
F{s) in the right-hand region. We define F{s) in the left-hand 
region as this function. 

This is definition “by analytic continuation,^^ and it is accom¬ 
plished by letting the same formula that describes the function in 
the right-hand region of the s plane describe it in the left-hand 
region also (“extension through preservation of form^’). Thus, 
if F{8) is 1 /(s — w) in the right-hand region, we let it be l/{s — w) 
in the left-hand region also; F{s) is then analytic everywhere 
except at 5 = ty. 

With F(s) defined in the right-hand region by Eci. (601), 
and in the left-hand region by analytic continuation, our use of 
contour integration is justified. 

27. Current and Voltage at Negative Time. It is interesting 
to notice that the inverse transformation always yields a time 
function that is zero for negative time. When /(/) is evaluated 
by Eq. (718), using contour integration as in Fig. 104, the result 
for negative time is always zero. The path of integration, being 
closed to the right, as it is for negative time, surrounds no poles, 
for it is stipulated that the value of c shall be great enough to 
place the path of integration to the right of all poles. This, 
indeed, is the reason that such a limitation must be placed on c. 
It is now clear why F{s) cannot be the Laplace transform of a 
time function with any value but zero for negative time. 

It is worth emphasizing that the inverse Laplace transforma¬ 
tion, in the integral of Eq. (718), expresses a current or a voltage 
that begins suddenly, at the instant of closing a switch, as the 
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sum of oscillations that are entirely continuous and that existed 
long before the switch was closed. As Gardner^ says: 

The integral states these facts in a surprising way. . . . Until 
time < = 0 is reached, these components have had the proper amplitude 
and phase exactly to annul one another. Beyond this point, without 
the slightest change in amplitude or phase, they give as their sum the 
actual current existent in the circuit. One may protest against the 
artificiality of this concept, but must concede its great power in reducing 
all transient phenomena to terms of the steady state—which is so well 
understood, and easily calculated. 

28. Review of the Chapter. This chapter is presented in three 
parts. The first fiv^e sections are introductory; they are to show 
that Laplace transformation is not entirely different from more 
familiar processes, and particularly that it is similar to Fourier- 
series analysis. Sections 0 through 19 provide the working tools 
of the Laplace transformation method. Sections 20 through 27 
relate to the mathematics of the inverse transformation, and 
rather advanced concepts of extraordinary value and interest are 
introduced. 

Throughout the chapter, the mathematics is sketchy, but it is 
not careless. Mathematical niceties are omitted, some with 
mere passing reference and some without mention, lliere is no 
attempt to be comprehensive, and mathematical statements are 
permitted to be incomplete for the sake of brevity. They are not, 
however, permitted to be inexact. 

Volumes have been written on what is omitted from this 
chapter, and it seems that the most fitting conclusion is to refer 
the reader to books in which he may find answers to questions 
that have, it is hoped, been raised in his mind. 


Gardner, M. F,, and J. L. Baune.s, ‘‘Transients in Linear Systems,’' John 
Wiley <fe Sons, Inc., New' York, 1942. (Definitive.) 

Bush, V., “Operational Circuit Analysis,” John Wiley & Sons, Inc., New 
York, 1929. (Early, but excellently written.) 

Campbell, G. A., and U. M. Foster, “Fourier Integrals for Practical 
Applications,” D. Van Nostrand Company, Inc., New York, 1948. 
(Extensive tables.) 

Jaeger, J. C., “An Introduction to the Laplace Transformation,” John 
Wiley & Sons, Inc., New York, 1949. (Good, brief, readable.) 

1 Gardner, M. F., Operational Calculus, Elec. Eng.^ 63, 1339, 1934. 
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Carslaw, H. S., “Introduction to the Theory of Fourier’s Series and 
Integrals,” Dover Publications, 1930. (Advanced.) 

Churchill, R. V., “Modern Operational Mathematics in Engineering,” 
McGraw-Hill Book Company, Inc., New York, 1944. 

Goldman,' S., “Transformation Calculus and Electrical Transients,” 
Prentice-Hall, Inc., New York, 1949. 


Problems 


1. Current in a circuit is t » 15 cos u>t and the voltage across the circuit 
is !; * 90 cos (tat — ir/4). Transform current and voltage to complex 
quantities of the form of Eq. (667). Find Z of the circuit. 

2. Voltage applied to a circuit is 170 cos <aL The circuit consists of 
12 ohms resistance and 0.25 henry inductance in series. Frequency is 
60 cycles per sec. Find V. Find Z. Find 7, and transform to i{t). 

3. A voltage wave is defined by vit) =» t from t =» — ir/wi to t = -t-ir/wi. 
The w^ave is periodic; that is, v(t) *= v(t -f 2ir). Find V(u>) using the trans¬ 
formation of Eq. (580). (Note: Integration can be from —r/tai to r/wi 
if this is more convenient.) Add this pair to Table 1. 

4. Show that F(o)) of Prob. 3, transformed by Eq. (581), gives the formula 
for a saw-tooth wave: 


v{i) 


— sin u)it -sin 2o)\t -h ^— sin 3a)if — sin 4a)if • 

0)1 03\ 00)1 ^C|>1 


6. Find the Laplace transforms of the following voltages and currents, 
all of which are zero until < = 0: 
a. v{t) = 17 b. i(t) * 8/ 

c, v(t) » 10 - 10«-*' d. vit) = 10 - 8«-'' 

e. lit) « 9 sin 377t /. vit) — 6 sin (377/ — 7r/6) 

6 . Find the inverse Laplace transforms (current or voltage) of the follow¬ 
ing: 


a. Vis) 
c. Ha) 
e, V(8) 


2 

3« 

5 

s* 4-'9 
2 

««T 6« 4- 8 


6 . Hs) 


1 


4s 4" 12 

s* -f 5s 

# xrf \ s 4* 4 

/• = ,—4.-4 


d. /(«) 


7. Find the inverse I.^place transform of F(s) « 

3. Find the Laplace transform of fit) « P. 

9. Derive Pair 5 of Table 2 by the method of partial fractions. 

10. Derive Pair 4 of Table 2 by using Pair E. 

11. Derive Pair 11 of Table 2 by using Pair D. 

12. Derive Pair 11 of Table 2 by applying Pair E. Pair 1 is also used in 
the course of the derivation. 

18. Derive Pair 14 of Table 2. 

14. Derive Pair 16 of Table 2. 

16. Solve Eq. (657) for current in such a way as to obtain i(/) as the sum 
of exponential terms (not trigonometric). This is the practical form wuth 
high resistance. 




356 TRANSIENT ELECTRIC CURRENTS [Chap. X 

16. Apply Pair D of Table 2 to Pair 13, and compare the result with 
another pair of the table. 

17. Apply Pair D of Table 2 to Pair 9 and to Pair 16. 

18. Apply Pair D of Table 2 to Pair 3 and to Pair 1. 

19. Using integration and translation as in Sec. 17, derive Pair 6 and 
Pair 8. For each, begin with Pair 1. 

20. Find the inverse transform of I(s) in Eq. (705) by translation and 
integration as in Sec. 17. Compare as to ease of solution with Example 2, 
Sec. 18. 

21. Identify the ^‘naturaU^ and forced’^ components of current in 
Eq. (714), which correspond to the ‘‘transient” and “steady-state” com¬ 
ponents of a current produced by a suddenly applied periodic voltage. 

22. Find the inverse transform of 

H 

(,r-- xikt^^) 

23. In Fig. 30, page 131, the switch is closed. The branch Rn is dis¬ 
connected. Steady current E/{Ri -h Ri) = u then flows. The branch 
Ru is suddenly reconnected. Find ii thereafter, using Laplace transforma¬ 
tion. (Note: The algebra in this solution is rather lengthy; this is typical 
of such problems.) 

24. Plot, as in Fig. 105, the poles of F{8) for the time functions of Figs. 
83, 86, and 84. Note that the latter does not have a first-order pole (it has a 
second-order pole). 

26. By inverse transformation, using the method of residues to integrate 
in the complex plane, find/(/) from the F(s) of Pair 4. Repeat for theF(«) 
of Pair 5; of Pair 8; of Pair 11; and of Pair 16. 

26. How are the five conclusions on pages 351 and 352 reached? Relate 
to the discussion of Sec. 22. 

27. How are the poles of /(s), as in Fig. 105, related to the “zeros” of 
Z{s) \ that is, to the values of s that make impedance zero, as discussed in 
Sec. 18 of Chap. IV? 

28. Most of the problems following other chapters of the book can be 
solved by Laplace transformation. 
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Alternating-current impedance, 70 
Alternating voltage, application of, 
185, 339 

non-sinusoidal, 206 
Analogues, 4 

Analytic continuation, 353 
Angular velocity, natural, 77, 99 
Arresters, lightning, 244, 303 

B 

Barnes., J. L., 354 
Bi‘wley, L. V., 291, 301 
Bush, V., 257, 300, 354 

C 

Campbell, G. A., 354 
Capacitance, 34 
mutual, 157 
Carslaw, H. S., 355 
Churchill, R. V., 355 
Circuits, coupled resonant (see Reso¬ 
nant circuits) 

differentiating and intt^grating, 
216 

with 7?C, 40, 47, 54, 326 

with constant voltage, 35, 325 
with sine-wave voltage, 194 
time constant, 54, 55 
with RL, 14, 16, 324 

with constant voltage, 13, 18, 
20, 32, 60, 325 

with non-periodic voltage, 208 
with non-sinusoidal voltage, 206 
with sine-wave voltage, 186, 339 
time constant, 55 
with variable L, 245, 251, 258 


Circuits, with RLC, 117 

with constant voltage, 65, 69, 
75, 81, 109, 124, 326 
with sine-wave voltage, 198,201, 
218 

with several meshes (see Networks) 
sweep, linear, 51, 184 
oscillograph, 46 

Coefficients, solution for, 87, 110, 
135, 137, 163 

Complementary function, 60-62, 69, 
209 

Complex frequency, 316, 346 
Complex plane, integration in, 348 
contour, 349 

Component, steady-state, 19, 63, 69, 
185 

transient, 19, 61, 62, 69, 123, 185, 
205 

Corona, 303 

Coupled resonant circuits (see Reso¬ 
nant circuits) 

Coupling, coefficient of, 220 
Crests of wave, 105 
Critical resistance, 76, 84 
Critically damped surge, 84, 327 

D 

Damping, 101 
critical, 84, 327 
Damping factor, 98 
Decrement, logarithmic, 108 
natural, 99 
Decrement factor, 98 
Determinants, 165 
Differential analyzer, 257 
Differential equations (see Equa¬ 
tions) 

Differentiating circuit, 216 
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Differentiation, development of 
transform pairs by, 336 
transformation of, Fourier-series, 
313 

Laplace, 323 
Distortionless line, 294 
Doherty, R. E., 177 
Double-energy phenomena, 119, 178 
Driving-point impedance, 331, 343 
Dykes, P. de K., 303 

E 

Energy, in coupled circuits, 231 
electrical, 2, 22 
electrostatic, 38, 117 
loss of, 104, 117 
magnetic, 16, 117, 173 
in traveling waves, 267 
Energy storage and order of equa¬ 
tion, 178 

Equal roots, 84, 172, 327 
Equations, differential, 57, 65, 72 
order of, 178 
partial, 269, 275, 300 
simultaneous, 131 
third-degree, 161 
transmission-line, 270 
wave, 270, 273, 275 
Excitation function, 327, 329, 343 

F 

Field-discharge current, 26 
Field-discharge resistor, 28 
Fields, magnetic, 173 
Fortescue, C. L., 301 
Foster, R. M., 354 
Fourier-series transformation, 309, 
310, 312, 314 

Frequency, complex, 316, 346 
natural, 99, 101 

Functions, excitation, 327, 329, 343 
impedance, 308, 327 
transformation of, Fourier-series, 
310 

Laplace, 317 


G 

Gap, quenched, 236 
Gardner, G. T., 219 
Gardner, M. F., 354 
Generalized natural angular velocity, 
77, 99 

Goldman, S., 355 
Graphical solution, 242 
example of, 245 

H 

Hartree, D. R., 260 
Henshaw, M. D., 183 
Hysteresigraph, 242 

I 

Ignition, gas-engine, 111 
Impedance, alternating-current, 70, 
133, 199 

characteristic, of line, 267 
driving-point, 331, 343 
mutual, 129, 155, 343 
self-, 129, 343 
transfer, 331, 343 
zero, to transient current, 120 
Impedance function, 308, 327 
Inductance, 12 
mutual, 156, 175 
of transformers, 157 
variable, 239 
Integrating circuit, 216 
Integration, in complex plane, 348, 
349 

development of transform pairs 
by, 335 

transformation of, Fourier-series, 
313 

Laplace, 324 

Inverse Laplace transformation (see 
Laplace transformation) 

Iron, magnetic effect of, 239 

J 

Jaeger, J. C., 354 
Johnson, J. B., 242 
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K 

KeUer, E. G., 177 

Kelvin, Lord (William Thomson), 1 

Kirchhoff’s laws, 4 

L 

Laplace transformation, 210, 315 
examples of, 324 
inverse, 317, 344 
examples of, 349, 361 
negative time in, 316, 353 
table of, 318, 319 
Laws, F. A., 125 
Ijee, R., 184 

Lightning arresters, 244, 303 
Lightning waves, 302 
Linear sweep circuit, 51, 184 
Lines, transmission {see Transmis¬ 
sion line) 

Logarithmic decrement, 108 
Loss of energy, 104, 117 

M 

Magnetic effect of iron, 239 
Magnetic energy, 16, 117, 173 
Magnetic fields, 173 
Mode, normal, 77 
Mutual capacitance, 157 
Mutual impedance, 129, 155, 343 
Mutual inductance of transformers, 
157 

Mutual resistance, 156 
N 

Natural angular velocity, 99 
generalized, 77, 99 
Natural decrement, 99 
Natural frequency, 99, 101 
Negative time in Laplace trans¬ 
formation, 316, 353 
Network notation, 129, 134 
Networks, 127 
with LC, LC, 224 
with RL, RL, 130, 139, 180, 331 


Networks, with JRL, RC^ 142 
with RLC, RL, 169, 167, 181 
with RLC, RLC, 177, 220 
with single mesh {see Circuits) 
Non-periodic voltage, 208 
Non-sinusoidal voltage, 206 
Normal mode, 77 
Notation, network, 129, 134 
operational, 41, 67 
Nuttall, A. K., 260 

O 

Operational notation, 41, 67 
Operations, transformation of, Fou- 
rier-series, 313 
Laplace, 323 

Operator, determination of, 70 
Operators p and 1/p, 42, 43, 316 
Order of equation, 178 
Oscillatory current, 92, 148, 170 
Oscillograms, 32, 54, 124, 180, 181, 
218, 221, 229, 237, 258, 259 
Oscillograph sweep circuit, 46 

P 

p operator, 42, 316 
Parameters, variable, 239 
Park, R. H., 125 

Partial-fraction expansion, 332, 334, 
341 

Particular integral, 60, 63, 69, 209 
Point-by-point solution, 247 
examples of, 251, 254 
revised method of, 253 
Pole of analytic function, 347, 349 
Poles of F(s), 351 
Porter, A., 260 
Power, computation of, 22 
Power lines, transient disturbances 
on, 302 

Q 

Quenched gap, 236 
R 

Recovery voltage of switch, 125 
Reflection of traveling waves, at 
junction, 289 
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Reflection of traveling waves, at 
open end of line, 277 
repeated, 291 
at short-circuit, 281 
at terminal, C, 289 
L, 285 
R, 282 

(See also Traveling waves) 
Regulator, voltage, 22 
Residue, 349 

Resistance, critical, 76, 84 
mutual, 156 

Resistor, field-discharge, 28 
Resonant circuits, coupled, 220 
approximate, 233 
without loss, 224 
Rogers, T. A., 237 
Rules for solution, 20, 64, 72, 74, 
123, 210 

examples of use of, 20, 23, 25, 29, 
115, 189, 209 

S 

5 , real part of, <r, 317, 345, 347 
variable of Laplace transforma¬ 
tion, 316, 344, 347 
Seely, S., 52 

Self-impedance, 129, 343 
Shielding, electrostatic, in trans¬ 
formers, 303 

Simultaneous differential equations, 
131 

Single-energy phenomena, 119 
Skeats, W. F., 125 
Skilling, H. H., 261, 303 
Skin effect, 301 
Slepian, J., 301 

Sokolnikoff, I. S. and E. S., 177 
Solution, for coefficients, 87, 110, 
135, 137, 163 

four rules for (see Rules for 
solution) 

graphical, 242, 245 
point-by-point (see Point-by-point 
solution) 

Spark transmitter, 116 
Square wave, response to, 214 
testing with, 215 


Steady-state component, 19, 63, 69, 
185 

Superposition, of applied voltages, 
342 

of transient currents, 210 
Sweep circuit, oscilloscope, 46 
linear, 51, 184 

T 

Testing, square-wave, 215 
Third-degree equation, 161 
Thomason, J. L., 125 
Three-phase transients, 302 
Time constant, RC circuit, 54, 55 
RL circuit, 55 

Transfer impedance, 331, 343 
Transformation, of differentiation, 
313, 323 

Fourier-series, 309 
examples of, 310, 314 
table of, 312 

of functions (see Functions) 
of integration, 313, 324 
Laplace (see Laplace transforma¬ 
tion) 

method of, 306 
of operations, 313, 323 
vector, 306 

Transformers, electrostatic shielding 
in, 303 

equivalent network of, 160 
mutual inductance of, 157 
Transient component, 19, 61, 62, 69, 
123, 185 
absence of, 205 
duration of, 8, 14, 102 
reason for, 6, 61 
Transient period, 6 
Transient phenomena in engineer- 
ing, 9 

Transients, three-phase, 302 
Translation, development of trans¬ 
form pairs by, 337 
example of, 339 

Transmission line, characteristic im¬ 
pedance of, 267 
distortionless, 294 
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Transmission line, equations of, 270 
with loss, 297 
waves on, 262 
cause of, 302 
Transmitter, radio, 116 
Traveling waves, 262, 271 
reflection of (see Reflection of 
traveling waves) 
velocity of, 265, 270, 301 

U 

Units, 4, 240 

V 

Variable inductance, 239 
Variable parameters, 239 
Vector transformation, 306 
Velocity of traveling waves, 265,270, 
301 


Voltage, alternating, application of, 
185, 339 

non-periodic, 208 
non-sinusoidal, 206 
recovery, of switch, 125 
Voltage regulator, 22, 329 
Voltages, applied, superposition of, 
342 

W 

Wave equations, 270, 273, 275 
Waves, crests of, 105 
on transmission line, 262, 302 
traveling (see Traveling waves) 
Woodruff, L. F., 298, 300 

Z 

Zero impedance, 120 





